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ABSTRACT. In this manuscript, we consider an extended version of bi-
conservativity condition (namely, C-biconservativity) on the Riemannian
hypersurfaces of Lorentzian standard 4-space forms. This new condi-
tion is obtained by substituting the Cheng-Yau operator C instead of the
Laplace operator A. We show that every C-biconservative Riemannian
hypersurface of a Lorentzian 4-space form with constant mean curvature
has constant scalar curvature.
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1. Introduction

In the 1920s, David Hilbert showed that the stress-energy tensor associated
to a given functional @ is a conservative symmetric bi-covariant tensor © (at
the critical points of 6) such that @ is biconservative if and only if div® = 0.
This fact can be considered as the starting point of the study of biconservative
submanifolds. Precisely, this subject has been started by Eells and Sampson
and followed by Jiang ( [8,14]). The condition divOs = 0 on the stress bienergy
tensor ©9 has been introduced by Jiang.

Regardless of the historical motivation to study and develop the theory of
biconservative submanifolds, one can point out the important role of minimal
surfaces in physics and differential geometry. There is a very close connection
between minimal and biharmonic surfaces. In 1991, Bang-Yen Chen has con-
jectured that there are no proper biharmonic submanifolds in Euclidian spaces
( [5])- It means that every biharmonic submanifolds in an Euclidian space
has to be minimal. In this context, many examples and classification results
have been provided in Euclidian spaces. In general the study of biharmonic
maps between Riemannian manifolds is one of the interesting research top-
ics in differential geometry. From the theory of biharmonic submanifolds, a
new interesting subject in mathematical physics is the theory of biconservative
submanifolds, which arose and keeps gaining ground in today s mathematical
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research as there are many interesting examples of biconservative submanifolds,
even when the biharmonic ones fail to exist.

A hypersurface of an Euclidean space defined by an isometric immersion
x : M™ — E™*! ig said to be biharmonic if it satisfies the equation A2x = 0,
where A is the Laplace operator on M™s. Also, M™ is called biconservative if x
satisfies the equation (A%x)T = 0, where T stands for the tangent component
of vectors.

From the physical points of view, we deal with the bienergy functional and
its critical points arisen form the tension field. In geometric context, the sub-
ject of biconservative submanifolds has received much attentions. In 1995,
Hasanis and Vlachos have classified the biconservative hypersurfaces (namely,
H-hypersurfaces) of 3 and 4 dimensional Euclidean spaces ( [13]). The termi-
nology ”biconservative” has been introduced (firstly) in [4]. In 2015, Turgay
has studied H-hypersurfaces with 3 distinct principal curvatures in the Eu-
clidean spaces ( [25]). Biconservative surfaces of constant mean curvature in
S™ x R and H™ x R has been studied in [10]. In 2019, Gupta studied the bicon-
servative hypersurfaces in Euclidean 5-space ( [12]). Also, the biconservative
hypersurfaces in Riemannian 4-space forms have been classified by Turgay and
Upadhyay in 2019 ( [26]).

As known, the Laplace operator A of a hypersurface M™ in the space form
M (c) arises as the linearized operator of the first variation of mean curvature
vector field associated to the normal variations of M™. From extension point of
view, A is the first one of a sequence of n operators, Lo = A, L1 =C, ..., L,_1,
where Ly, is the kth linearized operator of the first variation of the (k+1)th mean
curvature arisen from the normal variations of M™. The operator C (sometimes
denoted by symbol 0) was introduced in [6]. Based on this background, many
researchers ( [1-3,19,20]) have considered hypersurfaces in space forms whose
position vector field satisfies the general condition Lyx = Ax + b, for a fixed
integer 0 < k < n, where A is a constant matrix and b is a constant vector.

