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ABSTRACT. The aim of this paper is to construct fraction of a I'-module
over a commutative I'-ring. There should be an appropriate set S of ele-
ments in a I'-ring R to be used as a I'-module of fractions. Then we study
the homomorphisms of a I'-module which can lead to related basic results.
We show that for every I'module M, S™1(0 :g M) = (0 :g_15 ST M).
Also, if M is a finitely generated Rp-module, then S~™1M is finitely gen-
erated.

Keywords: T-ring of fraction, I'-module of fraction, Finitely generated
I'-module.
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1. Introduction and Basic Definitions

The formation of rings of fractions and the associated process of localiza-
tion are perhaps the most important technical tools in commutative algebra.
They correspond in the algebra to concentrating attention on the importance
of these notions should be self evident. Atiyeh [2] gave the definition and sim-
ple properties of the formation of fractions in commutative rings and modules.
Fraction rings and fraction modules have various applications in mathematics,
computer science, and engineering. Some of these applications are:

1. Algebraic geometry: Fraction rings are used to study algebraic varieties
and their properties. They provide a way to localize a ring at a prime
ideal and study the behavior of the ring near that ideal.

2. Number theory: Fraction rings are used to study number fields and
their properties. They provide a way to extend the field of rational
numbers by adjoining roots of polynomials.

3. Coding theory: Fraction modules are used to construct error-correcting
codes. They provide a way to encode messages using a finite-dimensional
vector space over a field, and then decode them using linear algebraic
techniques.

4. Cryptography: Fraction rings and modules are used to construct public-
key cryptosystems. They provide a way to encrypt messages using

O
Kl mghadiri@yazd.ac.ir, ORCID: 0000-0002-9033-4252
DOI: 10.22103/jmmr.2023.20890.1390 © the Author(s)

Publisher: Shahid Bahonar University of Kerman
How to cite: L. Amjadi, M. Ghadiri, S. Mirvakili, The construction of fractions of
I'-module over commutative I'-ring, J. Mahani Math. Res. 2024; 13(1): 251-267.


mailto: mghadiri@yazd.ac.ir
https://jmmrc.uk.ac.ir/article_3820.html

252 L. Amjadi, M. Ghadiri, and S. Mirvakili

modular arithmetic, and then decrypt them using the inverse opera-
tion.

5. Control theory: Fraction modules are used to model and analyze linear
control systems. They provide a way to represent the system as a set of
equations involving matrices and vectors, and then analyze its stability
and performance.

The notation of I'-ring was first introduced by Nobusawa [6] as a general-
ization of a classical ring and afterward Barnes [3] improved the concepts of
Nobusawa’s I'-ring and developed the more general I'-ring in which all classical
rings were contained [8,9]. The concept of I'-structures in related structures
to I'-ring such as fuzzy I'-rings, [-hyperrings and I'-hemirings is used by the
researchers of the century [4,5,12].

Recently, Tabatabaee and Roodbarylor [10] constructed commutative I'-
rings of fractions and discussed the quotient field of commutative integral do-
main by used local I'-rings. Also, Ostadhadi-Dehkordi using strongly regular
relation and constructed quotient (I, R)-hypermodules [7].

The definition of I'-module was given for the first time by Ameri et al [1],
studying some preliminary properties of them such as: I'-submodules, homo-
morphism of ['-module and finitely generated I'-module.

Considering the applications of rings and modules of fractions that were
mentioned and considering that I'modules and I'-rings are generalizations of
modules and rings, therefore, construction and studying the properties of I'-
rings and I'-modules of fractions can help to expand the previous concepts. In
this paper, we extend the concept of fraction from the category of modules
to that I'-modules over I'-rings and the researchers discussed its characteris-
tics and relations by using I'-rings. Further, we investigate some theorems of
homomorphism of I'-modules.

In Section 2, we construct fraction of a I'module by choosing appropriate
equivalence relation on M x S, where S is a multiplication closed subset on a I'-
ring R. Finally, finitely generated I'-modules and homomorphism of I'-modules
are investigated.

Definition 1.1. [6] Let R and T" be abelian groups. Then R is called a I'-ring
if there exists a mapping (a,7,b) — ayb of R x I' x R — R satisfying the
following conditions: for all a,b,c € R and v,v1,72 € T,
(1) (a+b)ye = aye+bye, ay(b+c) = ayb+avce,, a(y1+72)b = ay1b+avysb.
(2) av1(by2c) = (am1b)y2c.

Definition 1.2. [11] Let R be a I'-ring.

(1) If there exists 79 € ' and lg,, € Rsuch that for allr € R, 1 ~or =
molr,, = 7, then 1 = 1g is called identity element of R and R is
called a I'-ring with identity.

(2) Iffor all a,b € R and v € I, ayb = bya, then R is called a commutative
I'-ring.
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If 0 is the zero element of group (R, +), by using (1) of Definition 1.1 it is
obtained that 0ya = ay0 = 0 and (—a)yb = —(avd) for a,b € R,y € T.

