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ABSTRACT. The main aim of this research is to investigate the stability of
a functional equation that maintains the lattice structure in a uniformly
complete unital Banach f-algebra. Through this inquiry, we can shed
light on the behavior of this equation and its relationship with the alge-
braic properties of a Banach space. This research has both theoretical
and practical implications. It contributes to the foundations of functional
analysis, lattice theory, operator theory, approximation theory, and vari-
ous applied mathematical disciplines. The findings from this research can
have implications in diverse fields ranging from mathematics and physics
to engineering and computer science, offering valuable insights and po-
tential applications.
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1. Introduction

The topic of stability in functional equations has been of great interest for

more than 50 years, and in 1941, Stanislaw Ulam, a renowned Polish American
mathematician, presented a lecture that raised several important unresolved
mathematical questions [11]. One of these questions related to the stability of
homomorphisms, which, despite its abstract nature and simplicity, had signifi-
cant implications. This classic question posed by Ulam remains a fundamental
topic in the field of mathematics to this day. The Ulam’s question was as fol-
lows:
Let H; be a group and let Hs be a metric group with a metric d(.,.). Given
v > 0. Does there exists a A > 0 such that if a function p : H; — H> satisfies
the inequality d(p(ts), p(t)p(s)) < A for all t,s € Hy, then there is a unique
homomorphism P from H; to He with d(P(t),p(t)) < v for all t € Hy?

In the years following Ulam’s seminal lecture, several mathematicians dedi-
cated their research to solving the question of the stability of homomorphisms.
In 1942, Hyers [5] provided an initial response to Ulam’s problem with the
following theorem:

O]S]
P< movahednia@bkatu.ac.ir, ORCID: 0000-0001-6687-4198
DOI: 10.22103/jmmr.2023.20647.1372 (© the Author(s)

Publisher: Shahid Bahonar University of Kerman
How to cite: E. Movahednia, Stability of lattice functional equation in UCBF-algebra, J.
Mahani Math. Res. 2024; 13(1): 197-209.

197


https://orcid.org/0000-0001-6687-4198
mailto: movahednia@bkatu.ac.ir
https://jmmrc.uk.ac.ir/article_3783.html

198 E. Movahednia

Theorem 1.1. Suppose that Vi and V5 are two Banach spaces and p is a
function from Vi to Va such that the following inequality holds for some A > 0
and for each t,s € Vq,

1) ot +5) — plt) = pl(s)]| < X

Then, there is only one additive mapping P : Vi — V5 so that
1P(t) — p@)] < A

for any t € Vi.

In the decades that followed Hyers’s initial response, mathematicians con-
tinued to explore the topic of stability in functional equations. One of the most
notable contributions came from Rassias, who was able to refine the conditions
for linear mapping and modify the control function [9], leading to significant
advancements in the field. The results of Rassias were so remarkable that the
field of stability theory for functional equations is now commonly referred to
as the Hyers-Ulam-Rassias stability theory.

In recent years, many mathematicians have investigated the stability of var-
ious functional, differential, and integral equations in different spaces. The
results of these studies have been fascinating and have contributed greatly to
our understanding of stability in mathematics( [4]- [6]).

The theory of Riesz spaces is a field of study that emerged from the pioneer-
ing research of Frigyes Riesz in 1928 [10]. Riesz spaces are real vector spaces
that are equipped with a partial order and satisfy certain axioms, including the
requirement that they form a lattice under that partial order. These spaces
have diverse applications in both economics and mathematics.

This research sheds light on how this equation affects the lattice structure
within the Banach space, providing a valuable contribution to the study of lat-
tices and their applications. Also, it can be valuable for constructing efficient
approximation methods and algorithms in areas such as numerical analysis,
signal processing, and data science [7]. Moreover, this article can find appli-
cations in areas like control systems, optimization, and data modelling. The
insights gained from it may lead to the development of more robust and reliable
mathematical models and algorithms in these fields. One of the fundamental
properties of Riesz spaces includes their lattice structure. While this property
has been extensively studied, the theory of Riesz spaces remains a complex
and challenging field of mathematics. Interested readers are directed to [1], [8]
and [14] for a comprehensive treatment of the fundamental theory of Riesz
space and its associated terminology.

