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ABSTRACT. In this note, we obtain a reverse version of the Haagerup
Theorem. In particular, if A € M,, has a 2 X 2— principal submatrix as

{ ; (ié ] with 8 # &, then ||S4]|| > 1 where the operator
S4 : My, — M, is defined by Sa(B) := Ao B where ” o” stands for
Schur product.
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1. Introduction

Let M, denote the C*—algebra of all n x n complex matrices. A Hermitian
matrix A € M, is called positive if 2* Az > 0 for all z € C™
( we write A > 0 ) and is called strictly positive if * Az > 0 for all nonzero
x € C™ ((we write A>0).
For Hermitian matrices A, B € M,, a partial order is defined as A > B if
A—-B>0.
Let ||A|| and w(A) denote the spectral norm (or operator norm ) and the
numerical radius of A, respectively. Recall that the numerical radius is defined
as follows:

w(A) = max{|z*Az|: x € C", 2"z = 1}.

Tt is well-known that w(.) defines a norm on M, which is equivalent to the
spectral norm |.||. In fact, for every A € M, the following inequality holds:

1
Al = w(a) < [|1A]|.

Also, if A is normal, then [|A| = w(A4).

The Schur or entrywise product of A = [a;], B = [b;;] € M, is defined by
Ao B = [a;b;;]. With this multiplication, M,, becomes a commutative algebra
for which the matrix with all entries equal to one is the unit. Given A € M,,,
the Schur multiplier operator or for brevity the Schur map S4 : M,, — M,
is defined by Sa(B) := A o B. We say that S4 is unital if S4(I) = I for the
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identity matrix I € M,,. In [2], the induced norms of S4 with respect to the
spectral norm and numerical radius were defined respectively, by

|[Ao B
1 Sall = sup ———,

w(Ao B)
2 Salle = sup ———~

It is well known that
(3) [Sall < [1Salle-

The study of the norm of the Schur map has been interesting for some
researchers. One of the best research in this field was done by Ando and
Okubo in [2]. They showed that ||Sa|l, <1 if and only if there exists positive
X A
A X
they give other equivalent characterizations and derive similar results for ||.S4]|.
For more information about the norm of the Schur multiplier operator and its
applications see [1,5,6,9,10]. Let A € M,. For index sets A\, u C {1,,...,n}, we
denote by A[A, ] the (sub)matrix of entries that lie in the rows of A indexed
by A and the columns indexed by p. If A = p, the submatrix A[\, A] is denoted
by A[A] and it is called a principal submatrix of A.

semidefinite matrix X € M, such that >0, where X oI < I and

2. Main results

In 1991, Ando and Okubo proved the following theorem [2, Theorem 1 and
Corollary 3] which is well known as the Haagerup Theorem:

Theorem 2.1. Let A € M,,. The following assertions are equivalent.

(i) 1Sall < 1.
(i) There exist 0 < X, Y € M, such that
X A
[A* Y]ZO’ Xol<I and YoI<I

In addition, if A is Hermitian,
(iii) |Sall = 1S allw-

Also, they proved a similar theorem [2, Theorem 2 and Corollary 4] for
[ISall. as follows.

Theorem 2.2. Let A € M,,. The following assertions are equivalent.

(i) [Salle < 1.
(#i) There exists 0 < X € M, such that
X A
{A* X}EO and Xol<I

Moreover, if A = [a;;] >0,
(#3) |Sallw = max{a; : 1 <i<n}.
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To prove the main results, we need the following lemma, which is known as
the Schur complement theorem.

Lemma 2.3 ( [4], Theorem 1.3.3). Let A, B be strictly positive matrices. Then
the block matriz { )?* ); } is positive if and only if B> X*A~1X.
Now, we state one of the main results of this section in the following theorem.

Theorem 2.4. Let A = [a;;] € M,, such that ||Sall = 1. If ass = ay =1 for
some 1 < s <t <n, then asg = as.

Proof. By the use of Theorem 2.1, there exist positive n x n matrices
X = [Iij],Y = [yw} with 0 S Liiy Yii S 1, (1 S ) S Tl), such that
[ X A

A* Y}ZO'

Letting X = [27;] such that a5; = x;; if i # j and «; = 1, and = [yi;] such
that y;; = ys; if ¢ # j and yi; = 1, we have
X A X A
HINEE

It is known that any principal submatrix of a positive matrix is positive, so it
follows that

1 s
o x ]. Qts ]. e e— a7, —
C = 1 @ 1 y >0 where x 1= Ty = Tg, Y := Yst = Yst-
A st 1 :lj 1
In fact, C' = jl(* é ] [A], where A\ = {s,t,n + s,n + t}.

