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ABSTRACT. In this paper, a coherent system consisting of non-identical depen-
dent active components and equipped with non-identical dependent standby
components is considered. The main object of this study is the random quan-
tity which account the number of surviving standby components when the
system is failed. We represent the distribution function of the corresponding

random variable in terms of system signature.
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1. INTRODUCTION

A commonly used technique to increase the reliability or the availability of a
system is a redundant standby. A hot standby has the same failure rate as the

active components of the system, while a warm standby has a failure rate larger
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than an active component. A cold standby means that the redundant component
is inactive, and the likelihood of failure is assumed to be zero.

Recently, Eryilmaz [3] studied the reliability of a k-out-of-n system equipped
with a single warm standby component. He carried out a reliability analysis for a
system equipped with a single warm standby unit and obtain an explicit expression
for the reliability function of the system for arbitrary lifetime distributions. The
behavior of warm standby components with respect to a coherent system was con-
sidered by Eryilmaz [2]. In particular, he studied the number of surviving warm
standby components at the time of system failure in terms of system signature
and discussed its potential utilization with a certain optimization problem, when
the system has identical components with identical components. We shall to con-
sider a coherent system with non-identical components equipped with non-identical
redundant standby. Because of non-identical active components and standby redun-
dancies, we may assume that the standby components are either warm or hot. We
also consider the possible dependencies between the active components or between
standby redundancies using an Archimedean copula which is a very convenient sub-
class of copulas and has a close connection to Laplace transforms. For a thorough
discussion on Archimedean copulas, one may refer to Joe [5] and Nelsen [7]. If the
active components of a system or standby redundancies are independent their life-
times have a joint distribution function that is the product of marginal distribution
functions. Some copulas belonging to the class of Archimedean copulas reduce to a
multivariate distribution function with product of marginal distribution functions
for certain values of dependent parameter. Therefore, the results of this paper re-
duce to corresponding results of [3] and [2] in special cases and hence may be used
for a system with dependent as well as independent components.

To be specific, we assume that the n underlying variables are jointly distributed

according to an Archimedean copula. If a copula Cy has the form

(1) C¢(u17 7un) = ¢ (Zw_l(ui)> )
=1

where 1) : R, — [0, 1] is a completely monotone generator function, i.e. (—1)"(") >
0, n > 2, such that ¥(0) = 1 and lim, o ¥ (z) = 0, then it is called an Archimedean

copula (see e.g. McNeil and Neslehova [6]). 4 is said to be the generator function
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of this Archimedean copula. Let Gy(u) = exp{—¢~'(u)} and M, be the distri-
bution function with Laplace Transform . Then, we can obtain an equivalent
representation of (1) as

oo N

) Coluins o un) = /O T] G5 (w)dMy(a).

j=1

This representation is the key to all subsequent developments.

Now, consider a random vector X = (X7, ..., X,,) with joint distribution function
) w(Zw*(Fi( ) [ TG,
i=1
where F; is the marginal distribution functions, ¢ = 1,...,n. Let us further assume

that the function Gy and F; have the first derivative gy and f;, i = 1,...,n,
respectively. Then, the joint density function of X equals

(4) / Hagw @) fi() G (F) dMy )

which yields

Pr (Xl <@y, Xi < 2n, X >azk+1,...,Xn>Xn)

= /Ooo /:}/j: ﬁagw(Fs(ws))Gg‘l(SF(wS))fs(ws)dws

></Ik+1 / H gy ( (Us))Ga 1( 5(s)) s (vs)dvsd My (cv)

Tn s=k+1
6 -/ HGw @) [T (1 - Go(F )My (o),
s=k+1
for k =1,2,...,n. For more details, one may refer to Joe [5] or Nelsen [7].

We use an Archimedean copula for considering the dependency of components
because of its feasibility and also because the reliability of the system with standby
redundancies with the mentioned setup has a closed form. This class was used by
Rezapour et. al. [9] and Rezapour and Alamatsaz [10] to study a (n — k + 1)-
out-of-n system with dependent components. Rezapour et. al. [8] also considered
reliability properties of a system whose components are distributed according to an
Archimedean copula.