A partially ordered set (V, <) is said to be a lattice if ¢ V s := sup{t, s} and
t A s:=inf{t, s} exist, for each t,s € V.

Let (V, <) be an ordered set which is also a vector space over R. Then V is
said an ordered vector space if the following hold:

1.t<s =t+w<s+wforevery t,s,w € V.

2.t<s = XM < Asforeacht,seV and X\ > 0.
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An ordered vector space (V, <) is said to be a Riesz space if (V,<) is a
lattice. Let V be a Riesz space. Let V' be a Riesz space, we denote the positive
cone of V by VT and define it as follows.

Vte={teV : t>0}
For any t € V, let
th=tvo0, t—=—tVvO0, |t|=tV—t.

Two elements ¢ and s in a Riesz space V are said to be orthogonal, denoted as
t L s, if [¢] Als| = 0. Some of the properties of Riesz spaces are mentioned in
below. For each t,s,w € V, we can prove that

1. (tVs)=—(=tA—s),

2.tVs+tAs=t+s,

3.t+(sVw)=(t+s)V(t+w),

dt+(shw)=(t+s)A({t+w),

3ot =ttt +t, [t+s| <|t|+]s],

4.t < sis equivalent to t+ < st and t~ < s™,

5. (Vs)Aw=_tAw)V(sAhw), tAs)Vw=(tVw)A(sVw).
A Riesz space V is said to be Archimedean, if

inf{n"'t:n e N} =0,

holds for each t € V.

A norm ||.|| on V is said to be a lattice norm if ||t|| < ||s|| whenever || < |s].
In this case (V,||.]]) is said to be a normed Riesz space. (V,||.||) is said to be a
Banach lattice if it is complete with respect to the norm.

Definition 1.2. [8] Let V be a Riesz space. The sequence {t,} is said to be
uniformly bounded if there are {s,} € I* and e € VT so that t,, < s,.e.

Definition 1.3. [8] A Riesz space V is said to be uniformly complete if for each
uniformly bounded sequence t,, in V' the supremum of {>°" ¢, : n € N}
exists.

Definition 1.4. [8] Let U,V be two Archimedean Riesz spaces. A function
H from U to V is said to be positive if H(UT) = {H(|t|):t e U} C V™.

Theorem 1.5. [1] For a mapping H : U — V between two vector lattices, the
following are equivalent,

1. H is a lattice homomorphism, i.e., H(tV s) = H(t) V H(s).

2. Htt) = H(t)" forallt € U.

3. H(tNs)=H(t) ANH(s).

4. ift Ns=0in U, then H(t) N H(s) =0 holds in V.

5. H(|t]) = [H(¢)].
Definition 1.6. [2] The (real) vector lattice V is said to be a lattice ordered
algebra (Riesz algebra), if it is a linear algebra (not necessary associative) so

that if t,s € V*, then ts € V. The latter property is equal to every of the
succeeding declaration:
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(1) [|ts|] < |t||s| for every t,s € V;
(ii) (ts)t <ttst +t7 s foreacht,s e V;
(ii) (ts)” <tts™ +t st forallt,seV;

Definition 1.7. [2] An l-algebra V is said to be
(i) an almost f-algebra if t A s = 0 implies ts = 0 for every t,s € V;
(ii) a d-algebra if w(tVs) = wtVws and (¢Vs)w = twV sw for each t,s € V
and w € VT;
(iii) an f-algebra if ¢t A s = 0 implies wt A s =tw A s =0 for each t,s € V
and w € V7.

Corollary 1.8. [2] Let V be an Archimedean f-algebra with unit member e.
Then e is a weak order unit (i.e., t €V andt L e implyt =0).

