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ABSTRACT. In this paper, we are going to obtain some normal superchar-
acter theories of a group of order 6n with the presentation

Usn =< a,b:a?* =b% =1,a 'ba = b~ > in special cases. We will also
prove that the automorphic supercharacter theories of this group can be
computed with the other methods.
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1. Introduction

Computing the irreducible characters of certain groups can be a challenging
task. An example of such a group is, U, (F,), which presents the group of upper
triangular matrices over a field of size ¢, with all diagonal entries equal to one.
To overcome this problem, Carlos André [2] and Yan [11] presented the concept
of supercharacter theory as an estimate of character table of the U, (F,). It was
then developed by Diaconis and Isaacs in [5] as a generalization of the theory of
irreducible characters of finite groups. Motivated by finding the character table
of Uy (Fy), this article is an attempt to determine the supercharacter theories
of a group of order 6n in special cases. In fact, we have applied the results of
the paper [1] to this group.

The principal application of the supercharacter theory of the groups is to
derive properties of the character table of groups when determining the char-
acter table is difficult or unachievable. For a finite group G, let Irr(G) and
Con(G) denote the set of irreducible and conjugacy classes of G, respectively.
1¢ denotes the identity character of G and the identity element of G is denoted
by 1. The trivial subgroup {1} of G is denoted by 1.

2. Preliminaries

Definition 2.1. [5] Let G be a finite group. Let K be a partition of G and X
be a partition of Irr(G). A supercharacter theory for G is a pair (I, X') such
that
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(1) K] = [&];
(2) {1} e K
(3) For each X € X there exists a character ox with
supp(ox) C X such that ox(z) = ox(y) for all x,y € K and K € K.

The character ox is called supercharacter and every member of K is called
superclass. The set of all supercharacter theories of G is denoted by Sup(G).
For each subset X C Irr(G), we set ox = > -y x(1)x. In [5] it is proved that
{1¢} € X. Furthermore, for every X that belongs to X, the supercharacter that
is associated with X is a constant multiple of ox. For the sake of simplicity, it
is taken into consideration by ox.

Every group with order more than two has two trivial supercharacter theories:

(1) Maximal supercharacter theory:

M(G) = ({1} U{G — {1}},{1c} U {Irr(G) — {1c}}).

(2) Minimal supercharacter theory:

m(G) = (The set of conjugacy classes of G, U {{x}})-
x€Irr(G)

The set of supercharacter theories for a finite group G forms a lattice in the
following natural way. Sup(G) is a poset by defining (X, K) < (), L) if and
only if X < Y in the sense that every part of X is a subset of some part of ).
It is shown in [8] that this is equivalent to K < L.

Now we assume Con(G) = {C; = {1},Cs,...,Cn}. Suppose for each o € A
where A < Aut(G), we have C* = C; where 1 < i < h, and x{(g9) = xi(9%)
for all g € G, @ € A. By a result due to Brauer [6], the number of conjugacy
classes is fixed by « is equal to the number of irreducible characters of G
is fixed by «. Furthermore, the number of orbits of action A on Con(G) is
equal to the number of orbits of A acting on Irr(G). Now it is easy to see
that the orbits of A on Irr(G) and Con(G) yield a supercharacter theory for
G. These kinds of supercharacter theories for G is called automorphic. In [8]
it is shown that all supercharacter theories of a cyclic group of order p, p
prime, are automorphic. Let G and H be finite groups, where G acts on H
by automorphism. (K, X) € Sup(H) is called G-invariant if the action of G
fixes all parts of L. The set of all G-invariant supercharacter theories of H is
denoted by Sups(H). If H is a normal subgroup of G, then the superclasses
of G-invariant superchater theories are unions of conjugacy classes of G. Thus,
by using normal subgroups of GG, we can extend their supercharacter theories
to the supercharacter theories of G.

Proposition 2.2. ( /8], Theorem 4.3) Let N be a normal subgroup of G. Let
C=(K,X) € Supe(N) and D = (L,Y) € Sup(G/N). Then there is a super-
character theory for G in which the set of superclasses is

M =K U{UgnergN : L € £\ {N}}
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and the correspondence set of supercharacters is
Z={X%: Xex\{Iny}}UY

where X is the set of constituents of ¢ for all ¢ € X, where X € X. This
supercharacter theory is called C x D over N or C x D factors over N.

Lemma 2.3. ( [7]) Let G be a finite group, and let N be a normal subgroup
of G. Then C € Sup(G) is *x-product over N if and only if C is in the interval
[ma(N)m(G/N) M(N)M(G/N)] where mg(N) is the minimal G-invariant
supercharacter theory of N.

Let S be a supercharacter theory of a finite group G and let N be a subgroup
of G, If N is a union of superclasses of S, then we say N is S-normal subgroup.

