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ABSTRACT. There exists a one to one correspondence between higher
derivations {dn}>2, on an algebra A and the family of sequences of
derivations {6, }52; on A. In this paper, we obtain a relation that cal-
culates each derivation §,(n € N) directly as a linear combination of
products of terms of the corresponding higher derivation {dn}2 . Also,
we find the general form of the family of inner derivations corresponding
to an inner higher derivation.

We show that for every two higher derivations on an algebra A, the
product of them is a higher derivation on A. Also, we prove that the
product of two inner higher derivations is an inner higher derivation.

Keywords: Derivation, Higher derivation, Inner higher derivation.
2020 MSC: 16W25, 47TL57, 47B4T.

1. Introduction

Let A be an algebra. A linear mapping 6 : A — A satisfying the Leibniz
rule §(xy) = §(x)y + xd(y) for each z,y € A, is called a derivation on A. For
a fixed element a € A, the linear mapping ¢, defined by d,(x) = ax —za on A
is a derivation on A, which is called the inner derivation implemented by a.

A sequence of linear mappings d = {d,, : A — A}3%, with dy = I (where I
is the identity mapping on A), satisfying the generalized Leibniz rule d,(zy) =
Yoo di(z)dn—i(y) for each n = 0,1,2,... and z,y € A, is called a higher
derivation on A.

For example, when § : A — A is a derivation, the sequence d = {d,,}22, of
linear mappings on A defined by dy = I and d,, = %, is a higher derivation
on A. Such a sequence is called an ordinary higher derivation. An ordinary
higher derivation is a typical example and is not the only example of a higher
derivation.

Mirzavaziri in Theorem 2.5 of [11] showed that there exists a one to one corre-
spondence between higher derivations and the family of sequences of derivations
on torsion free algebras. Let A be a torsion free algebra and d = {d,}52 be
a higher derivation on A. Then there is a sequence § = {0,}52; of derivations
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on A such that

anZ( 3> (HM) 5”...6”)7

=1 S r=n =1

where the inner summation is taken over all positive integers r; with 22:1 Ty =
n. Moreover the sequence § = {6,}22 is unique. If we denote this higher
derivation by ds, then we can say that each higher derivation on a torsion free
algebra A is of the form dg for some sequence § of derivations on A.

A notion of an inner higher derivation is given in [12]. The authors charac-
terized all uniformly bounded inner higher derivations on Banach algebras and
showed that each uniformly bounded higher derivation on a Banach algebra A
is inner, provided that each derivation on A is inner.

In section 2, we obtain a relation that calculates each derivation §,(n € N)
directly as a linear combination of products of terms of the corresponding
higher derivation {d,}22,. Also, we find the general form of the family of
inner derivations corresponding to an inner higher derivation.

Let A be an associative algebra with identity element 14. A sequence of
linear mappings d = {d, }52, on A defined by

1) d(@) = 3 piagn_s
1=0

for all z € A and each non-negative integer n, is called an inner higher deriva-
tion on A, in which p = {p,}52, and q = {¢,}52, are two sequences in A
satisfying the conditions py = ¢o = 14,

n n
(P*@n = pigni=0, (@*P)n =Y pn—i=0
=0 =0

for all n € N (to see this, refer to [14,15]). Nowicki proved in [13] that if every
derivation of A is inner, then every higher derivation of A is inner. Xu and
Xiao proved in [15] that if every Jordan derivation of A is inner, then every
Jordan higher derivation of A is also inner.

In this paper, we show that if d = {d,,}52, is an inner higher derivation on
A of the form (1), then the corresponding sequence of derivations § = {9, }52,
defined on A by

6n($) = Z ( Z (_1)i_1 T1PrPry - - ~pr¢>x
S >

+IZ< Z (1" rigr qr, -..qri)

1=1 i -
j=1Ti=n

for all n € N.
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In Section 3, we investigate that for every two higher derivations a =
{an}22, and b = {b,}°2, on algebra A, the sequence a*b = {(a * b),}22,
defined by

n
(axb), zgalnz

for each n =0,1,2,... and z € A, is a higher derivation on A. Also, we prove
that if a and b are two inner higher derivations, then a * b is an inner higher
derivation.