We investigate the distribution and the expected value of the number of surviving

standby components at the moment that the system fails. More explicitly, let



42 DARIUSH JAMALI AND MOHSEN REZAPOUR

Xi,...,X,, be random lifetimes of the active components with joint distribution
function (3) and Y7, ...,Y,, be those of the standby components with joint density

function
(6) /OOO H age(Hi(z:)hi(z) GG~ (Hi(w:))dMy()

where ¢ is a completely monotone generator of an Archimedean copula and H;
is the distribution function with corresponding density function h;, ¢ = 1,...,n,
Gy(u) = exp{—¢~"(u)} and gy (u) = G(u).

We also assume that the random vectors X = (X1,...,X,;)and Y = (Y1,..., V)

has joint survival functions

(7) Y (Z ¢_1(Fi($i))> = /OOO HGi(Fi(fCi))de(a),

®) 0 (Z ¢1<Hz-<yi>>) = [ T estmdntsta).

respectively, where H; (F;) is marginal survival function of Y; (X;) with derivative
—hi,i=1,....m (—fi,i=1,...,n).

Now, suppose that the system has an arbitrary coherent structure ¢. Thus the
lifetime of the system is represented by 7' = (X7, ..., X,,) and the number of warm
standby components that are alive at the time of system failure is S,,, = #{j < m:
Y; > T'}. This random quantity is potentially useful for understanding the behavior
of warm standby components with respect to a coherent system and can be used to
determine the optimal number of standby components.

The following notation, will be used throughout this paper. The set N, ¢, ,s > i,

consists of all permutations (i, ..., Js—i, Js+1,---,Jm) of {1,...,m} for which j; <

s < Js—jand Jsp1 < o0 < Jm, N

mes(l) »§ > 1, contains all permutations (j1,.. . ji)

of j17"'7j87i7 N

m<s(l) contains all permutations (j1,...,4) of jst1,...,Jm, and

Ny contains all permutations (ji,...,7;) of 1,...,s. In the case of i = 0, we will
denote N,%, N;fs(l), and NT:LiS(l) by Ni:sy, Nim:sr), and N\ (1), respectively.

In Section 2, we derive the distribution function and the expected value of S,,

for both dependent non-identically distributed and exchangeable components.
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2. THE NUMBER OF SURVIVING STANDBY COMPONENTS AT FAILURE TIME OF

THE SYSTEM

Let T be the lifetime of a coherent system consisting of n components whose
lifetimes are Xi,..., X, with joint density function (4). The representation of the

density function fx,, . x, given in (4) can be written as

9) Pxtonseean) = [ e fonm)iMy (o),

where X = (X3,...,X,) and fx_(21,...%n) is defined as the integrand in (4).
Notice that fx_ is the joint density function of independent random variables X; o
with distributions Gi(Fi(-)), i =1,...,n, a > 0. Hence, the density function fx
can be seen as a My-mixture of the distributions of indepdnet random variables.
Now, if if X;., (Xiinsa), ¢ = 1,...,n are the ith order statistics of the random vector
X (X4), with similar arguments as in the proof of Theorem 1 in [4] we have

n

P(T <t)=> P(T=Xin, T <t)
i=1
_ /OOO En: P(T = Xima, T < t)dMy(a)
i=1
= /000 i P(T = Xi:n;a)P(Xi:n;a < t)deJ(O‘)
i=1

(10) =Y P(T = Xin)P(Xin <t) =Y _piFin(t), t>0,
i=1 i=1

where p; = P(T = X,.,,) and Fj., is the distribution function of X;.,, i =1,...,n..
The vector p = (p1,...,pn) is called the system signature. If the random vari-
ables Xi,..., X, are exchangeable, i.e. P(X; < x1,...,X, < 2,) = P(Xz1) <
T1,..., Xn(n) < T,) holds for any permutation m = (7(1),...,m(n)), the signature
of the system does not depend on the distribution of X7,...,X,. Thus the system
with exchangeable components has the same signature vector as the system with
independent and identically distributed (i.i.d.) components. See Eryilmaz [2] for
more details. If F; = F fori=1,...,n in (4), the random variables X1, ..., X,, are

exchangeable and therefore, the ith signature of a coherent system such the lifetime
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of its components has density function (4) is given by

Tn—i+1(n) Tn—i(n)
(7) (7)

where r;(n) is the number of path sets of the structure with exactly ¢ working

1=1,...,n,

components (Boland [1]).