In this paper we set al'b = {ayb|y € T'}.
Definition 1.3. [10] Let R be a I'-ring.

(1) A multiplicatively closed subset (m.c.s) of a I'-ring R is a subset S of
R such that 1 € S and s1I'so C S for all s1,s5 € S,

(2) An element a € R is said to be zero-devisor on I'-ring R if there exists
b(#£ 0) € R and ~y € T" such that ayob = bypa = 0,

(3) A subset I of I'ring R is said left(right) I'-ideal if I is an additive
subgroup of R and RI'I C I (ITRCI).

Remark 1.4. [11] We consider the following assumptions over I'-ring R for all
a,b,c € Rya,B €T and s1,82 € S,
(*) aabfc = aBbac,
(%) (s10082)70(s10052)70(aBb) + (s18s2)70(51852) 70 (acb) = 0.

After this, the word I'-ring R means a commutative [-ring with 1 and with-
out zero-divisor. It is modified the Proposition 2.2 of [10] as follows:

Proposition 1.5. [10] Let R be a I'-ring and S = R—{0}. Define the relation
~ on R x S as follows: (a,s) ~ (b,t) <= ayt —bys =0 for all a,b € R and
s,t € S and some vy € I'. Then ~ is an equivalence relation.

Theorem 1.6. [10] Let [r, s] denote the equivalence class containing (r,s) and
SR denote the set of all equivalence classes. If R satisfies the conditions ()
and (xx), we define addition and multiplication of these fractions as follows:

ST'TRxT xS™'R— S7'R,

[r sly[r’, 8'] = [ryr’, s8],

[r,s] @ [r',s'] = [rys’ + syr’, sys'].
Then

(1) These operations are well-defined.
(2) STIR is a T-ring with identity element [1,1].

The next two Examples show that the condition (*x*) is not necessary in the
Theorem 1.6, but since we cannot do a proof in the general case, we have to
use this condition.

Example 1.7. Let (R,+,:) be a commutative ring and S be a m.c.s. Put
I' = {-}. Then R is a I'-ring. Moreover, the fraction ring S™'R is a T'-ring.

Example 1.8. [10] Let (Z,+) be the group of integer numbers and M, xn(Z) be
the set of all m x n matrices with entries in Z. We consider R = {[w x] |z €

Z} € Myix2(Z) and Ty = {{g] n € Z},Ty = {[3] |n € Z} the subsets of
M1 (Z) and M = {[y y| |y € Z} C My1x2(Z). The mapping RxI'y1 xR — R
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by o 2] m y y] = [ney nay] forall[e 2, [y y] € R and m er,

R become a I'y-ring and similarly a U'y-ring. Also we can see R is an Rr, -

1] and R is an Rr,-module

module with unitary elements [1,1],[1,0] and vyo = {O

with unitary elements [1,1],[0,1] and vyo = [(ﬂ It is easy to consider that if
S =R—{[0,0]}, then S~'R is a T'1(T'y)-ring.

Example 1.9. Let R = Zy:, I' = {p*,p*} and S = R — {0}. Define the
RxT'xR— R by (x,v,y) — ayy for all x,y € R,y € T. Conditions (x) and
(+x) hold. We see that [p*,p®] = {[r,s]|r € R,s € S}. So S'R = {[0,0]}.

Definition 1.10. [1] Let R be a I'-ring. A (left) Rp-module is an additive
abelian group M together with a mapping: R x I' x M — M (the image of
(r,v,m) denoted by rym), such that for all m,my,ms € M and ~,7v1,72 € T
and 7,71,79 € R the following hold:

(M1) ry(mq + msg) = rymy + ryma,
(M2) (r1 4 ro)ym = riym + roym,
(M3) 7(v1 +y2)m = ryim + ryam,
(M4) r171(r2y2m) = (ri7172)y2m.

It is easy to see that:

(1) Orym = rv0y, = 0., (Also we ignore the indexes in O and 0,,),

(2) Every abelian group M is an Rp-module with trivial module structure
by defining rym =0 for every r € R,y € I',m € M,

(3) Every I'-ring is an Rp-module with rys(r, s € R,y € ) being the I'-ring
structure in R, i.e., the mapping

tRxyxR—= R(r,y,s) > r-y-s

Definition 1.11. [1] Let R be a I'-ring with identity 1, a (left) Rp-module
M is called unitary Rpr-module, if there exists y9 € I' such that 1yym = m for
every m € M.

In this article, 7y is the 7o stated in Definition 1.11.

Example 1.12. If R is a I'-ring, then every abelian group M can be made into
an Rr-module with trivial module structure by defining

rym =0, Vr € R,Vy € ,VYm € M.

Example 1.13. [1] Let M be an arbitrary abelian group and L be an arbitrary
subring of Z. Then M is a Z-module under the mapping

2 Zx LxM— M(n,ng,x) — nnox.

Example 1.14. [1] If R is a T'-ring and I is a left ideal of R. Then I is an
Rr-module under the mapping - : R x I' x I — I such that (r,v,a) — rvya.
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2. I'-module of fractions

The construction of S™'R can be carried through with an I'-module M in
place of the I'-ring R. Throughout this paper, the word I'-ring R means a
commutative I'-ring with 1 without zero-divisor. Also, 7y € I' means the same
7o in the Definition 1.11.