In this manuscript, we study the C-biconservativity condition on some hy-
persurfaces of Lorentzian space forms. A Riemannian hypersurface of a Lorentzian
space form defined by an isometric immersion x : M"™ — M""!(¢) is said to
be biconservative if the tangent component of A2x is identically zero. Inspired
by this concept, we have introduced and used the C-biconservativity condition
as (C?x)T = 0 ( [21-23]). The C-biconservativity condition is obtained by
substituting the Cheng-Yau operator C instead of A. In mentioned papers,
we have studied C-biconservative (Riemannian or Lorentzian) hypersurfaces of
some Minkowski spaces. In this paper, we study some C-biconservative Rie-
mannian hypersurfaces of non-flat 4-dimensional Lorentzian space forms. It is
proven that a Riemannian hypersurface M3 of M(c) is C-biconservative if its
first and second mean curvatures (i.e. H; and Hs) satisfy the condition

9
(1) Na(VHy) = eNy(VH,) = SHyVHa,
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where Ny and Ny are the first and second Newton transformations. We show
that the C-biconservative hypersurfaces of M (c) with constant ordinary mean
curvature have constant scalar curvature.

2. Preliminaries

We recall some notations and formulae from [2,3,15,17,28]. The semi-
Euclidean 5-space Eg of index & = 1,2 is equipped with the product defined

by (v,w) = — Zle vWw; + Z?:&l v;w;, for each vectors v = (v1,...,v5) and
w = (wy,...,ws) in R®. The 4-dimensional Lorentzian space forms are defined
as:

St(r) (if c=1/r?)
Mi(e) =¢ L*=E{ (if c=0)
Hi(—r) (if c = —1/r?),

where, for r > 0, S{(r) = {v € E}|(v,v) = r?} denotes the 4-pseudosphere
of radius r and curvature 1/r? and Hi(—r) = {v € E3|(v,v) = —r%,v; > 0}
denotes the pseudo-hyperbolic 4-space of radius —r and curvature —1/r%. The
canonical cases ¢ = £1 give the de Sitter 4-space dS* := S}(1) and anti de Sitter
4-space AdS* = H{(—1). Also, the case ¢ = 0 gives the Lorentz-Minkowski 4-
space L* := E{.

In this paper, we study some Riemannian hypersurfaces of Mj(c) for ¢ =
0,41 (i.e. L, dS*, AdS*). Let x : M3 — M}(c) be a Riemannian hypersurface
isometrically immersed into M{(c). As usual, x(M?) denotes the set of smooth
tangent vector fields on M3. The Levi-Civita connections on M? and M{(c) are
denoted by V and V, respectively. Also, V° denotes the Levi-Civita connection
on L° = E? and Ej. The Weingarten formula on M? is VyW = VyW —
(SV,W)n, for each V,W € x(M?3), where S is the shape operator of M3
associated to a unit normal timelike vector field n on M3. Furthermore, in the
case |c| = 1, M*(c) is a 4-hyperquadric with the unit normal vector field x and
the Gauss formula Vi, W = VyW — ¢(V, W)x.

The shape operator of M? can be assumed diagonal because it is spacelike
(see [17,18]). Denoting the eigenvalues of S (i.e. the principal curvatures of
M) by ki1, k2, ks on M, the jth elementary symmetric function is defined as

S5 1= E Iiil...:‘ii].7

1<ii<...<i;j<n

and the jth mean curvature of M as (3)H; = (—1)7s; (for instance, see [2] and
[3]). In special case, the second mean curvature Hy = %52 and the normalized
scalar curvature R satisfy the equality Hy := n(n—1)(1—R). The hypersurface
M?3 is said to be j-mazimal if Hj11 = 0.

The Newton maps on M? are defined (inductively) as follow:

(2) Nog=1, Ny = —s11+ S, N2:821—318+S2,
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where I is the identity map. Using the spacelike unit vectors eq, e and e3 as the
eigenvectors of S with eigenvalues k1, ko and k3 (respectively), the eigenvalues
of N; are given by Nje; = p; je;, where p11 = —Ko — K3, o1 = —K1 — K3,
131 = —R1 — K2, H1,2 = K2R3, 22 = K1K3, 43,2 = K1K2.
Here are some useful formulae about the Newton maps:
t?"(N]‘) = CjHj, t?"(SONj) = 7CjHj+1,

3
( ) t?“(SQONl) :9H1H2—3H3, t’f‘(SQONg) 231{1]‘[37

where j =0,1,2, ¢co = c2 =3 and ¢; = 6.

The Chang-Yau operator C : C®°(M3) — C>°(M?3) is introduced by rule
C(f) = tr(N1oV2f), where, V2f : x(M) — x(M) is (equivalently) the Hessian
of f by rule (V2f(X),Y) = (Vx(Vf),Y) for each X,Y € x(M3).