So, in view of Lemma 2.3, we get

1 a1 T 1—|z]? as—7 1—7Zagy
ags 1y |—| 1 [ 1 ag) = | as — 0 Y — Qg > 0.
y 1 Ust l—zast §—dg 1—l|agl?

Since the determinant of principal submatrices of the above matrix is positive,
we obtain azs — x =y — ast = 0 and hence

1 a1 ag
Qts 1 Qts 1

1 Ats 1 st
agy 1 ay 1

C:

By a simple calculation, the characteristic polynomial of C' is as follows:

FOO = A =403 + (4 = 2]ase|* — 2]aws PN + 2(|ast)® + |ass|* — 2R(asrass)) A,
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where R(asiais) is the real part of agars. Now, if as # dzs, we obtain that
the coeflicient of A is positive and then f(\) has a negative root, which is in
contradiction with C' > 0, and hence ag; = ays. O

The next corollary is easily deduced from Theorem 2.4.

Corollary 2.5. If S4 : M,, — M, is an unital map with ||Sal| = 1, then A
1s Hermitian.

The following corollary is convenient to be as a reverse of the Haagerup

theorem.

Corollary 2.6. If A € M,, has a 2 X 2—principal submatriz as [ ; ? } with
B # &, then ||Sa| > 1.

Employing a strategy similar to the proof of Theorem 2.4, we obtain the
following result.

Theorem 2.7. Let A = [a;;] € M,, such that ||Salle = 1. If ass = 1, then
agj = ajs for all 1 < j <mn.

Proof. From Theorem 2.2, it follows that there exists a positive matrix
X = [.IU] eM, with0<z; <1 (1 <1< n) such that

X A
[ 4]0
Setting X := [27;] such that a7; = x;; for ¢ # j and 27; = 1, we have
X A X A
[A* X}—[A* X}ZO’

Since every principal submatrix of the above matrix is positive, it follows that
for all integer j € {1,2,...,n} such that j # s,

1 T 1 Asj
T 1 Qjs  Qj4 ~
= > =2 = T
B 1 @, 1 o >0, where x = T35 = x5
asj aj; T 1
In fact, B = [ jli ;% } [A], where A = {j,s,n+ j,n + s}.
Hence, using Lemma 2.3, we obtain that
1 Qs Gjj x 1-— |a?|2 Qjs —T G55 — TAsj
a;s 1 z |—] 1 [z 1 as] = ajs — 0 T — Qg > 0.
a;; T 1 asj aj; —xas; T—dg; 1—lasi]?

Since the determinant of principal submatrices of the above matrix is nonneg-
ative, we have aj; —x = v — as; = 0 and hence a,; = dj,. O

The following corollary is readily obtained.
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Corollary 2.8. If Sa: M,, — M, is an unital map with ||Sall, =1, then A
is Hermitian.

The following straightforward result can be regarded as a reverse version of
Theorem 2.2.

Corollary 2.9. If A € M,, has a 2 x 2—principal submatriz as { 3 g } with
a=1o0r0=1, and B # 7, then ||Sallw > 1.

3. Applications

In the following remark, we explain the way how to use Theorem 2.4, to
refuse some matrix inequalities.
Remark 3.1. Let a1,as,...,a, be positive real numbers. Introduce F' = [f;;],

M (as,a;)

such that Fol = I and f;; = Vo (a,ay)
ai,a; possibly they are means. If F' is not symmetric, then by Corollary 2.6,
ISkl > 1, which means the inequality ||(Mi(a;, a;)) o X|| < |[(M2(a;, a;)) o X||
does not hold in general or there exists X € M, such that
|(Mi(ai,a;)) o X|| > |[(Ma(a;,a;)) o X||. Also we remark that if F' is not
symmetric, then by Corollary 2.8, ||Sg||, > 1. By the same way as before, we
can refuse some numerical radius inequalities.

, where M, My are functions of

As an application of Corollary 2.6, we have the following theorem.