Example 2.1. Consider the three component coherent system with i.i.d. compo-
nents pictured in Figure 1 below. The failure times X1, Xo and X3 of the three
components of this system can be ordered in 3! = 6 ways, and these six possible per-
mutations are equally likely due to the i.i.d. assumption. It is easy to show that the
signature of this system is p = (1/3,2/3,0) and that that the five distinct coherent
systems of order 3 have the signatures (1,0,0), (0,1,0), (0,0,1), (1/3,2/3,0) and
(0,2/3,1/3).

(1)
N

© ©

FIGURE 1. A 3-component system with structure function p(z) =

z1 (22 + T3x223).

In the following we obtain the distribution function of the random variable S,,
in terms of signature for both dependent and non-identical and exchangeable com-

ponent lifetimes.

Theorem 2.2. Let X;,...,X,, and Y1,...,Y,, be lifetimes having joint density
functions (4) and (6), respectively. If the system with lifetime T = p(X1,...,X,)
has signature p = (p1,...,pn), then

PSn=9=33 3 <—1>l/°°¢< S o W)

Nn:s 1=0 Np. o1y 0 kEN,,.q1)

(12) + Y ¢ (H), (t))> dFr(t),

k=s+1
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where fr(t) = Y1, pifin(t) and

_ f]z( ) — _ l / —1
inlt) = 3 Gty 2D 3 (v
nii n\i(l)
(13) N E) S w*(ij(t))),
KEN sy

Proof. By the definition of S, and the conditions of the theorem, one may write

P(Sm=5)=Y PY;,>T,....Y, >TY;,  <T,..Y, <T),
Nwz:s

By conditioning on T" and an arguments similar to those in Section 1, we have

P(S,, = s)
= Z/ / H{1*G¢ i (D)} H G (Hj, (t)dMg(e)dPr(t)
Nim:s k=s+1
= Z Z( Z / / H G¢ Jk
Nm:s 1=0 Nim:i(s) REN ()
(14) x H G3(H,y (£)dMy()dFr (1) ,

k=s+1
where the second equality follows by
S S

[[-cs@E,.y=> 0" [ GaH,®)

k=1 =0 kENl(S)

By definition, Gy (u) = exp(—¢~*(u)) and (14) reduces to

IPUEH! z//exp( > o

Np:s 1=0 N, s(1) kENl( )

(15) + Z ¢! ))dM¢( )dFp(t).

k=s+1
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Now, (12) follows by the identity ¢(z) = [;~ e *“dMgy(a) and (15). Moreover,
Jfr(t) =30, pifin(t) follows by (10) and the density function of Xj;.,, equals

fim(t)
=Y pr (le <t X <X St X, > X, = t)fji(t),

N~ 1

n:i

- Z/ HGw 3 0)ago (B, (), (G ()

X H {1 = GU(F, (1) }dMy(a)

k=i+1

=3 [ TL 63 0)agu (B 05063 (5,0

DICHED VI | QR ERDIENE
=0 N kENn\ W
A0 Sy
_ # Jexp [ —a Y (F (1)
o V(= (Fy (1)) = %”/ ’ ( (;

(16) B S T E) )aMya),

KENp\i(1)

where the last equality follows by gy (u) = m and Gy (u) = exp(—1~1(u)).
Therefore, (13) follows by ¢/(u) = [;°(—a)e™*“dMy(c) and (16) and this com-
pletes the proof. O

Corollary 2.3. Under assumption of Theorem 2.2, if F; = F fori=1,...,n and
H; =H forj=1,...,m, then

P(Sm=5)=> (-1 (m) <l> / T o(tm s+ 067 (HE))dPr(®).

(17)

where fr(t) = > 1 | pifin(t) and

(18)  funlt) = (") Fa ) S (” - ) o (0P w).

Remark 2.4. Under assumption of Corollary 2.3, if the underling Archimedean

t=zp~1 (x)

copula is generated by v (x) = e™*, we have independence copula and ¥’ (t)
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—x*, which yields the probability mass function of Sy, as obtained in Theorem 1. of

Eryilmaz [2].

In the following, we obtain the mean value of the number of surviving standby

components at the moment that the system fails.