In other words, C(f) is given by C(f) = Zle wii(eieif —Ve,eif). The key
formulae in this paper are

Cx = 6(H2n + CH1X),

Cn = 3VH2(9H1H2 — 3H3)Il — 6CH2X
and
C*x = —54H,V Hy + 12NoVHy — 12¢N1 VH;
(4) +6 (C(Hz) — 9HH3 + 3H2H3 — 6¢H 1 Hy) n
—6c (C(H,) — 6H3 — 6cHY) x.
By definition, M3 is called C-biconservative if x satisfies (C*°x)T = 0 (i.e the
condition (1)).

According to (local) orthonormal tangent frame {e,, }1<m<4 and associated
co-frame {wm, }1<m<4 on Mi(c), where ey, ez, e3 are tangent to M3 and ey is
positively normal to M3, the structure equations of M} (c) are

4 4

dwa =Y wap Awp, wap +wpa =0, dwap = Y  wac Awes.
B=1 c=1

3
Of course, clearly wy = 0 and 0 = dwy = > wy; A w; on M3.
i=1
Using the well-known Cartan’s Lemma, there are smooth functions h;; such
that hi]‘ = hj,' and

3
(5) Wy; = Z hijwj.
j=1

4
Since the second fundamental form of M3 is B = hijwiwjeq, the mean
ij=1

3
curvature H has the simple form H = 1 3" h;;. Hence, equation (5) gives the
i=1
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structure equations as follow (see [28]).

3
dw; = E wij N Wy, Wij + Wj; = 0,
Jj=1
3 1 3
dwij = E Wik N\ Wi — 5 E Rl-jklwk A wi.
k=1 k=1

Also, the Gauss equation on M3 is Rijri = (hihji — hithji), where R; ;5 stand
for the components of the tensor of Riemannian curvature on M?3. Finally, we
have

(6) Z hijrwr = dhij + Z hijwri + Z hirwy;,
k & k

where h;;i, is the covariant derivative of h;;. Thus, by exterior differentiation of
(5), the Codazzi equation is obtained as h;jr = hikj. One can choose e, ez, €3
such that h;; = k;0;;. On the other hand, the Levi-Civita connection of M3
satisfies

Veiej = ijk(ei)ek.,
k

and therefore
(7)

whenever ¢, 7, are distinct.

3. Examples

In this section we see several examples of C-biconservative spacelike hyper-
surfaces in dS*, L* and AdS* with constant ordinary mean curvature. First,
we have some Riemannian product hypersurfaces (see [3,19,29]). In Examples
3.1 and 3.9 we follow Example 5.3 in [19]. The idea of examples 3.2-3.4 is taken
from Example 5.6 in [19]. Examples 3.6 and 3.7 are provided by the author.
The idea of examples 3.5, 3.8 and 3.11 are taken from Examples 5.7, 5.2 and
5.5 in [19], respectively.

Example 3.1. Let 7 > 1 and I'y = S3(r) C dS* defined as

To = {(y1,y2,y3,y4,55) ELIy2 + 2 + 92 + 2 =12,y = £/r2 — 1},

— 77:2_1(03y23y37y47y5) + \/%(yl,ovoaoao) and

only one principal curvature of multiplicity 3 as k1 = ke = K3 = 7“"?1 One
can see that I'g is C-biconservative and its 1st and 2nd mean curvatures are
constants.

with the Gauss map n(y) =
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Example 3.2. Let r > 1 and I'; = H' (=72 — 1) x S?(r) C dS* defined by

Ty = {(y1,92,Y3,Ya,y5) EL°| =y +y5 =1 — 12 45 +yi +y2 =%},

)+ %271(0707(@3,947(@5)- It is

C-biconservative because it has constant principal curvatures xk; = ng_l and

whose Gauss map is n(y) = \/%(yl, y2,0,0,0

N r2— . . . .
Ko = K3 = %1 Clearly, I'; is C-biconservative and its 1st and 2nd mean
curvatures are constants.