Proposition 2.1. Let M be a T'-module and S be an m.c.s of I'-ring R. Define
the relation ~ on M x S as follows: for all m,m' € M and s,s' € S,y €T,

(m,s) ~ (m',s') < 3t e S, ty(sym') =ty(s'ym).
Then ~ is an equivalence relation.

Proof. Tt is easy to see that ~ is reflexive and symmetric. For transitively, if
(m,s) ~ (m',s) and (m/,s") ~ (m”,s"), then for some ¢,u € S and for some
a, B €T we have,

(1) ta(sam’) = ta(s'am),

(2) uB(s'Bm") = uB(s"pm’).

A multiplication by u8s” of (1) and tasa of (2) gives:
(3) tauds" B(sam’) = taups” B(s'am),
(4) uBtasa(s’'Bm’) = uftasa(s” Bm’).

By using of commutativity we have,

taufBs’ B(sam’) = uBtasa(s”fm')

= taufs”B(sam’).
Hence,
taufs” B(s'am) = uBtasa(s'Bm")
taufs' B(s" am) = tauBs’a(spm’) = taufs’ B(sam’),
where taufs’ € S. Thus (m,s) ~ (m”,s"). O

Theorem 2.2. Let M be a I'-module and S be an m.c.s of I'-ring R. Let
[m, s] denote the equivalence class containing (m,s) and S™'M denote the set
of equivalence classes. If R satisfies the conditions (x) and (xx), we define
addition and multiplication of these fractions as follows:

STIRxI'x S 'M — S™'M
[r, t]y[m, s] = [rym, tys],

[m,s] @ [m',s'] = [sym + §'ym, svs'].

These operations are well-defined.



256 L. Amjadi, M. Ghadiri, and S. Mirvakili

Proof. If [m,s] ~ [a,u] and [m/,s'] ~ [a/,u/] for all m,a,m',a’ € M and
s,u,s’,u’ € S, then we have for some t,t' € S,

(5) ta(saa) = ta(uam),

(6) tB(s'Ba’) = t'B(u' Bm).

A multiplication by ¢ 8s'Su/S of (5) and tasaua of (6) gives:
(7) tat' Bs' pu’ B(saa) = tat’ Bs' Bu’ B(uam),
(8) t' Btasaua(s' Ba’) = t' atasaua(u’am').

Sum of (7) and (8) and by commutativity of R we obtain:

t' Btasaua(s' Ba’)+tat' Bs' Bu’ B(saa) = t' atasaua(u'am’)+tat’ s’ u’ Buam).
Therefore,

) sy’ + s'ym, 78] = [y + 'y, ),

Now, by Definition of operation & we have:

(10) [m,s] & [m/,s'] = [a,u] ® [, u].

Thus the addition is well-defined.
Now, let [r1,t1] = [ro,t2], 71 = 72 and [mq,s1] = [ma, s2], by Proposition
1.5 we have:

(11) Tl’)/ltg — 7’2’)/1t1 = 0,
(12) wy2(s172me — sayamq) = 0.
We prove that [riy1my,t17151] = [r272me, tayess], or

vy((t1y181)7(rayama) — (tay282)v(riyama)) = 0, for some v € S.

vy((timis1)y(ravamz))  —vy((tay2s2)y(rivima)) =
vy((t1ms1)y(rayamz)) — vy((tay2s2)y(rivima))
+oy(rayits)(mavy2se) — vy(rayits)(miyesz))
= (romity — rimite)yi(miyis)
+(s171m2 — S272m1 ) Y2 (T271t1)
=04+0=0
Therefore the multiplication is well-defined. O

Lemma 2.3. Let M be an Rr-module and S be an m.c.s of R. Then (S™'M, @)
is an abelian group.

Proof. For all [my, s1], [ma, s2] € STIM, [m1, s1]®[ma, sa] = [s1yma+s2ymi1, s1vs2].
Since S is an m.c.s of R, we have s;ysy € S and also M is an Rp-module
s1yma € M, s9ymy € M. Because (M, +) is a group so syyme + seymy € M

for [mg, s3] € ST M,

([m1,s1] ® [ma, s2]) © [m3, s3] = [(s1752)ym3 + s37y(s17ym2 + sayma), (s1752)783],
= [(s1782)ym3 + s37(s17m2) + s37(s2yma), (s1752)7ys3].
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On the other hand:

[m1, s1] @ ([ma, s2] ® [ms3,s3]) = [m1,s1] ® [sayms + s3yma, s2ys3],
= [s17(s2ym3 + s3yma) + (s2783)yma, s17(s2753)],
= [s17(s2ym3) + s17(s37m2) + (s27783)ym1, s17(52753)]-

By commutativity of R, (S~1M, @) is associative. We use 7o € I where 1ygm =
m to show that [0, 1] is the zero element of (S™1M, +) as the following:

[m1,s1] @ [0,1] = [m1, s1],
(51700 + 1yom1, s1701] = [ma, s1],
[0,1] @ [m1, 51] = [1vom1 + 5170, 17081] = [m1, 51].