Example 1.9. [2] The standard example of an f-algebra is the set C(X) of all
real continuous functions on some topological space X. Particularly, consider
the vector lattice Cy(R) of all bounded real-valued continuous functions on R
equipped with the pointwise algebraic operations and partial order. Then Cp(R)
turns out to be an Archimedean f-algebra. It is a Banach lattice if the norm is

defined by || flloo = supyer | f(z)] for f € Cp(R).

Proposition 1.10. [2/ For an l-algebra V, the following are equivalent:
(i) V is a d-algebra;
(ii) w|t| = |wt| and |t|w = [tw| for each t €V and w € VT;
(ili) w(tVs) =wtVws and (tAs)w =twAsw for allt,s €V andw € V7T,

Definition 1.11. [12] Let V be a lattice ordered algebra which is a Banach
lattice. V is said to be a Banach lattice algebra whenever ||ts|| < ||¢]|]|s]| holds
for every t,s € V*. Furthermore, if V is an f-algebra, then it is said to be
Banach lattice f-algebra, clearly V is then a (real) Banach algebra.

It has been proved that any Archimedean f-algebra is commutative and asso-
ciative [2].

Theorem 1.12. Let V' be an l-algebra with unit member e > 0, the following
are equivalent,

(i) V is an f-algebra.

(ii) V is a d-algebra.
(iii) V is an almost f-algebra.
(iv) e is a weak order unit (i. e., t L e impliest =0).
(v) ttt >0 for everyt € V.
(vi) t2>0 forallt € V.

Let V be an f-algebra,
(1) |ts| = [|t||s| for every t,s € V.
(2) t L s implies that ts = 0.
(3) 2= (t")?+ (t7)> >0 for each t € V.
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4) ttT = (tT)2 >0 for each t € V.

ts=(tVs)(tAs) foreach t,s € V.

If t> = 0, then ts = 0 for every s € V.

If V is semiprime (i. e., 2 = 0 in V implies t = 0), then t? < s? iff
1] < Js|.

(8) If V is semiprime, then ¢ L s iff ts = 0.

(9) Every unital f-algebra is semiprime.

(
(5)
(6)
(7)

We refer to [3] and [13] for consider more properties of f-algebras.

Theorem 1.13. [3] Let V be an f-algebra. Then

V semiprime <= [t,s € VT;1*> = 5%, thent = s].
Corollary 1.14. [3] Let V be a uniformly complete unital f-algebra and t €
V*. Then v/t exists in V7.

Theorem 1.15. [3] Let V be a uniformly complete semiprime f-algebra. Then
Vts exists in V't for every t,s € V7.

Example 1.16. [2] Let V = C(]0,00)) be the vector lattice of all continuous
functions on the interval [0,00) and equip V' with the pointwise order and the
algebraic operations. Then V is an Archimedean unital semiprime uniformly
complete f-algebra.

Definition 1.17. Let U and V be uniformly complete unital Banach f-algebras
and H : U — V be a function. We define
(Hy) semi-lattice homomorphism:

[H (tVs) || =[[H(t)V H(s)| or [H(tVs)| = [H()V—H(s)]

for every t,s € V.
(H2) semi-homogeneity:
H(\) = AH(2)
for every t € UT and each number A € RT.

2. Stability in Uniformly Complete Banach F-Algebras

In this part, we will demonstrate the stability of lattice functional equation
(2) in uniformly complete Banach f-algebra by the direct method.

Theorem 2.1. Let U be a uniformly complete unital f-algebra and V be a
uniformly complete unital Banach f-algebra. Let h : U — V be a positive
function with h(0) =0, so that

) llhlauV Bv) = (ah(u) V B(v))?] < T(auV Bv,au A Bv)

for every u,v € U and o, B € RY with o, 8 > 1. Let T : U x U — [0,00) be a
function, which satisfies

(3) T(u, )<T<Z g)
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for all u,v € U and a,B > 1. Then there is only one mapping H : U — V,
which satisfies property (Hy) and (Hz) and inequality

(1) @)~ hw?l <

T (u,u)
for anyuw e U and o > 1.
Proof. Placing a = 8 and u = v in (2) and by using (3), we achieve

[h(au)?® = (ah(u))?| < T(au,au)
(5) < Y(uu).