Example 3.3. Let r > 1 and I'y = H?(—v/72 — 1) x S'(r) C dS* defined by
P2 = {(y1.y2.93,9a,95) € L°| —9i + 93 + 93 =112y + 45 =12},

which has the Gauss vector n(y) = Nt (y1,¥2,93,0, ())Jr—iv:z—l (0,0,0,y4,ys5),
Vr2—1

= , and constant

higher order mean curvatures. So, I's is C-biconservative.

Example 3.4. Let 7 > 1 and I's = H3(—/r2 — 1) C dS* defined as
FS = {(y17y2793,y4795) € ]L5| - y% +y§ +y§ +yi =1- 7"2711/5 = :lZT},

constant principal curvatures K1 = kg = \/% and kK3 =

. — —/r2—
which has the Gauss vector n(y) = \/% (Y1, Y2, Y3, Y4, O)++1 (0,0,0,0,y5),
constant principal curvatures K1 = ko = K3z = \/%, and constant higher order
mean curvatures. So, I's is C-biconservative.

Example 3.5. Let 0 < r < 1 and I'y = H}(—v1 —1r2) x H?(—r) C AdS*
defined by

F4 = {(ylay27y3ay47y5) € Egl - y% +y§ = 7’2 - 17_y% +yi +y§ = —7'2},

0707 )+1T_T2(Oa y2707y4a y5) It has

/12

r )

with the Gauss map n(y) = ﬁ(yl, 0,ys,

T
V1—r2
and constant higher order mean curvatures. So, I'y is C-biconservative.

Example 3.6. Let 0 <r <1 and I's = H3(—r) C AdS* defined by

F5 = {(y17y27y37y47y5) € Egl - y% + yg + yi + yg = _7”27?}1 ==+ \% 1- 7.2}’
with the Gauss map n(y) = \/%(ylﬂ Oa 0) 070) + 1%72(0) Y2,Y3, y47y5)’ only
one constant principal curvature of multiplicity three as k1 = ko = k3 =
— /T

T

two distinct constant principal curvatures k1 = and kg = K3 =

, and the constant higher order mean curvatures. So, I'5 is C-biconservative.

Example 3.7. Let r > 0 and I's = §'(v1 +72) x §*(r) C AdS* defined by
Lo = {(y1, Y2, 3, Y2, y5) €EJ|yf +y5 = 1+ 02,435 +yi +y2 =1},

which has the Gauss vector n(y) = \/%(yl, y2,0,0,0)+ 7”7,”2(07 0, Y3, Ya, Us),

T

. . —/ 2
constant principal curvatures k1 = T and K9 = K3 = %

, and constant
higher order mean curvatures. So, I'g is C-biconservative.
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Example 3.8. Let r > 0 and Ay := H'(—r) x E? C L* defined by

Ay = {(y1,92,y3,54) €LY — 47 + 45 = —r?},
which has the Gauss vector N(y) = _71(—y17y2,0,0) on M. It has constant
principal curvatures k1 = % and ko = k3 = 0. Ay is C-biconservative.

In similar manner, we may define Ay := H2(—r) x E! € L* and Az :=
H3(—r) C L* as C-biconservative spacelike hypersurfaces with constant curva-
tures.

Example 3.9. For a chosen unit vector a € L and a real number r > /|7]
where 7 = (a,a), the subset T2 := {y € dS* C L5|(y,a) = Vr2+ 7} is a
totally umbilic hypersurface in dS*. Similar to Example 3.2 in [3], the Gauss
map is n(y) = L(a—Vr2 +7y), so for all 4, k; = 2v/r?> + 7, and for each k,
Hp = (-1D)F[2Vr2 + 7%, When 7 = —1, we get T = S"(r) and when 7 =1,
we have T2 = H"(—r).

Example 3.10. In this example, we follow [29], page 132. Take the function
g :dS* C L = R by g(x) = —x1 + 22, and take Q; := g~ (e "), for each
t € R. In fact, Q; = {(f(y) + sinh t, f(y) + cosh t,y) € dS*ly € E3}, where
fly) = _Tet Zf’zl y?. With respect to the Gauss map n(x) = e‘w — x on Q,
where w = (—1,1,0,...,0) € L5. So, we get k1 = ko = k3 = 1, so Hy = (—1)*.
Hence, €; is C-biconservative.