Also [—my, s1] is the inverse element of [my, s1] :
[mq, $1] ® [-m1, s1] = [0, 1],
[s17(=m1) + s1yma, s1ys1] = [0,51] ~ [0, 1].
U

Proposition 2.4. Let M be an Rp-module and S be an m.c.s of R. Then:
(1) For every [m,s| € ST'M, t € S and v € T, [m, s] = [mnt, svt],
(2) If ram,s] = [ram,s], then S™'M becomes a construction Rr-module.

Proof. (1) Tt is straightforward.
(2) By defining the multiplication RxI'xS~1M — S~ M where (r, o, [m, s]) —

[ram,s],let r =7',v =+ and [m, s] = [m/, ] so ta(sam’) = ta(s'am)
for some t € S, € I'. By multiplication this equality in r’y we have
tasa(r’ym') = tas'a(r’'ym) since r = 1,y = «/, tasa(r'y'm’) =
tas’a(rym), then [rym,s] = [r'y'm’,s']. We show that it is well-
defined.

(M)

(711 + 72,7, [m7 S]) = [(Tl + TQ),ym’ 8]7
= [r1ym + raym, s].

On the other hand,
[riym, 8] @ [raym, s] = [sa(raym) + sa(riym), sas].
= [raym + riym, s].

O

We consider the following assumptions on Rp-module M, Va,b,r € R,m €
M and o, B €T,

(1) aa(bfm) = aB(bam),
(2) aaby(rpfm) + apby(ram) = 0.

Theorem 2.5. Let M be an Rp-module and S be an m.c.s of R, then S™'M
is an S~ Rp-module.
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Proof. Define the S™'R x I’ x S7'M — S~'M where ([r,s],v, [m,t]) —
[rym, syt]. For [r1, s1],[re,s2] € STIR, [mq,t1],[ma,ta] € STIM and o, 3,7 €
I" we have,
(1)
[r1, si]a([ma, t1] @ [ma, ta]) = [ria(tiyme) + ria(tayma), sia(tiyte)].
On the other hand,
[r1,s1]almy, t1] ® [r1, s1]a[me, ta] = [riamy, s1ati] & [rramas, s1ats],
= [s1at1y(riams) + siatay(riamy), satiy(s1ats)).
By using commutativity R and conditions () and (1), the equality is valid.
(Ma)
([r1,s1] @ [r2, s2])alma, t1] - = [r1yse + s1y72, s1ys2]alm, ],
= [(r1ys2)amy + (s1yr2)amy, (s17ys2)aty].
On the other hand,
[r1, s1]a[my, t1] @ [re, s2lalmi, t1] = [riamy, siaty] & [reamy, saaty],
= [s1at1y(reamy) + seat1y(riamy), syatyy(saaty )],
= [(r1ys2)amy + (s1yra)amsy, (s1ys2)aty].
(M3)
[r1, s1](a + B)[m1, t1] = [ri(a+ B)ma, s1(a+ B)t],
= [rlaml + rlﬂml, siat + Slﬁtl].
On the other hand,
[r1, si]afmy, th] @ [r1, s1]B[ma, t1] = [riama, s1aty] @ [r1fma, s16t1],
= [s1at1y(r1Bmq) + s18t1y(riamy), syat1y(s15t1)]-

Now, we need to have the following equality for some u € S.
uy(siatrts1Bty)(s1atry(r1fma)+s1Btiy(riama)) = wysiatyy(siBtr)y(riama+rifma).

But
wysiatyysiatyy(rifma) + wysy ftiysiatyy(r Bmy)
+uysyatyysy Bt1y(riamy) + uysiatyysy Bty (riamy)
= wysyat1y(s18t1)yriamy + uysyatiy(si Bty)yrifmy.
By using the conditions (x) and (i),
wysiatrysiatyy(r1 fmy) + uysiat1y(s1 ft1)yriamy =0
Hence the above relation satisfies.
(M4)
[r1, s1]a([r2, s2]Blma, t1]) = [r1, si]a([r2Bma, s28t1]),
= [ria(ra8mq), s1a(s25t1)].
On the other hand,

([r1, s1]afra, s2))B[ma, t1] = [r1ars, sass]Blma, t1],
= [(riars)Bmaq, (s1as2)St1].
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Since M is an Rp-module and R is commutative, the proof is completed. O

Example 2.6. Let R = Z4,I' = {1,3} and S = {1,3} C Zy. Then S™'R =
{[0,1],[1,1]} s a T-ring. Let M = Zs and we define R xT'x M — M by
(r,y,m) — rym for all v € R,y € Ty;m € M. With simple calculations, we get
the equivalence class of ST*M = {[0,1],[1,1]} and (S~ M, +,T) is a T-module.