Theorem 3.2 ( 8], Theorem 2.3). Let A € M, be a non scalar strictly positive
matriz and 0 < v < 1 be a real number such that v # L. Then there exists

2
X € M, such that
(4) I AV X AYY > vAX +(1—-v)XA].

Proof. Without loss of generality, we can assume that A = diag(ay,as,...,a,).

v _1—v
a; a.;

Using Lemma 2.2 in [8], the n x n matrix F' = [Ual(f_y)a} is not symmetric,
i J

so by Corollary 2.6, ||Sr| > 1. Hence by the argument in Remark 3.1, we

conclude that there exists X € M,, such that

| AVX A |>]| vAX + (1 —v)XA | . O

By Theorem 3.2, we conclude that for A, B, X € M,, where A, B > 0, the
inequality
| A¥XB'=" |<|| vAX + (1 — v)X B || is not true in general.
By the same way as in the proof of the above theorem and Corollary 2.8, we
get the following result:

Corollary 3.3. Let A € M, be a non scalar strictly positive matriz and
0 <v <1 be areal number such that v # % Then there exists X € M, such
that

(5) W(AYXA"™Y) > w(WAX + (1 —v) X A).
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Theorem 3.4. Let A € M, be a non scalar strictly positive matrixz. Then
there exists X € M,, such that ||[AXA7Y| > || X].

Proof. Without loss of generality, we assume that A = diag(ai,as,...,a,).
Applying Corollary 2.6, for non symmetric matrix F = [aiaj_l] € M, the
results is obtained. |

In view of Theorem 3.4, we conclude that the inequality ||[AX A~ < [|X]||
for all A, X € M,, where A > 0 does not hold.
Using the proof of Theorem 3.4 and Corollary 2.8, we have the following corol-
lary.

Corollary 3.5. Let A € M, be a non scalar strictly positive matriz. Then
there exists X € ML, such that w(AXA™Y) > w(X).
One can use Corollary 2.9 to show that for A, B, X € M,, where A, B > 0,
1 1
the inequality w(AXB) < w(—APX + — X A?) is not true in general.
p q

Theorem 3.6 ( [7], Theorem 2). Let p > q > 1 such that % + % =1 and let
A e M, be a non scalar strictly positive matriz such that 1 € o(A). Then there
exists X € M,, such that

1 1
(6) W(AXA) > w(-APX + =X A9).
p q
Proof. Without loss of generality, we assume that A = diag(ai,as,...,a,),
such that a; = 1, a9 # 1. It is not difficult to show that
1

1, al
e e
q q p

p
az

p

(7)

a;Qy

If F=

-7 | » then fi1 = 1 but by inequality (7), fiz # fo1. Hence
a; g
R

by Corollary 2.9, we conclude that ||[Sr|., > 1. So, by the same argument in

1 1
Remark 3.1, there exists X € M,, such that w(AXA) > w(;APX—i—gXAq). O

The reverse of the classical Young inequality says that:

(8) va+ (1 —-v)b<a’b ",

when a,b >0and v <0Oorv > 1.
In [3] a matrix version of the above inequality for Hilbert -Schmidt norm by
Bakherad et al. is given as follows:
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Theorem 3.7 ( [3], Theorem 2.3). Let A,B,X € M, and let m and m' be
positive scalars. If A>mI > B >0, andv >1, or B>m'I > A >0, and
v <0, then

9) | vAX + (1 - v)XBll2 <[| A”XB*™"2.

Here we show that the conclusion of Theorem 3.7 becomes false for the
numerical radius and operator norm instead of Hilbert Schmidt norm.

Theorem 3.8. Let A € Ml,, be a non scalar strictly positive matriz and v > 1
or v < 0. Then there exists X € M,, such that

(10) WWAX + (1 —v)XA) > w(A"X A7),
Proof. Without loss of generality, we assume that A = diag(ay,az,...,a,)
such that a; = 1 and ay # 1. It is straightforward to prove that

vas + (1 —v 1—v)as +v
(11) (V ) + ( 1)_V )

as Qs
a;’al-f”

If F=|—>2——| then fi; = 1 but by inequality (11), fi2 # fo1.

va; + (1 —v)a;
Taking the same approach as in the proof of Theorem 3.7, the result holds. [

In the proof of Theorem 3.8 since f;; = 1 for all 1 <4 < n, then by Corollary
2.6, a similar result holds for operator norm too.
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