Definition 2.4. ( [8], Definition 6.3) Let S=(K,X) € Sup(G) and let N be
a S-normal subgroup of G. The restriction supercharacter theory S to N and
the deflated supercharacter theory are defined as follows, respectively.

Sy = <{K €K:KCN}{Xy:XeX X¢hn(G/N)}u {{1N}}),

where Xy = {¢p € Irr(N) : Ix € X : (¢, xn) # 0}.
SG/N — ({{N}}U{{gN:g €eKl:KekKY¢N{XeX:XC

(G /N)}) .

In [8] it is proved that Sy and S/ are supercharacter theories of N and
G/N, respectively. Now we can express A-product in the following way.

Proposition 2.5 ( [8], Theorem. 7.2). Let G be a finite group with normal
subgroups M and N such that N 9 M < G. Let S=(K,X) € Sups(M) and
T=(L,Y) € Sup(G/N). Suppose

(1) N is S-normal;

(2) M/N is T-normal;

(3) SM/N =Ty )y
Then there is a unique supercharacter theory of G in which its superclasses are

Ku{lJ :LecL,L¢gM/N},
gNEeL
and its supercharacters are
YU{XC: X €X,X ¢ Irr(M/N)}.

This supercharacter theory of G is called A-product of S and T, and is denoted
by SAT. Note that if M = N, then the A-product reduces to *-product.

Theorem 2.6. ( [3], Theorem 1) If S is a supercharacter theory and H and
K are S-normal subgroups of G such that H C K, then S is A-product of H
and K if and only if X(g) = 0 for every supercharacter X which its kernel does
not contain H and g € G\ K.



182 E. Armioun

Definition 2.7. Let G be a finite group and S = (X, K) be a supercharacter
theory of G. Consider an ordering on the set of superclasses and an ordering on
the set of supercharacters of S. The matrice in which its i,j-th entry is equal to
the value of the jth supercharacter in the ith superclass is the supercharacter
table corresponding to S.

Recently, in [1] a new method is presented to construct a supercharacter
theory from an arbitrary set of normal subgroups. This is called a normal
supercharacter theory.

Let G be a finite group, and let Norm(G) be the set of all the normal subgroups
of G. Since the product of two normal subgroups of G is also a normal subgroup
of G, the set Norm(G) has the structure of a semigroup.

Definition 2.8. ( [1]) Let S C Norm(G). We define A(S) to be the smallest
subsemigroup generated by S, denoted by A(S), has the obeying properties:
(1) {1},G € A(S);
(2) 5 < A(S);
(3) A(S) is closed under intersection.

If we consider S C Norm(G) such that A(S) = {{1}, G}, then the corre-
sponding normal supercharacter theory to A(S) is equal to M(G).
It is shown in [1] that every sublattice of the lattice of normal subgroups of G
containing {1} and G yields a normal supercharacter theory.

Example 2.9. Let G = Usp =< a,b: a’® = b%,a " ba = b~! >, where p is a

prime.
Given the various cases of S C Norm(G), A(S) can be one of the following:

)
(2) {{1},G,(a*b)},
(3) {{1},G,(a?,b)},
(4) {{1}, G, (a*)},
(5) {{1}, G, (a*,b), (a®)},
(6) {{1},G, (1)},
(7) {{1}, G, (), (a”, 1)},
(8) {{1}, G, (b),{a,b), (a*)},
(9) {{1}, (b), (a®,0), {a”,b), G},
10) ).

For Ne A(S), we define

N°=N\ (] H

HCN
HEA(S)

It follows that {1}° = {1}. For each N € A(S) such that N < G, we let
AN = {p € Ir(G) : N < kerp} and XV = 3 v (1), We also set

AN = N\ yerx XK.
KeA(S)
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Theorem 2.10. ( [1], Theorem 3. 4) For an arbitrary S C Norm(G),
({N°£0:N e AS)}{xN £0: N e A(S)})

is a supercharacter theory for G. This supercharacter theory is called the normal
supercharacter theory generated by S.

Lemma 2.11. ( [1], Theorem 3. 5 ) Let G be a group and let S C Norm(G).
Then for each N € A(S) we have

AN () = D pexne ¥3(1) geEN,
P=Y =T keaw): X5 (g) g¢N.
NCK

Now we consider the group Us,, which is defined by generators and relations
as follows:

Usn = (a,bla®™ =b> =1,a"ba = b"")

Lemma 2.12. ([10]) If N is a normal subgroup of Ugy,, then either N = (a*)
where i is an even divisor of 2n or N = (a’,b) in which i | 2n or N = (b).