Example 2.7. Let R =7¢ and T' = {y9,71}, when v; : R X R — R defined by
ryy = (5i)xy, when i = 0,1. Put S = {1,3}. Then S~*A ={[0,1],[1,1]}.

Example 2.8. Let R = Zyn and T' = {y|k € U(p™)}, when U(p") =
{k € R|(k,p) = 1}. Then R is a I'-ring, when v : R x R — R define
by zyry = kay, when k € U(p™). Put S = {p™|0 < m < n—1}. Then
S=1A ={[0,1],[1,1],...,[p— 1,1]}.

3. Some properties of the Rr-module of fractions

In this section, we propose some theorems about homomorphism and finitely
generated Rp- modules.

Definition 3.1. [1] Let M and N be Rr-modules. A mapping f: M — N is
a homomorphism of Rp-modules if for all z,y € M and r € R,y € I' we have,
(1) flz+y) = flz)+ fy),
(2) flryz) =ryf(z).
A homomorphism f is isomorphism if f is one-to-one and onto.
Definition 3.2. [1] Let M be an Rp-module. A nonempty subset N of M is
said to be Rp-submodule of M if N is a subgroup of M and RI'N C N, where
RUN ={ryn|y € T,r € R,n € N}, that is, for all n,n’ € N and v € T',r € R;
n—mn'€ N and ryn € N.

Remark 3.3. It is easy to see that ker f = {z € M|f(x) = 0} is an Rp-
submodule of M.

Definition 3.4. [1] Let M be an Rp-module and 0 # X C M. The generated
Rr-submodule of M, denoted by (X), is the smallest Rp-submodule of M
containing X, ie., (X) = N{N|X C N < M}, X is called the generator of
(X) and (X) is finitely generated if |X| < co. If X = {z1,...,2,} we write
(1,...,2n) instead ({x1,...,2,}).

Lemma 3.5. Let f: M — N be an Rp-homomorphism. Then we have,

(1) For every Rp-submodule M' of M, f(M') is an Rr-submodule on N.
(2) For every Rr-submodule N’ of N, f~1(N') is an Rr-submodule on M.

Proof. 1t is straightforward. O

Lemma 3.6. Let M be an Rr-module. Then the mapping ¢ : M — S™'M
by w(m) = [m, 1] is a natural Rp-homomorphism. Also,

ker¢ = {m € M|syom =0, for some s € S}.
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Proof. 1t is not difficult to see that v is an Rp-homomorphism. Moreover,
keryp ={m € M|[m,1] =10,1]}
={m € M|3s € S, s7(1700) = svo(1yom)}
={m € M|syym =0, for some s € S}.
O

Theorem 3.7. Let M and N be Rr-modules, f : M — N be an Rp-
homomorphism and S be anm.c.s of I'-ring R. Then the map S~ f : S™1M —
S=IN where S~ f([m, s]) = [f(m), s] is an S~ Rr-homomorphism.

Proof. Suppose that [my,s1], [m2,sa] € ST'M. First, we show that S™1f is
well-defined. If [mq, s1] = [ma, s3], then there exists u € S such that

uy(s1yme) = wy(s2yma)
which implies f(uy(s17ma)) = F(wy(s2yma)), and so wyf (syyms) = wy f (szyma)
or uy(s17f(mz2)) = uy(s27f(ma)). Therefore, [f(m1), s] = [f(m2),s].
Now, we prove that S7! f([m1, s1] @ [ma2, sa]) = S™1 flma, s1] ® S™1 fma, sa].
S7f([ma, s1] @ [ma, s2]) = S~ f([s1yma + sayma, s1vs2]),

= [f(s17m2 + s2ym1), s1ys2],

= [f(s1ym2) + f(s2yma), s17s2],
[s17f(m2) + s2vf(m1), s1ys2],

= S~ flmy,51] © S flma, sa.

For all [r,t] € ST'R and y €T,

[T7 t]VS_lf[mlv 51] = [7‘, t]V[f(ml)v 81]7
= [ryf(m1), tysi),
= [f(ryma), tysi],
= Silf([rv t]7[m15 51])

O
Theorem 3.8. Let M, N and L be unitary Rr-modules and S be an m.c.s of I'-

ring R. Suppose that f, f' : M — N and g : N — L are Rr-homomorphisms.
Then for all o € I' we have:

(1) SHf+f)=S""f+S71f,
(2) S7'(gaf) = (S7'g)a(Sf),
(3) S_l(ZdM) =idg-1p-

Proof. (1) For all [m,s] € S7'M, we have S~L(f + f/)[m,s] = [(f +
fym, sl = [f(m) + f'(m), s].
On the other hand,
(Silf""_silfl)[mas} :Silf[mas}@silf/[mas},
= [f(m),s] & [f'(m), s],
= [saf'(m) + saf(m), sas],
= [f"(m) + f(m), s].