By substituting au for w in (5), we have

(6) Ih(a?u)? = (ah(aw)?| < T(u,u).
With multiplying (5) in o2, we attain

(7) la*h(au)® = (a®h(u))?[| < @*Y (u, u).
With comparing (6) and (7), we achieve

(8) Ih(a®u)® = (o®h(w))?]| < (1 + &)Y (u, u),
replacing u by aw in above inequality, so we have

Ih(a*u)? — (@®h(ow)*| < (1+a®)Y(au, au)
9) < (14 a®)Y(u,u).

Again, by multiplying (5) in a* and by comparing (9), we have
(10) [h(a®u)? = (@®h(u))?|| < (1+a® + )L (u, u),

we continue this trend, so we achieve the next inequality.

n—1
(11) Ih(a"w)? = (a™h(u)*]| < D~ oY (u,u).
=0
Therefore,
1 n—1
—2n n, \2 2 2%
o™= h(a"u)” = (h(u))7]] < ﬁ;a T (u,u)
1 (1-a®)
= g 1oz L
(12) < ! T (u, u)

a?—1
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for each u € U and n € N. It pursues from (12), that for n > m > 0,
2 2
1 1
| G = (Gt
1 2
—4 - 2
=a mH <an_mh(o¢” m(amu))) — h(a™u)

m m 1
e 1T(a u, ™) < =1

(13) < g 4m

T (u,u).

The term on right-hand desires to zero as m — oo, hence (of”h(a”u))2 is
a Cauchy sequence in V. Note that V is a uniformly complete unital Banach
f-algebra, so we have

(1) {(a*"h(a”u))Z} > 0, by Theorem 1.12.

(2) o~ "h(a™u)| = \/(a~"h(a™u))?, by Corollary 1.14.
We define
Jr={neN|h(a"u) eV}
and
J,={neN| —h(a"u) e VT - {0}}.
In view of (13) and above items, we know that if J;5 or J, is an infinite set,
then sequences {a "h(a"u)}, o+ or {a”"h(a"u)}, ;- is a Cauchy sequence,
respectively. Now, let’s define
lim, , . @ "h(a™u) if J; is infinite
neJ;
(14) H(u) :=
lim, , . a~"h(a"u) otherwise
ned,

It is explicit that if both J;F and J, are infinite sets, then

(15) H(u) = — lim a™"h(a"u).
neJ,
The inequality (4) holds, by the definition of H and (12). Let u,v € U be

given. We can demonstrate that there is leastways one infinite set among the
sets

JrnJgrngl, JinJrndy, JInJd;nJf

uVu
JonJrnJgk, JonJrnJl, JonJinJdg,

JrnJd;nd, Jo 0 0 Jgve

It is possible to choose such an infinite set and indicate it by J. Let n € J be
given. Putting o = 8 = o™ in (2), we have

(16) [A(a™(uV v))? = (o™ (h(u) V h(v)))?|| < (™ (uVv),a™(uAv)).
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Substituting v with a™u and v with a™v in above inequality, we achieve
| A(a®™(uV v))* — (" (h(a"u) V h(a"v)))?|| < "(u V), (uAv))
(17) < T(u\/v,u/\v),

by dividing the resulting inequality (17) by a*", we obtain

(18) H (a;hm?"(uvv»f - (’““W v h<a””>)2

1
o o < WT(u\/v,u/\v)

as n — oo, through (J) in (15) and (18) into consideration, we attain
(19) H(uVwv)?=(Hu)VH®)* or H(uVwv)?=(—H(u)AH(v))?
for every u,v € U. The right-hand equality (19) can happen, for example, when

both J} and J; are infinite sets and J = J} N J; N J.,, for some u,v € U,
because (18) and J = J;F nJ; N JJ,, lead to

lim o "h(a™(uVv)) = lim o "h(a™(uVwv)) = H(uVwv)

el negro.
lim o™ "h(a"u) = lim o "h(a™u) = H(u)
n—00 n—00
neJ neJ;l

(20) lim o "h(a"v) = lim a "h(a™). = —H(v).

n—o00 n—o0
neJ ned,

Not that, V' is a unital f-algebra, then V' is semi-prime so by Theorem (1.13),
we attain

(21) [H (uV )|l = [H(u) vV H)|
(22) [1H (uV )|l = |[H(u) v —H(v)]|.