The group Ug, has 3n conjugacy classes:
{a®}, {a®"b,a®" %}, {a® 1, a®"T1b,a® T1h?} such that 1 < r < n—1. Using [9]
we display the character table of Us, = (a,b : a*® = b = 1,a " 'ba = b~!) as
follows:

TABLE 1. The character table of Ug, (w = e2r, g = (Ga)
Z?n)
centralizer order 6n 3n 2n
class representation | a2" a’®"b a1
XJ(O S] < on— 1) 2T w2 wj(2r+1)
Y0 <k<n—1) | 2wr —2r 0

3. Special cases of normal supercharacter theories of Ug,

In this part, we consider the normal supercharacter theories of Us, where
A(S)={1,G,N} such that 1 £ N £ G.
We consider three cases as follows:
Case 1: N = (a%) where d is an even divisor of 2n.
In this case

{1} = {1},

2
N° ={a%,a®, ... d"} (1<k< 3”_1),

G° =G\ (a®)°.
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Also, the supercharacters are as the following;:

¢ =1g,

@ = {yan, 1< <d—1}U{gpan; 10 <5 < d/2-1},
o d\yo
XU =Tr(G)\ X U {16}

Now by using Lemma 2.11 the values of supercharacters on superclasses are
obtained as follows:

X

If g =1, then
X9 (9) =1,
d—1 d/2—1
dyo
() = Yok () + 2 v, (1) =d—1+4(d/2) = 3d - 1,
i=1 j=1

Flo= Y ) =6n-3d

FEDT(G)\x (e

dyo d\o
X (g) =X (1) =3d -1,

o d\o o
X=X (g) = x (9) = —3d
Therefore, the normal supercharacter table of Ug, corresponding to A(S), is
the same as Table 2, where N = (a?).

TaBLE 2. Normal Supercharacter table where N = (a?)

{1} N° | G°

Xo 1 1 1
Zlging%i+220§j<d g1 ¥2n; | 3d—1 13d—1| —1
' 6n—3d| —3d | 0

Case 2: N = (a,b) where d is a divisor of 2n. In this case, we have
X<ad’b> = {XZTTL,L- :1 < i< d-1} and the normal supercharacter table corre-
sponding to A(S), is as shown in the Table 3.

TABLE 3. Normal Supercharacter table if N = (a?, b)

{1} N° | G°

X0 1 1 1
Zlgigd—l X2 d—1|d-1]-1
X! 6n—d| —d 0

Case 3: N = (b). The normal supercharacter table corresponding to A(S),
is shown in Table 4.
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TABLE 4. Normal Supercharacter table if N = (b)

{1} N° G°

X0 1 1 1
Dcicon_1Xi |2n—1]2n—1| -1
2> o<icn_1 Vi 4n —2n 0

We now classify the normal supercharacter theories of Ug,q = G, p and ¢
are distinct primes, where S = {N = (a?)} (d is an even divisor of 2pg). In
this case A(S) = {1, N, G}.

If N = (a?), then x@)" = {Xpg»¥o}. If N = (a?), then e =
{Xa> X2g> s X2p—1)g} U {¥0,%q, -+, Ypg—q}. Similarly, If N = (a®7), then
y(&*° = {Xps X2ps - - s X(29-1)p} U{%0, Up, - . ., ¥pg—p}. The normal superchar-
acter tables of Ug, corresponding to A(S) where N = (a?) and N = (a?) are
given in the following (Tables 5, 6 ). If N = (a??), then the normal superchar-
acter table corresponding to A(S), is similar to the Table 6, with the difference
that p is replaced by gq.

TABLE 5. Normal Supercharacter table of Usp, where N =

(a?)

{1} [N°TG°

¢ =xo 1 1] 1
X = xpg 20 | 5 5 | -1
P 6pg—6| —6| 0

TABLE 6. Normal Supercharacter table of Usp, where N =
(a®)

ISy N OGP
X =xo 1 1 1

X = g H 2 e | 6p—1 [6p—1] -1
X0 6pg—6p| —6p | 0

4. Automorphic supercharacter theories of Us,

In this part we let n = p be an odd prime and then using the Brauer’s
theorem on character table to find some automorphic supercharacter theories
of Ugy,. Using [4] the automorphism group of Us,, is:

K = Aut(Us,) = {fxir(a) = a®b, fr1.(b) = b" : (k,2n) = 1,1 = 0,&1,r =
+1} = A X B where
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A={fro1:(k2n)=1,1<k<2n}and B={f1,,:1=0,%1,r = £1}.

Proposition 4.1. The group Us, has siz K-invariant supercharacters and su-
perclasses.