The construction of fractions of I'-module... — JMMR Vol. 13, No. 1 (2024) 261

(2) S™Hgaf)m, s] = [(gof)(m), s] = [ga(f(m)),s] = S~ g[f(m), s]
= S~ tga(S~tfim,s]).
(3) S™(idnr)[m, s] = [idar(m), s] = [m, s] = idg—1p[m, s].
O

Theorem 3.9. Let M and N be Rr-modules and f : M — N be an Rrp-
homomorphism. If S is an m.c.s of I'-ring R, then

S~ lker f =ker STLf.
Proof. For all [m,s] € S~'ker f, m € ker f and also f(m) = 0.
Silf[mvs] = [f(m)vs] = [075] = [07 ”

It implies that [m, s] € ker S~ f, that is, S~'ker f C ker S™1f.
On the other hand, suppose that [a,t] € ker S~! f we have:

S~ fla,t] =[0,1] = [f(a),t] =1[0,1]

= uy(t70) = wyo(1v0 f(a)), for some u € S,
= 0=wuyf(a)
=

[f(a),t] = 0.
So [a,t] € S~ ker f. O

Theorem 3.10. Let f : A — B be a I'-ring homomorphism. Suppose that
S is an m.c.s of A and T = f(S). Then S~'B and T~'B are isomorphic as
S—1A-modules.

Proof. First, it is clear that T is an m.c.s of B, since 14 € S, so f(14) €
f(S) = T and s1ys2 € S. Moreover, B is an A-module by avb = f(a)yb
for every @ € a, b € B and v € T. Hence, S™'B is an S~ !A-module. In
other hand S™1f : S7'A — T71B by S~1f([a,s]) = [f(a), f(s)] is an S~L1A-
ring homomorphism and so T7'B is an S~!A-module. Now, f(s)yf(s') =
f(svs') € f(S). We make T~! B into S~! A-module by defining [a, s]y[b, f(s)] =
[f(a)yb, f(s)vf(s')]. Now define ¢ : ST'B — T—1B by ¢[b, s] = [b, f(s)]. We
claim that ¢ is an isomorphic. First, suppose that [b,s] = [V/,s] in S7!B.
Then for some s” € S we have:

s"y(s7') = s"v(s"b),
F(SF (s7b) = f(")vf ("),
FSV(f()9b) = f(")v(f(s)7b).
So that [b, f(s)] = [/, f(s')] in T~1B. Hence, ¢ is well-defined. Notice that:
B(b,5) @ [V, 5]) = dlst’ + b, 535/,
= [f(s)' + F ()b, £ (s7s")],
= g(s)’yb’ + £ ()b, f(s)vf(s)],

[ @ b, F(s)];
= ¢[b, s] ® B[V, 5'].
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We also have the relation,

®([a, s]v[b,s]) = ¢([ab, s75']),

= [f(a)yb, f(svs)],

= [f(a)yb, f(s)vf(s)],
= [a, s]y[b, ()],

= [a, s]y¢[b, 5'].

So ¢ is an S~!Ap-homomorphism. Clearly, ¢ is surjective. Now if ¢[b, s] =
@[V, s'], then for some t € T we have:

ty(f(s)7b) = ty(£(5)7D).
Choose s” € S satisfying t = f(s”). Then

Q

s"v(s7b) = s"~(s'b).
This means that [b, s] = [V/,s'] in S™1A. So ¢ is injective as well. O

Proposition 3.11. Let M be an Rr-module over R and S be an m.c.s of R.
Suppose that I is an ideal on R for r € R. Then we have:

(1) S_l(I’yOM) = I’)/QS_lM,

(2) S7Y(ryoM) = [r,1]y0S~ 1M, for each r € R.

Proof. (1) Let [a,s] € ST (IoM), where a € InoM and s € S. There
exist r1,...,m, € I and mq,...,m, € M such that a = riyomi;+---+
TnYoMy. It implies that [r;,1] € I and [m;,s] € ST*M for 1 <i < n.
We have [a, s] = [r1vom1, S| @@ [rayomn, 8] = [r1, yo[m1, s]®- - @
[T, Y0 [, 8]. So [a, s] € IS~ M.

Conversely, let [a,s] € I79S~ 1M, then there exist 71,...,7, € I and
[a1,51],. -+, [@n,sn] € STYM such that, [a, s] = [r1,1]y[a1,51] D - @
[Tn, Lvolan, sn] = [r170a1, $1]9- - ®[rnY0an, $n). Foralll <i<n,r; €
I and a; € M, we have, riyoa; € InoM so [riyoas, s;] € S™H(IyvoM).
Hence [a,s] € S™1(IyoM).
(2) If [a,s] € ST (ryoM), where a € ryoM and s € S, then there exists
b € M such that a = rygb. Hence,

[a, 8] = [ry0b, 5] = [rYob, 1708] = [r, 1]70[b, 8] € [r, 1]70S ™~ M.