It means that H satisfies (H;). Next, we demonstrate that H(au) = aH (u)
for each uw € U and o > 1. Choosing @ = 8 and v = 0 in (2) and substituting
2"« for o, we obtain

(23) Hh(2"au) - (2"a) H < T(2"au,0)
for every u € UT. Now we substitute u with 2™« in above inequality, therefore
(24) [1(22"au)? = (2"a)*h(2"u)?|| < T(22"au,0),

by dividing the inequality (24) by 42", we obtain
—T (22"au 0)

o | (M) (<

as n — 0o, the right term tends to zero, we have
(26) H(au)? = o*H(u)?,
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since V' is semi-prime then,
H(au) = aH(u)

for every u € UT. Hence, H satisfies (H>). Let us demonstrate that the function
H is unique. Assume that H' : U — V is another function which satisfies (H),
(Hz) and (4). So, we have

(27) H(au) = aH(u) and H'(au) = aH'(u)
for all w € U' and real number o > 1. Therefore, by (4), we obtain
1H (w)* = H'(u)*]| = o~ || H (ow)® — H' (ow)?
< a7?(| H(au)? — h(ow)?|| + [|h(au)® — H'(ou)?|])
2

-2
<a e 1.T(u,u)
(28) — 0 as a — oo,
then
H(u)* = H'(u)?,
since V' is semi-prime, so we get
H(u) = H'(u)
which completes the proof. O

Example 2.2. Let U,V be the uniformly complete unital Banach f-algebras
of real-valued continuous functions defined on the closed interval [0,1]. So,
U=V =C(0,1]). We define h(u)(z) = u(x) for all u € C([0,1]), with
u(0) = 0. It is clear that
h(ou V Bv)? = (ah(u) V Bh(v))?

for every u,v € U and o, B € RT. Note that auV Bv = max{au, fv}. It means
that

|h(au V Bv)? — (ah(u) V Bh(v))?| = 0.
Therefore, the conditions of Theorem (2.1) hold, and thus there exists a unique
function such as H that satisfies the conditions H1 and Hs.

Theorem 2.3. Assume that U be a uniformly complete unital f-algebra and
V' be a uniformly complete unital Banach f-algebra and 9 : [0,00) — (0, 00) be
a continuous function. Consider a positive function h : U — V with h(0) =0
satisfying

(29) Hh(au V Bv)? — (‘“ﬂ(a)géfi ngéf)h(v))z

where T : U x U — [0,00) be a function such that

< YT(uVo,uAv),

(30) O (u,v) = E WT(QZU,,O[Z’U) < oo
=0
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for all u,v € U and o, € R, o, > 1. Then there is only one function
H :U — V, which satisfies (Hy) and (Hz) and inequality

(31) | H(u)? = h(u)?| < ®(u,u)
for every u € U.

Proof. For all n € N, the subsequent inequality is true (by induction on n),
g o
(32) o™ (h(a™u))?* — h(u)?]| <> i Y(a'u,a'u)0
i=0
The above inequality holds for n = 1, by substituting v and « for v and S in
(29), respectively. Assume that (32) holds, for some n > 0, then it pursues
from (29) and (30)

1
a2n+2

1

1
h(a™u)? — h(u)? poTES) h(a™tu)? — gh(ozu)2

_|_

H;Qh(au)Q — h(u)?