For a discussion about derivations, Jordan derivations, higher derivations,
Jordan higher derivations and their generalizations the reader is referred to
[1-8] and [9].

2. On characterization of higher derivations

Throughout the paper, A denotes an algebra over a field of characteristic
zero, and I is the identity mapping on A. Let d = {d,,}32, be a higher deriva-
tion on A and & = {d,}72, be the corresponding sequence of derivations to
d. In the next proposition, we obtain a relation that calculates each derivation
0n(n € N) directly as a linear combination of products of terms of the higher
derivation d.

Proposition 2.1. Let d = {d,}52, be a higher derivation on A. Then the
corresponding sequence of derivations to d denoted by 6 = {0,152, defined on

A by

for all n € N.

Proof. By Proposition 2.1 of [11], for higher derivation d = {d,}52, there
exists a sequence of derivations § = {0,,}52; such that

®3) (n+ Ddpi1 = Z Opt+1dn—k
for each non-negative integer n. So, we get
(4) 6n+1 = (TL + 1 n+1 — Z 6k+1dn k n € N)

Now we use induction on n. For n = 1 we have §; = d;. Suppose that §; is
defined for & < n as equation (2). For n + 1 the right side of equation (2) is



406 S.Kh. Ekrami

equal to

n+1

Z ( Z (=) ridy dy, - --d'r‘k.)

k=1 Z_I;jl rj=n+1
n+1

= (n+Ddny1+ Y ( jg: (—D* ridrydr, .y )

k=2 k 1Ty =n+1

= (n+1) m4+§:( S D rddy o drdy,)

ijf rj=n+1

= (Vs — E: ( S D ndydy dey)d,

k=1 rp41=1 Z;?:l rj=n+l—rgqq

n n—(k—1)

(n + 1 n+l1 — Z Z ( Z (_1)k_1 rldrldrz T di)di
i= Z;?:l ri=n+l—i

n n— i—

= (4 Dy = Y ( S U nddy . dy)d;

=1ok=l R r=n—(i-1)

=(n+1)dy1 — Z Jn—(i—l)di
=1

:(n+1 n+1 — Zénzz+1

n—1
= (n + 1 n+1 — Z 5k+1dn k= 5n+1
k=0
This completes the proof. |

Example 2.2. Using Proposition 2.1, the five terms of {3, } are

01 = dy,

8y = 2dy — d?,

3 = 3d3 — 2dady — dydy + d3,

8y = 4dy — 3dgdy — 2d3 — dyds + 2dodi + dydady + didy — df,

85 = bds — 4dydy — 3dsdy — 2dads — didy + 3dd; + dydsdy + dids + 2d5d,
+ 2dydidy + dyd3 — 2dod? — dydad? — d2dady — d3dy + dS.
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Example 2.3. Let M,(C) be the algebra of all n X n complex matrices and

let A € M,(C) be an arbitrary matriz. Define the sequences P = {P,}>2,
and Q = {@Qn}52, in M,(C) by P, = %A" and @, = %A” for each
non-negative integer n. Then Py = Qo = I, (the n x n identity matriz) and

(P+ Q=Y PQui=>. %Amn_i
=0 :

- (n—1)!

S-S

=0 =0

Similarly, (Q* P),, =1 (QiPn_; = 0.
Then the sequence of mappings d = {d,}>, defined on M,(C) by dy = I
and

i) =3 RxQu =3 L (M axart e,
=0

n!
i=0

for all X € M, (C), is an inner higher derivation on M, (C).
Now by Proposition 2.1, the sequence of derivations {0,}22; corresponding
to d, defined by 61(X) = XA — AX and §;, =0 for all k > 2.

In the next proposition, we find the general form of the family of derivations
corresponding to an inner higher derivation.

Proposition 2.4. Let A be an associative algebra with identity element 14
and d = {d, }52, be an inner higher derivation on A defined by

=0

in which p = {pn}°2 and g = {g, }5% are sequences in A such that py = qo =
14 and (p* @) = (g*D)n, =0 for all n € N. Then the corresponding sequence
of derivations to d denoted by § = {6,}52, defined on A by

n

(5) On(x) = Z ( Z (=) ripp pry ...pn)x
=l 3 rj=n

n

+(EZ ( Z (*1)i71 Tiqr,qrs qn)
i=1

i L
j=1Ti="

for all n € N.
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Proof. Put

n

Ap=>" ( > (=) i, ---pn->,
i=1 2;11 rj=n

n

B,=Y" ( > DT rige g, - .-qm)~

=1 22:1 Ti=n

Then 6, (x) = A,z + xB,,. First we prove the following equations, using induc-
tion on n.