Example 3.11. Let b € ES be a timelike unit vector g : AdS* ¢ E§ — R
be the function given by rule g(y) = (y,b). For each 0 < r < 1, II, :=
g (=1 —7r2) = H3(—r) is a totally umbilic hypersurface in AdS* with the
Gauss map n(y) = %(b — /1 —12y) and principal curvatures k1 = kg = K3 =
@. Hence, II,. is C-biconservative.

4. C-biconservative hypersurfaces with 2 and 3 principal cur-
vatures

In this section, we study C-biconservative Riemannian hypersurfaces in
M (e) for ¢ = 41. The similar study has been made for ordinary biconservative
hypersurfaces in some papers [11,25,27]. Let x : M3 — M*(c) be a biconser-
vative hypersurface in the Riemannian space form with 2 distinct principal
curvatures. By Theorem 4.2 in [7], M3 is an open part of a rotational hyper-
surface in M#(c) for an appropriately chosen profile curve. In C-biconservative
case, we show that a Riemannian hypersurface in M{(c) with constant ordinary
mean curvature has to be of constant scalar curvature. First, we see the next
lemma which can be proved by the same manner of similar one in [24].

Lemma 4.1. Let M3 be a Riemannian hypersurface in Mj(c) with princi-
pal curvatures of constant multiplicities. Then the distribution generated by
principal directions is completely integrable. Also, each principal curvature of
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multiplicity greater than one is constant on each integral submanifold of its
distribution.

The following theorems may be compared with Theorem 4.27 in [9] which is
an alternative to the result of K. Nomizu and B. Smyth about compact CMC
hypersurfaces in space forms in [16].

Theorem 4.2. Let x : M3 — Mj(c) be a C-biconservative Riemannian hy-
persurface with constant ordinary mean curvature and at most two distinct
principal curvatures. Then, its scalar curvature is constant and M? is isopara-
metric.

Proof. We start the proof with the assumption that the scalar curvature of
M?3 is not constant and then Ho is non-constant. We consider the open subset
U := {p € M3 : VHZ(p) # 0} which is non-empty. By assumption, M3 has
two distinct principal curvatures A and 7 of multiplicities 2 and 1, respectively.
The local orthonormal tangent frame {ej, es, es} of principal directions on U
gives Se; = \;e; for i = 1,2, 3, where (by assumption)

A==\ A3 =1.
Also,
(8) 1,2 = fizo = M), p3o =A%, 3H =2\ +n, 3Hy = \* 4+ 2.
The condition (1) gives

9
No(VH,) = §H2VH2,
which, using the polar decomposition VHsy = Z§:1<VH27 e;)e;, gives
9
(VHa, ei)(pi2 — §H2) =0

on U, for ¢ =1,2,3. Since VHs # 0 on U, there exists at least one i such that
(VHj,e;) # 0 on U, so we have

9
(9) Hi2 = §H2.

We consider two possible cases.
Case 1. (VHsy,e;) # 0, for i = 1 or i = 2. By equalities (8) and (9), we
obtain

92 1
A= — (A + =\
n=5(5An+ 3%,
which gives
5
(10) MGH — 52) = 0.

Since Hs is non-constant on U, formulae (8) gives that A is not identically zero
on U. Hence, by (10), we get A\ = 15—2H and then n = f%H and Hy = f%H?
The last equality gives that H is non-constant on U which is in contradiction
with the assumption of theorem.
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Case 2. (VHj,e3) # 0. In a similar way, by equalities (8) and (9), we
obtain

9,2 1
AN =Z(Ean+2N\?
5 (371 + 3%,
which gives
11

H, is non-constant on U, so by (8) A is not identically zero on U. Hence, by
(11), we obtain A = %H, n= —%Hl and Hy = %HQ. By the last equality, H
is non-constant on U which is in contradiction with the assumption of theorem.

Therefore, H, and then the scalar curvature of M2 have to be constant.

Finally, we get that M? is isoparametric. O

Theorem 4.7 in [13] says that every biconservative hypersurface in E* is

made up of the following hypersurfaces:

(i) hypersurfaces with constant mean curvature,

(ii) some rotational hypersurfaces with non-constant mean curvature,

(iii) some generalized cylinders over surfaces of revolution lying in E® with non-
constant mean curvature,

(iv) some O(2) x O(2)-invariant hypersurfaces with non-constant mean curva-
ture.