Corollary 2.5. Under assumption of Theorem 2.2, we have

(19) E(Sm)=>_Y_ /O h Hi(t) fion (t)dt .

i=1 j=1

Proof. By definition of S,,,, we have
m m m ]
E(Sp) = E(Z[(Yj > T)) =3 P, >T) = Z/ P(Y; > t)dFr(t),
=1 =1 i=1"0

where I(A) is the indicator function of A. Therefore, the results follows by (10). O

Example 2.6. If the assumption of Corollary 2.3 holds and copulas belong to the
Ali-Mikhail-Haq family with generators ¢¥(u) = 1=% and ¢(u) = 1_922 for 01,0, €

et—0; et—

[0,1), and H(z) = F(x) = 1—e™*, then the probability mass function of S, reduces

to
- m S o — 0 _ e Atym—s+l
S (D)) [ e
1=0 0 (1 _ 0267)\1&) _ 02(1 _ ef)\t)mfs+l
where fr(t) = Y i pifin(t) and

fin(t) = ZCL) . E\fA;leAt) :;j(—l)p (n; z)

1-64
(1 —01)(1 — e At)ypti
1+p .
(1 — 918_’\t) — 91(1 — 6_)‘t)1+p

Therefore, we have

s n—i 1 m\ (s 1792111 n—i
p(sm — S) — ZZ(_UHZJ/ (5)(1,)1(,5“ ) (L)( P )
=0 p=0 0 (1 — 92u) — 92(1 _ u)mferl

(1 _ u) m—s+l+p+i—1
X

iTpr1 _ du,
(1 —(m) — 0,1 — w)i+P(1 — Byu)

The last integral may be evaluated using a mathematical software.
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In the following results, we consider the mass function of S,, when the random
vectors X and Y have joint survival functions (7) and (8), respectively. The proof

is similar to those above.

Corollary 2.7. If the system with lifetime T = o(X1,...,X,) has signature p =
(p1,...,Dn), then

Psn=9=3 3 3 (—1>I/O°°¢< 6 (1, (1))

Nm:s 1=0 Ny o1y k=0

(20) + Y ¢, (t))> dFr(t),

KEN A\ s(1)

where fr(t) => 1, pifin(t) and

=S Ju) Ny / 1,
)= ¥ ptimam oy X o2 v )

=0 Nt ken—}!

-1
nii n:i(l) nii

(21) OIS W(ij(t»),

k=i+1

Corollary 2.8. Under assumption of Corollary 2.7, if F; = F fori=1,...,n and
H;=H forj=1,...,m, then

P(Sn=5)= > (1) (m> (m N ) / " o((s+ 007 () ) aFr (o),

=0

(22)

where fr(t) => 1 | pifin(t) and

. =3 n ft) : 1\ { / n—i —1/ 1

Example 2.9. If the assumption of Corollary 2.8 holds and the copulas belong
to the Gumbel family with generators () = exp(—t*/), ¢(t) = exp(—t'/%2) for
01,05 > 1, f(x) = M\e ™% and h(x) = Aae™ 2%, A1, Xy > 0, then the probability

mass function of Sy, reduces to

P(Sm = s) = "H(—1)’ (?) (m ; 5) /Ooo exp ( —(s+ l)l/‘92)\2t)dFT(t),
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where fr(t) = Y1, pifin(t) and

-1t . .
Jin(8) = Z(?) ()\1t)91>\(1150171)67>\1t > (=1 (;) ((n —i+ 14 1)(/\1t)91)1/9 !
=0

><exp<f (n7i+l+1)1/91/\1t))

—i(?)hi(—l)lC) (n—i+l+1)1/01_1exp(— (n—z‘+l+1)1/91/\1t)> .

=0

Hence, the probability mass function of Sy, is

S ()Y (n-rar e
X /Oooexp < — ((5+l)1/02>\2 +(n—it+q+ 1)1/91A1)t>dt
N G LA L P R R R i

(s+1D)Y02x+ (n—i+q+1)Y/0 )

In Table 1 we calculate the value of E(Sy,) for a system p = (1/3,2/3,0) for different
value of A1, s ,01 and 65 . Since the cases 61 = 03 = 1 considers a systems with
independent components we can infer that the dependency between the components
of a system is a crucial object that should be considered. For example when A\, =
Ao =01 =1, and m =5 by increasing 02, to 2, which reduce dependency between
standby components, E(S,,) is decreases. But, when we increase it to 3, E(S,,) is
increase, but it is steel less than its value for independent case. When we increase
the value of 61, to 2 which decreases the dependency between the components of the
system, E(Sy,) is increase. By changing 01 to 3, E(S,,) is decreases but steel it is

greater than its value for independent case.
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