(i) (n+1pnp1 = ZAkan ks

(ll) (Tl + 1 Qn-‘rl Z qn— kBk+1

Proof of () For n =1 we have A; = p;. Suppose that Ay is defined for all
k=1,2,...,n as equation (i). Then for n + 1 we have

n+1
An+1 = Z ( Z (_1)k_1 TlpT'lpTz . 'ka)
k=1 )7“ ,rj=n+1
n+1
=(n+1)ppt1 + Z ( > =) e, .prk)
k:

_,Ti=n+1

n
=+ Dpni1+ Y ( S (=UF riprpr, - -prkal)
k=1 Z;H'll rj=n+1

—(k—1)

(n + 1 pn+1 Z Z ( Z (_1)k_1 T1PrPry - - 'p’f’k>p7"k+l

k=1 rp41=1 Z;?:lrj:n+1—rk+1

n n—(k—1)

=(n+1)ppt1 — Z Z ( Z (_1)k_1 T1Pr Pry - - 'pm-)pi
k=1 =1

Z;?:l rj=n+1l—1

n n—(i—1)

= (n+ Dppy1— Y ( > (1" riprpr, - -prk)pi

I

- (’I’L + 1)pn+1 - Z An—(i—l)pz (n + 1 anrl Z An iPi+1
=1

=M+ 1)png1 — Z A 1Pn—k-
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This proves the validity of equation (i).
Proof of (ii): For n = 1 we have B; = ¢1. Suppose that By, is defined for all

k=1,2,...,n as equation (ii). Then for n 4+ 1 we have
Bn+1
n+1
= Z ( Z (_1)k_1 TkQr,Qrsy - - - QTk)
;" 17"7_n+1
n+1
= (n+ 1)y + Z (> 0 g )
Z’? L rj=n+1

n
= (n + 1)qn+1 + Z ( Z (_1)k Tk+1QT1qT2 . q’r‘qukJrl)
=y

n n—(k—1)

= (TL + 1)(]n+1 - Z ( Z qrq Z (_1)k_1 Tk+19ry - - - qu+1>

k=1 ri=1 Zk+1 ri=n+l—ry
n n—(k 1
=n+1)gn1 — ( Z q; Z (71)1671 Tk+1qry - - - qu+1>
k=1 Zf+21 rij=n+l—i

n—(i—1)

(n + 1 qn+1 Z ( Z ( Z (_1)16*1 Tkry - - - q,.k>>
i=1 k=1

S foy rj=n—(i—1)

=+ 1)gnt1 — Z 4iBn—(i—1)
=1

=m+1)gn1 — Z%-‘ran i

=+ 1)gns1 — Z In—kBit1-

This proves the validity of equation (ii). Now we have

E

n—

25k+1dn k Zak+1<zpz$qn k— 7,) :Z 6k+1 PiZqn—k— z)

k=0 i=0

|
>

n

(AkjtlpixCInfkfi +pi5€ank7¢Bk:+1)

S
= o

- gms

(Ak+1pi33Qn7k7i + pnfk7i$Qin+1)-

b
Il
<]
~
Il
=]
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In the summation ) ,_, Z?:_Ok, we have 0 < k+i < n. Thus if we put k+i = r,

then we can write it as the form 7" (>, .. . Putting i = — k, we indeed
have

Z 6k+1dn—k(x)
k=0

T

I
M=

(AkJrlprfk-Tanr + pnfr-TQTfk:BkJrl)

ﬁ
Il
o

k=0

I
M=

((’I’ + 1)pr+1xanr + (r + 1)pnfrmqr+1)