Also, one can find a similar result for biconservative hypersurface in E™
(where m > 5) by Theorem 1 in [25]. Now, we pay attention to C-biconservative
Riemannian hypersurfaces with 3 distinct principal curvatures. We show that
such a hypersurface with constant mean curvature has constant scalar curva-
ture.

Theorem 4.3. Let x : M3 — Mj(c) be C-biconservative Riemannian hy-
persurface with constant ordinary mean curvature and three distinct principal
curvatures. Then, the scalar curvature of M? is constant.

Proof. Assuming Hs to be non-constant, we take U = {p € M?> : VHZ(p) # 0}.
According to a suitable (local) orthonormal tangent frame {e;, e, e3} on M3,
the shape operator S has a diagonal matrix form, such that Se; = \;e; and
then, Noe; = p; 26, for i = 1,2,3. By equality (1) and decomposition VHy =

3
> ei(Ha)e;, for i = 1,2,3 we obtain
i=1

(12) ei(Ha) 12 — 5 Hz) = .

Around every point p € U there exists a neighborhood such that e;(Hs) # 0
on which for at least one i. So, we can assume that e;(Hz) # 0 and then we
have p; o = %Hz, (locally) on U, which gives A\pA3 = gHQ. We affirm three
claims.

Claim 1: 62(H2) = 63(H2) =0.
If ea(H2) # 0 or e3(Hz) # 0, then by (12) we get p12 = po2 = %HQ or
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Hi2 = H32 = %HQ, which give )\2()\1 - )\3) = 0 or )\3()\2 - )\1) = 0. By
assumption, A;’s are mutually distinct, so we get A3 = 0 or Ay = 0, then
Hs; = 0 on U. This contradicts with the definition of U.
Claim 2: 62()\1) = 63(/\1) =0.
By assumption H is constant on M. So, ea(A1) = €2(3H —A1—X3) = —ea(A1) —
ea2(A2). Also, by recent results, ea(Hz) = 0 and M)z = gHg, we get
9

62(/\1)\3) + 62()\1)\2) = 62(3H2 — §H2) = 0,

which gives Ajea(Aa + A3) + (A2 + Az)ead; = 0, and then we have

Area(BH—=A1)+(Aa+Az)eahs = Aea(—A1)+(Aa+A3)eads = (— A1+ A2+ A3)ead; = 0.

Therefore, assuming e (A1) # 0, we get Ay = Ay + A3 which gives contradiction
ea(A1) = ea(Aa + A3) = e2(3H — A\p) = —ea(A\1).

Consequently, ea(A1) = 0.
Similarly, one can show e3(A1) = 0. So, Claim 2 is affirmed.
Claim 3: 62()\3) = 63(/\2) =0.

Using the notations

3
(13) Vee; =Y wher, (i, =1,2,3),
k=1

and the compatibility condition V., < e;,e; >= 0, we have

(14) whi =0, wl, +wk; =0, (i,5,k=1,2,3)

and applying the Codazzi equation (see [17], page 115, Corollary 34(2))
(15) (VySHW = (VwS)V, (YW, W € x(M))

on the basis {ej1, e, e3}, we get for distinet ¢,5,k =1,2,3

(16) (@) ei(A\j) = (N = Aj)w]

Gi (b) (N — )‘j)wii = (A — Aj)wzjk'

Also, by a straightforward computation of components of the identity (Ve,S)e;—
(Ve,S)e; = 0 for distinct 4,5 = 1,2,3, we get [ez, es](Hz) =0, wiy, = wiz =
W’y = wi = wi, =0 and

2 _ e(h) 5 e(As)
Wa1 = A — Ay W31 = M= A5
2o eQ2) - 5 eaXs)
23 )\3 _ )\27 32 )\2 _ )\3‘

(17)




On biconservative Riemannian hypersurfaces of ... — JMMR Vol. 13, No. 1 (2024) 343

Therefore, the covariant derivatives V. e; simplify to Ve, = 0 for k =
1,2,3, and

(18)
61()\2) 61()\3) 61(>\2)
Vv = Ve,€1 = A\ =
e2 €1 M — Ao €2, e3€1 M — s €3, Ve, €2 Ny — A\ €1,
62()\3) 63()\2) 61()\3) 62()\3)
Ve = vve = 5 Ve 3 = .
262 N T\, O Vet T T Vet = T et e