Conversely, let [a,u] € [r,1]79S~1M. There exists [m,s] € S™*M such
that [a,u] = [r, 1]v[m, s] = [ryom, 1vos] = [ryom, s]. Hence, [a,u] =
[ryom, s] € S~ (ryoM).

|

Theorem 3.12. Let M be a finitely generated Rr-module and (0 :gp M) =
{reR|zym=0,Ym e M,y €T}. Then

5_1(0 iR M)=(0:5-1p S_IM).
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Proof. For every [z,s] € S71(0:r M), we have z € (0 :x M) and s € S. So for
every m € M, xym = 0. If [m,t] € S~IM, then [z, s]y[m,t] = [zym, syt] =
[0, s7t] = [0,1]. Hence, [z,s] € (0:g-1g ST M).

Conversely, [x,s] € (0:g-15 STIM)and M = (x1,...,2,). Hence [z, s]yo[m1, 1]
=[0,1],..., [z, s]yvo[mn, 1] = [0,1] and [zyom1, s701] = [0,1],.. ., [Y0mn, s701] =
[0,1]. Hence there exist t1 € S,v; € I',i € {1,2,...,n}, such that t1y; (xyomy) =
0,....tnyn(zyomy) = 0. Apply t = t171 ... Yntn € S and tyozyom; = 0,
Vi = 1,2,...,n. Hence tyx € (0 :g M). Therefore, [z,s] = [tyoz,ty0s] €
S‘l(O ‘R M) O

Proposition 3.13. Let S be an m.c.s over R, and M be a finitely generated
Rr-module. Then S~™YM = 0 if and only if there is a s € S such that syM = 0.

Proof. If there exists s € S such that syM = 0, then obviously S™'M =
0, because [m,t] = [sym,syt] = [0,1], for any [m,t] € S7'M. Conversely,
if ST'M = 0 and M = (x1,...,2,), then for every [z;,s] € STIM, i =

1,...,n, we have [z;, s] = [0, 1], so there exist s1,..., s, € S such that s1ypx; =
0,...,8.7%%%, = 0. Put S = s179s270 -+ - Yosn € 9, hence syzivy--- vz, = 0.
Choice will clearly do. O

Definition 3.14. Let M be an Rpr-module and R be a I'-ring without zero
divisor. Define the

T(M) ={xe M|(0:rx)#0}.

Remark 3.15. Let M be an Rpr-module and R be a I'-ring without zero divisor.
We have:

T(M) ={zeM|3a(#0) € R;aym =0,vy €T}
Example 3.16. Let M = My(R) be the matrices 2 x 2 on R. Put I' =
{<8 g) | t € N}. Then M is an Rr-module with R xT x M — M
b

by (r,y,m) — rym. forallreR,veF,meM.Let(CCL d

(
(o

)EMand

v, m
0
¢ €T'. For every 0 # r € R we have

0 0 a b\ [0 rte
"\Lo ¢ c d) \0 rtd )°
ThereforT(M)z{( g 8 ) | a,b € R}.

Theorem 3.17. Let M be an Rr-module, R be a T'-ring without zero divisor
and S be an m.c.s of R. Then we prove:

(1) T(M) is an Rp-submodule of M.

(2) T(S™M) = S~YT(M)).
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Proof. (1) Suppose that xz,y € T(M). Then there exist a,a’(# 0) € R
satisfy ayx = 0, a’yy = 0 for every v € I'. Then aya'y(z +y) =0
and avya' # 0 since R is without zero divisor, so z +y € T(M). For
(0 # a") € Rand z € T(M), we have a’yx = 0, for some o’ € R
and every v € T, (/7' )yx = a”+'(a’yz) = 0, since (a’,a” # 0) € R,
we obtain a'v'(a”yz) = 0 and a”vyx € T(M). Therefore, T(M) is an
Rp-submodule of M.

(2) If0 € S, then S™'M = S~YT(M)) = 0. Now suppose that 0 # S,
[m,s] € T(S™1M), so there is [a,s'] # [0,1] in STIR,

[0,1] = [a, s']y[m, 5] = [aym, sys].

There exist s” € S and vy € T, for which s”~vyaym = 0. Now s"vga # 0
since s, a # 0 and R is without zero divisor, So m € T (M), and hence
[m,s] € S™HT(M)) and T(S~'M) C S™YT(M)).

On the other hand, if m € T (M), then there is a(# 0) € R for which
aym = 0. It is claimed that [a, 1] # [0, 1], because if [a, 1] = [0, 1], then
s701 = 01 and a = 0, that is, construction by R is non-zero devisor.
Now [a, 1]y[m, s] = [0,1] for any s € S, we see that [m,s] € T(S™IM).
Then S™YT(M)) C T(S™*M).

g

Theorem 3.18. Let M be an Rr-module and S be an m.c.s. Then there
exists one to one corresponding between the set of Rr-submodules of M and
S~ Rp-submodules of S~ M.