%
Il
o

(T + 1)pr+1an7r + Z(r + 1)pn77‘xQT+1

I
NE

r=0 r=0
n—1 n—1
=+ Dpnaz+ Y (r+ D)pra2gn_r + (n+ D)agnir + 3 (0 + Dpp_rgria
r=0 r=0
n—1 n—1
=+ Dpnpaz+ Y _(r+ Dpra@gnr + (n+ D2guir + 3 (0 = 1)pri12gn_r
r=0 r=0
n—1
=+ Dpnaz+ (n+1)Y prp1@gn_r + (04 1)2gnia
r=0
n
=+ Dppaz++1)D pragnir—r + (n+ 1)2gni
r=1
n+1
= (n + 1) Zprmqn-l-l—r
r=0
= (n+ D)dnt1(2).
This completes the proof. O

Example 2.5. Using Proposition 2.4, the four terms of sequence of derivations
{6n} are defined on A as follows:

(=9

1(z) = prx + zq1,

2(z) = (2p2 — p1)z + (22 — G7),

83(z) = (3ps — 2pap1 — p1p2 + )7 + 2(3g3 — G2q1 — 20102 + G}),
d4() =

X

x) = (4ps — 3psp1 — 203 — p1ps + 2p2pi + P1pap1 + Pip2 — pi)
+ 2(4qs — @391 — 205 — 39103 + 424} + Q121 + 2652 — q1).

The next corollaries follows from Proposition 2.4.
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Corollary 2.6. Let A be an associative algebra with identity element 1 4. For
every inner higher derivation d = {d,}5%, on A, there exists a unique sequence
of inner derivations § = {6,}52, on A satisfying the equation (2).

Corollary 2.7. Let A be an associative algebra with identity element 14 and
d = {d,}>2, be an inner higher derivation on A defined by

=0

in which p = {pn}ory and @ = {q.}5%L, are sequences in A such that py =
go =14 and (p* @) = (q*p), =0 for alln € N. Then

(_1)i_1 (rlpmprz <o Pr; + Tiqriqry - - - QM) =0
> (X

=1 Z;:1 ri=n

for alln € N.
Proof. Tt is an immediate consequence of the fact that d,(14) = 0 for all
n € N. O

3. The product of higher derivations

In this section, we show that the product of two higher derivations is a higher
derivation. Also, we show that the product of two inner higher derivations is
an inner higher derivation. To prove the main results, we first need a lemma.

Lemma 3.1. For any sequence {z;k}i—o in an algebra A, we have

n K3 n n

@ DD we=D ) T
1=0 k=0 1=0 k=1
n n—i n n—=k

@) DY we=) D T
i=0 k=0 k=0 i=0

Proof. (i) The right side of the equation is equal to

n o n n n—i
E LTk, = E § Thtiyi-
=0 k=1 =0 k=0

In the summation Y, Zz;é, we have 0 < i+k <n. Thus if we put i +k =7,
then we can write it as the form > " > Putting k = r — 7, we indeed

1+k=r"
have
n n—i n T
§ E Thtii = § § Ty j-
=0 k=0 r=0 1=0

Now, renaming the indix r and ¢ by ¢ and k, respectively in the right side
summation, we get the required result.
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(ii) In the left side summation, we have 0 < i + k < n. Thus if we put
i+ k = r, then we have

n n—t n T
E E Tik = E E Lir—i-
=0 k=0 r=0 7=0
Using Lemma 3.1 (i), we get
n T n o n n n—i
§ § Tir—i = E E Tr—iq = § § Lyj-
r=0 =0 =0 r=t =0 r=0

Now, renaming the indix ¢ and r by k and i, respectively on the right side
summation, we get the required result. O

Theorem 3.2. Suppose that a = {a,}>2, and b = {b,}2, are two higher
derivations on A.Then the sequence ax b= {(axb),}52, defined by

(6) (axb)n(x) = Z a;(bn—i(2))

for each n=0,1,2,... and x € A, is a higher derivation on A.

Proof. Trivially each (a % b),, is linear. Also for all z,y € A we have

(@xbulzy) = D ailbpi(ay))
=0

n n—i n n—i

= Y a( Db @bi i) = 33 ailb; @ba-iw)
§=0

i=0 i=0 j=0

n n—t ¢

= Z Z Z ag(b;(z))a;—k(bn-i—;(y))

i=0 j=0 k=0

7 n—i

= Zzzak asz<bn7ifj(y))'

1=0 k=0 j=0

Using Lemma 3.1 (i), for sequence {z; 1} = {Zj 0 ak(b (@) @ik (bp—i—;(y))},
we conclude that

ai(bj(w))ag(bn—k—i—j(y))-

n n n—k
(a * b)n(xy) = Z Z az ak z(bnfk*j (y))
1=0 k=1 j=
n n—in—i—=k
2.