Now, the Gauss equation for < R(es,es)e1, e2 > and < R(eq,e3)er, eg >
show that

(19) o ( e1(A2) ) _e3(A) ( e1(ha)  er(Mo) )

SV VY Al v vl (5 VI VR W
e1(A3) e2(A3) [ e1(Az)  e1(A2)
9 _ _ .
20) 62(A1A3> YD VL VS W W

We also have the Gauss equation for < R(e1, ea)er, e2 > and < R(es,e1)er, ez >,
which give the following relations
(21)

e1(A2) e1(A2) 2_ e1(A3) e1(As) 2_
o (225) + (RE5) =we e (25) + (250) = oo

Finally, we obtain from the Gauss equation for < R(es,e1)es, e3 > that

ea(As3) B e1(A3)e2(As)
(22) €1 ()\2—)\3) T s M) = As)

On the other hand, by considering the condition (1), from Claim 1 we get
(23)
e1(A e1(A:
 pnreres(Hy) + (#2,1 1(A2) 1(A3)

PP W S W W

3
) e1(Hsz) — 9H22(H1 - 5)\1) =0.

By differentiating (23) along es and e3, and using (19) and (20), respectively,
we obtain

(24) o ( e1(A2) ) _ea(Ns) ( e1i(hs)  er(Mo) )

Ao — A\ _)\2—)\3 Al — A3 A1 — A
e1(A3) e3(A2) [ e1(A2)  e1(A3)
2 - - :
(25) “ ()\3_)\1> Az =\ A1t —XA A= A3

Using (18), we find that

_ 61()\2) e
Do — A\ 2

(26) e1, e2]
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Applying both sides of the equality (26) on %, using (24), (21), and (22),
we deduce that

27
(27) A= A3 \ A3 —A1 A1 — X

(27) shows that es(A3) =0 or

ea(Ns) (61()\3) L) ) —o

61()\3) _ 61()\2)
A3— A1 Ao — A1

From equation (28), by differentiating on its both sides along e; and applying
(21), we get Ao = A3, which is a contradiction, so we have to confirm the result
62(/\3) =0.

Analogously, using (18), we find that [e1, e3] =
manner, we deduce that
63()\2) 61()\2) + 61()\3) _ O
A3 — A2 \ A2 — A1 A1 — A3 ’
and one can show that e3(A\2) necessarily has to be vanished.

Hence, we have obtained ea(A3) = e3(A2) = 0 which, by applying the Gauss
equation for < R(es, es)er, es >, gives the following equality

e1(Az)e1(A2)
(A3 = A1) (A2 — A1)
Finally, using (21), differentiating (30) along ey gives

61()\3) 61()\2) -
(31) A2 s (Ag St o) T 0,

(28)

61()\3)

X ox €3 By a similar

(29)

(30) = Xo)s.

)\37}\1 /\1ng
Therefore, we obtain Hy = 0 on U, which is a contradiction. Hence Hs is
constant on M?3. ]

which implies A2 A3 = 0 (since we have seen above that (M + M) #0).

Remark 4.4. From condition 1, it is clear that each Riemannian hypersurface
x : M? — Mf(c), whose H; and Hy are constant, is C-biconservative. But, if
H, is not assumed constant, it is difficult to prove that M3 is C-biconservative.
So, we have the following open problem.

Open problem 4.5. Dose every Riemannian hypersurface with constant scalar
curvature in M{(c) have to be C-biconservative?

5. Conclusion

Biconservative hypersurfaces having conservative stress-energy tensor with
respect to the bi-energy contain all minimal and constant mean curvature hy-
persurfaces. It is proven that any biconservative hypersurface with constant
scalar curvature is ether an open part of a certain rotational hypersurface or
a constant mean curvature hypersurface. The purpose of this paper was to
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study an extension of biconservativity condition (namely, C-biconservativity)
of Riemannian hypersurfaces with constant mean curvature in the Lorentz 4-
space form Mj(c). We tried to show that such a hypersurface has constant
scalar curvature. This aim leads us to an open problem claiming that every C-
biconservative hypersurface with constant scalar curvature has constant mean
curvature.
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