Proof. Let N be an Rp-submodule of M and S™!N = {[a,s] | a € N,s € S}
be a subset of S™'M. We prove that S~'N is a I'-submodule of S™'M. Let
[a,s],[b,t] € STIN, where a,b € N and s,t € S. So [a,s] + [b,t] = [s7b +
tya,syt] € STIN, since N is a I'-submodule and S is an m.c.s of R. Similarly,
for all [r,u] € ST'R, we have, [r,ulv[a, s] = [rya,tyu] € STIN. Hence, STIN
is a I-submodule of S~1M.

Conversely, suppose that W is a I'-submodule of S~'M. Consider the nat-
ural homomorphism f : M — S7!M and f~*(W) = {a € M | [a,1] €
W}. By Lemma 3.5, f~%(W) is a I'-submodule of M. Therefore, we ob-
tain two mappings ¢ and v, where ¢ : {I' — submodule of M} — {T —
submodule of ST*M}, with ¢(N) — S™IN. Also, define the map v : {I' —
submodule of S™'M} — {T' — submodule of M}, which W s f=Y(W).
Clearly, for every I'-submodule of S™1M, we have ¢()(W)) = W. Set N =
(W), that is, N = {a € M | [a,1] € W}. Since ¢(N) = S7IN it is enough
to prove that S™IN = W. First, we suppose that [a,t] € SN where a € N
and s € S. Since [1,s] € ST'R, it follows that [a,s] = [1,s]y]a,1] € W,
hence ST'N C W. On the other hand, let [a,s] € W, where a € M and
s € S. Since, [s,1] € ST'R and W is a I-submodule of S™'M, we get
[a,1] = [1,1]v0]a, s] € W, which implies that a € N and [a,s] € STIN and so
W CS™IN. O
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Corollary 3.19. Let M be an Rr-module and S be an m.c.s on R. Then every
S~ Rp-submodule of S~ M is formed of ST N such that N is an Rp-submodule
of M.

Corollary 3.20. Let M be an Rr-module with identity, S be an m.c.s of R
and X be the set of generators for Rp-submodule N. If f : M — S™'M
is a natural homomorphism, then f(X) is the set of generators for S Rp-
submodule STIN.

Proof. Clearly, f(X) € S™!N. Conversely, for A € S™'!N, we have \ €
[r1v0a1 + - - - + TnYyoan, 8], where r1,...,7, € R and ay,...,a, € X,s € S.
On the other hand we can write

A = [r1, syolas, 1] + [r2, s]yolaz, 1] + -+ + [, s]0lan, 1].
Since [a;, 1] € f(X) for every 1 < i < n, we obtain STIN C (f(X)). O

Theorem 3.21. Let M be an Rr-module S be an m.c.s of R. Suppose that N
and P are Rr-submodules. Then we have:

(1) STY(N+P)=S5S"'N+S~'P,
(2) STYNNP)=S"INNnSIP.

Proof. (1) Clearly, ST'N,S™'P C S}(N + P),s0 ST!N+S71P C S~}(N +
P), since STY(N + P) is a sub-I-module of S™1M. Also,

STYN+P) ={lx+y,s]lre N,ye PseS}
={[z,s]®[y,s]lx € N,y € P,s € S}
CSIN+S7IP

(2) Clearlyy, NN P C Nand NNP C P,so STY(NNP)C SN and
SY (NN P)C S'P. Hence, ST{(NNP)CSTINNSTIP.
Suppose a € (STIN)N(S™IP),s0 a = [z, 5] = [y, t] for some x € N,y €
P,s,t € S. Then uy(svyy) = uy(tyzx) for some u € S. So uy(syy) =
uy(tyz) € N N P. Hence, [z,s] = [uy(tyz),uy(tys)] € STL(N N P).
Thus STINNS~1P C S7Y(N N P), whence equality holds.

O

Theorem 3.22. Let M be a finitely generated Rr-module with identity and S
be an m.c.s of R. Then S™YM is a finitely generated with identity.

Proof. For all a € M and s € S we have [a, s] = [1, 1]y]a, ], where [1,1] is an
identity element in S™'R. So S~!'M has an identity element. By hypothesis
there exist aq,...,a, € M such that M = {ay,...,a,) = Raa; + --- + Raay,,
by Theorem 3.21, S™'M = S7'(Raa;) + -+ + S~ (Raa,), Hence S™1M is
finitely generated. O
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4. Conclusion

The current paper has defined and considered the notion of fraction of I'-
module over commutative I'-ring. We investigated some theorems of homo-
morphism of fraction I'-module and proved that if M is a Rp-module then
S=1M is a T-module over I'-ring S~ R. Moreover, if M is a finitely generated
Rr-module, then S~1M is finitely generated.

In our future studies, we hope to obtain more results regarding the fraction
I'-module over ring and their applications in other research. Fraction rings
and fraction modules have various applications in algebraic geometry, number
theory, cryptography, coding theory and control theory. Therefore, examining
the fraction I'-modules and fraction I'-rings , which are a kind of extension
of the fraction modules and fraction rings, seems like a good idea in these
areas. Moreover, it would be interesting to continue this article in the areas
of commutative and non-commutative I'-algebra, such as the exact sequences,
tensor products and etc.
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