Proof. Tt is enough to find orbits of K on Con(Usp) and Irr(Usy,). By inspect-
ing table (1) and considering elements of K we obtain the following orbits of K
acting on Con(Us,):

) K1 ={1},

) K> ={a”},

) K3 = Class(b),

) K4 = Class(a) U Class(a®) U - - - U Class(a?~1),

) K5 = Class(a?) U Class(a*) U - - - U class(a?P~2),

) Kg = Class(a®b) U Class(a*b) U - - - U Class(a®?~2b) }.

= {tpo; : 0 < j < B},
={x;:iiseven,2 <i<2p—2}
Xs={¢;:1<j<p—1:jisodd},
X¢ ={xi :11is odd,i # p}.

So the supercharacters are:

(1)

(2) .

(3) 03 =237720% v,

(4) 04 = Z1§i§p_1 X245

( ) 05 = 221§j§% Paj—1,
(6)

06 = Zz is odd Xi
i#p

O

Now we consider the automorphic supercharacter theories which are pro-
duced by subgroups A and B of K.

Proposition 4.2. The group Ug, has siz A-invariant supercharacters and su-
perclasses.

Proof. By inspecting Table (1) and considering the elements of A, we get the
following orbits of A acting on Con(Usp):

(1) Ky = {1}7

(2) Ky ={a"},

(3) K3 = Class(b),
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(4) K4 = Class(a) U Class(a®) U - -+ U Class(a?~2) U - - - U Class(a?*?) U
Class(a?~1),

(5) K5 = Class(a?) U Class(a*) U - - - U Class(a?P~2),

(6) Kg = Class(a?b) U Class(a?b) U - - - U Class(a??~2b).

The orbits of A acting on Irr(Us,) are:

1
2:{Xp}7

3= {x2i—1:1 <1< p},

a={x2:1<i<p—1},
X5 ={tg; : 0 < j < BFY,

X6:{¢2i71:1§i§p2;1}~

So we have the following supercharacters for this supercharacter theory:

04 = Elgigp—l X2is

)

)

g 03 =iy X2i—1,
) 05 = QZ;ZT; oy,
)

O

Proposition 4.3. The group Us, has 3p B-invariant superclasses and super-
characers.

Proof. We know that for f1;, € B, f1,,(a) € Class(a) and f1,.,(b) € Class(b).
Therefore, b is fixed by B.

The orbits of B acting on Con(Us,) are:

{1}, {a}, {a®}, . {e® 11 {a}, {0y ), -0 {0720, {a®b), {a®0}, ... {a® 770}
, {b}.

The constituents of corresponding supercharacters are:

{XO}v {Xl}v R {X2p—1}v {d)O}? R {¢P—1}'

As we see the action of B on Us, generates the minimal supercharacter theory.
O

Notation: We say that a supercharater theory preserves parity, if every its su-
perclass which contains odd powers of a, does not contain Class(b), Class(a?*b)
or Class(a%) where 1 < k <p-—1.

Proposition 4.4. If S be is automorphic supercharacter theory of Usy, then
S preserves parity and also (a*,b) and (b) are S-normal subgroups of Us,.
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Proof. Every f € Aut(Us,) maps a to a'b*! where [ and 2p are coprime. Con-
sequently, [ is odd and | # p. This map permutes odd powers of a between
themselves. Also b is sent to Class(b) under these automorphisms. Incidentally,
if S is an arbitrary automorphic supercharacter theory, then (a?,b) and (b) are
S-normal. ]

Theorem 4.5. Automorphic supercharacter theories of Usy, can be obtained by
A-product of {a?,b) and (b).

Proof. Since 1;’s (0 < j < p—1) are all irreducible characters of G which have
value 0 on odd powers of a every subgroup of Aut(Us,) permutes ,;’s among
themselves. In addition, every ¢,(0 < j < p — 1) does not contain (b) in its
kernel, and also 1;(g) = 0 for every g € G\ (a?,b). So every supercharacter of
an automorphic supercharacter theory satisfies the conditions of Theorem 2.6.
Consequently, the set of automorphic supercharacter theories of U, is a subset
of supercharacter theories obtained by the A-product of (a?,b) and (b). O

Since in every automorphic supercharacter theory of G = Us,, the superclass
containing b is a singleton, by Lemma 2.3, every automorphic supercharacter
theory of G can be obtained by *-product.

5. Conclusion

In this paper, we have found three automorphic supercharacter theories of
Ugn. Then we have shown that the automorphic supercharacter theories of
Usn, can be generated by A-product or s-product. Furthermore, motivated
by the work of Aliniaei Fard [1] we have studied some normal supercharacter
theories of Us,. The structure of these supercharacter theories in all instances,
indicates that they can be constructed by #-product. As future research, we
may explicate the structure of the remaining supercharacter theories of Ug,
and classify all the supercharacter theories associated with this group.
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