<
I
<)
~
I
<)
<
Il
o
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Using Lemma 3.1 (ii), we can write o 370  apy = S0 g Sopsg ™ any,
in which z ; = a;(b;(x))ar(bn—r—i—;(y)). Thus

n n—in—i—j

(@xb)nlzy) =Y > > ailbj(@))ar(bn_r—i—;i(y)).

i=0 j=0 k=0

In the summation -, Z?:_é, we have 0 < i+j <n. Thusif weput i+j =r,
then we can write it as the form Z:ZO >

have

i+jr- Putting j =7 —i, we indeed

(a*xb),(xy) = Z Z z_: ai(br—i(w))ak(bn—r—1(y))
r=0 i=0 k=0
S OIUCEN ) ak(On—r—1(1)))
= ) (axb)p(z)(axb)n_p(y).

r=0

This shows that axb = {(a*b),}52, is a higher derivation and completes the
proof. O

Corollary 3.3. Let a, 8 : A — A be two derivations. The sequence {d,}>2
which is defined by

is a higher derivation on A.

Proof. Suppose that a = {a, }52 is the higher derivation corresponding to the
sequence of derivations {a,}°2; = {a,0,0,...} and b = {b,}>2, is the higher
derivation corresponding to the sequence of derivations {8, }22, = {5,0,0,...}.
Then by Theorem 3.2, the sequence {(a % b),, }°, which is defined as above, is
a higher derivation on A. O

In the next theorem, we show that if a and b are two inner higher derivations,
then a x b is an inner higher derivation.

Theorem 3.4. Let A be an associative algebra with identity element 14 and
let a={an}3ly and b= {b,}>, be two inner higher derivations on A. Then
axb={(axb),}>2, is an inner higher derivation on A.
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Proof. By hypothesis, there exist sequences p = {pn}52g, 4 = {@n}2y, r =
{rn}22, and s = {s,}22, in A such that

an(z) = sz’an—u Po=¢q =14, (P*q)n=(a*p)n =0,
i=0
n
bp(z) = Zrixsn_i, o =80 =14, (r*8), =(s*r), =0,
i=0
for all x € A and each non-negative integer n.
By Theorem 3.2, a * b is a higher derivation on A. We show that a x b is
an inner higher derivation. Using Lemma 3.1, we have

(axb), Ealnz

n n—i n n—i 1

=3 ai(rjwsn_ij) =) PRTjTSn—i—jGi—k
i=0 j=0 i=0 j=0 k=0
n i n—1i n n n—=k

= E E E PrTjX8n—i—jqi—k = E E E DiTjXSn—k—j9k—i
i=0 k=0 j=0 i=0 k=i j=0
n n—in—k—1i n n—in—i—j

= E E PiTjTSn—k—i—jqk = E E g DiT§TSn—k—i—j54k
i=0 k=0 ;=0 i=0 j=0 k=0

for all x € A and each non-negative integer n. If we put ¢ + j = m, then we
conclude that

(CL * b)n(x) - Z Z DiTm—iTSn—m—kdk

m=0 =0
n
= Z (P*1)mz(s* Q)n-m
m=0

for all z € A and each non-negative integer n. Since axb is a higher derivation,
we have

(p*r)*(sxq)) = ((sxq)*(pxr)), =0,
for all n € N and also (p xr)g = (s x q)g = 14. This completes the proof. [

4. Conclusion

In this paper, we obtained a relation that calculates each derivation ¢, (n €
N) directly as a linear combination of products of terms of the corresponding
higher derivation {d, }>2,. Also, we found the general form of the family of
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inner derivations corresponding to an inner higher derivation. We showed that

for

every two higher derivations on an algebra A, the product of them is a

higher derivation on A. Also, we proved that the product of two inner higher
derivations, is an inner higher derivation.
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