1 1 . ) 1
+1 +1
o7 2 g Y@t £ 5T )
Z

~ 1 i
Z WT(Q u, a'u),

=0

which implies the validity (32) for all n € N. Let n > m > 0. It pursues from
(32) and (30) that

2
1 1
Hh a™u)® — 042—mh(amu)2 = azmH (a” mh(a"’_m(amu)) — h(a™u
1 n—m-—1 1
i+ i+
S aom > OéQZ'T<O‘Z ", o)
i=0
1 n—1 1 ) )
= = | Z ﬁ’f (a’u, alu)
i=m-+1

—0 asm — oo.

for all w € U. Hence, {a "h (oz"u)}2 is a Cauchy sequence. Since V is a
uniformly complete unital Banach f-algebra, similar the proof of the theorem
mentioned above, we can define

(33) H(u) = lim —h(a™u).

The continuation of proof is similar to the previous one. O

)2
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Corollary 2.4. Let U and V' be uniformly complete unital Banach f-algebras
and 9 : [0,00) — (0,00) be a continuous function. Consider a positive function
h:U — V with h(0) = 0 satisfying

ad(a)h(u) v 5ﬂ(ﬂ)h(v))2
Her) +9(B)
where T : U x U — [0,00) is a function satisfying (30) for every u,v € U and

a,B €R, a,8 > 1. Then there is only one function H : U — V which satisfies
(H1), (Hz2) and inequality (31) for each u € U.

(34) Hh(au Vv Bu)? — (

< YT(uVuo,uAv),

Corollary 2.5. Let U and V' be uniformly complete unital Banach f-algebras
and 9 : [0,00) — (0,00) be a continuous function. Consider a positive function
h:U — V with h(0) = 0 satisfying
(35)
H (aﬂ a)uV ﬁﬁ(ﬂ)v>2 ~ (aﬁ(a)h(u) v Bﬁ(ﬁ)h(v))z
Har) v I(B) Her) +9(B)
where T : U x U — [0,00) is a function satisfying (30) for every u,v € U and

a,B € R, a,8 > 1. Then there exists a unique function H : U — V which
satisfies properties (Hy), (H2) and inequality (31) for each uw € U.

< YT(uVo,uAv),

Corollary 2.6. Assume that U and V' are uniformly complete unital Banach
f-algebras and h : U — V is a positive function with h(0) = 0 so that

(36) A (a%ulyBv)? = (aPh(u) Ay BPh(v) H < Y(uAyv, uAyv)

for every u,v € U and o, B € (1,00) and (p,q) € (0,00) x (0,00), where

(37) Ay € (Au,Vu) s Av € (Av, Vy)

are lattice operations and Y : U x U — [0,00) is a function so that

oo

1 . .
(38) D (u,v) = Z mT(a’qu,a’qv) < 0.
— =Pl

=0

Then the sequence {oz_znph (a”qu)} is a Cauchy sequence for everyu € U. Let
H:U —V be define by

(39) H(u) = lim ! ph(a"qu)

n—oo 2M
for each w € U. Then H satisfies (Hy), (Hz) and inequality
(40) [1H (u) = h(u)]| < ®(u,u)
for eachu e U.

Proof. The proof of all the above corollaries is similar to Theorem 2.1. O
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3. Conclusion

This research paper is focused on investigating the stability of a functional
equation that preserves the lattice structure in uniformly complete Banach f-
algebra. The main goal was to clarify the behavior of this equation and its
connection with the algebraic properties of the Banach f—algebra. For this
purpose, several theorems and corollaries were proved and other corollaries can
be added considering the conditions of the theorem. This research has provided
a deeper understanding of the stability of the functional equation and its effect
on the lattice structure in the Banach f- algebra. By studying the behavior of
the equation, valuable insights into its relationship with the algebraic properties
of the Banach f- algebra have been obtained, contributing to the broader field
of functional analysis. The results of this research can have consequences for
different areas of mathematics and its applications. Investigating the stability
of the functional equation in the Banach f-algebra setting contributes to the
basics of functional analysis and lattice theory. These findings may also be
used in operator theory, approximation theory, and various fields of applied
mathematics.
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