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ABSTRACT. Let V be a unitary vector space. Suppose G is a permutation
group of degree m and A is an irreducible unitary representation of G.
We denote by Vj(G) the generalized symmetry class of tensors associated
with G and A. In this paper, we prove the existence of orthogonal bases
consisting of generalized decomposable symmetrized tensors for the gen-
eralized symmetry classes of tensors associated with unitary irreducible
representations of group Usgy, as well as dihedral and dicyclic groups.
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1. Introduction

The study of symmetry classes of tensors finds its motivation in various
branches of both pure and applied mathematics, including matrix theory, op-
erator theory, combinatorial theory, differential geometry, group representation
theory, partial differential equations, quantum mechanics, and other related
fields (refer to [14,15] for further details). In this research, we focus on gener-
alized symmetry classes of tensors.

In this section, we provide an overview of the generalized symmetry classes
of tensors. For a more comprehensive introduction, readers are encouraged to
refer to [13,16,17].

Let V represent an n-dimensional inner product space and V®™ denotes the
tensor product of m copies of V. Consider a permutation group G acting on
m elements. Let A be an irreducible unitary representation of G over an inner
product space U with dimension r, which affords the character A of G. For any
o € G, we define the permutation operator as follows:

P(o): Vo™ - yom

Po)(v1® @) = Vg-1(1) @ @ Vg1 (m)-
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The “generalized symmetry class of tensors” associated with G and A is the
range of the projection operator:

1
Sy=— 3 Ao) @ P(0).
‘G| ceG
This class is denoted as VA(G). When dim U = 1, Vi (G) reduces to Vi(G),
which is the symmetry class of tensors associated with G and A (for more
details, refer to [6,10,11,14,15]). The elements of Vi (G) in the form of Si(u®
x®) are referred to as “generalized decomposable symmetrized tensors” and
are denoted as u ® z®.
The inner product on U ® V®™ induces an inner product on Vj(G) that
satisfies:
1
(u@a®v®y®) = @(DA(A)% v).
Here, A = [(z;,y;)] and Da : Cpxm — End(U) is the “generalized Schur
function”:
Da(A) = Z A(o) Haia(i)'
oeG i=1
Let T, ,, denote the set of all sequences o = (a(1),...,a(m)) with 1 <
a(i) <nfor 1 <i<m. We define the action of G on I'y, ,, as follows:

aoc = (a(o(1)),...,a(c(m))).

We denote o ~ § if a and 8 belong to the same orbit in I', ,,. Let A repre-
sent a system of distinct representatives of these orbits. For clarity, note that
each sequence in A is selected as the first element in its orbit, based on the
lexicographic order. We use G, to denote the stabilizer subgroup of a.

For any o € Iy, ., we define the linear map Ty, : U — U as follows:

1
T, = A > Ao).

c€Gq

It is a well-established result that T, represents an orthogonal projection on U
and T, # 0 if and only if > ., A(0) # 0. We define the set Q as

Q={a€lmn| Y Ao)#0}

c€Gqy

and denote the intersection of A and Q as A = AN Q.

Let {u1,...,us} and {eq, ..., e,} be orthonormal bases for U and V, respec-
tively. Then for each 1 <i,7 < f and «, 8 € I'y, », we have
0 ifa=f
(i ® carty ® €)=Y L (Tausuy) ifa=p

G : G,
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In particular, u; ® €2 = 0 if and only if T,u; = 0.

For a € T';, 5, the subspace
Ve=(ui®el | 1<i<f)=(um®es, |oeq)

of VA(G) is called the generalized orbital subspace corresponding to «. It is

proved that
1

c€Gqy
Also,
A(G) =P Ve
acA
is an orthogonal direct sum. So, if A is a linear representation of G then
dim V.® = 1. In this case, the set

{ug ®e? | a € A}

forms an orthogonal basis for V(G). We refer to a basis comprising of gen-
eralized decomposable symmetrized tensors u; ® e® as an orthogonal ®-basis.
However, if A is not a linear representation, it is possible that Vi (G) does not
possess an orthogonal ®-basis. In [16, Theorem 2.3], a necessary condition for
the existence of an orthogonal ®-basis is provided. In this paper, we prove the
existence of orthogonal ®-bases for the generalized symmetry classes of tensors
associated with unitary irreducible representations of group Ug,, as well as di-
hedral and dicyclic groups. The existence of orthogonal bases in other types of
symmetry classes has been explored by various authors (refer to [1-3,8,9,22]).

2. The dihedral group
The dihedral group of order 2k (k > 3) is defined by
Do = (a,b | a* =b* =1,b"tab=a™1).
In particular,
Dy ={a",a"b|0<r <k-—1}.
In Dy, there exist two types of subgroups:
(i) Subgroups of the form (a”), where r divides k. For each r that divides
k, there exists exactly one such subgroup. The order of these subgroups
is given by [{(a")| = k/gcd(k,r), where ged(k,r) denotes the greatest
common divisor of k and r.
(ii) Subgroups of the form (a”,a®b), where r divides k and 0 < s < r. The
order of these subgroups is given by |{a",a®b)| = 2k/ged(k, ).
For each integer 0 < h < §7
representation of degree 2 given by

the group Dy; has an irreducible unitary

w

= (5 ) mamo = (7 g).
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2mi

where w = e"* is a primitive kth root of unity (see [12]). Note that here i is the
imaginary unit. Let A, be the corresponding character of the representation
Ap. Then, Ap(a”) = 2cos(2nrh/k) and A\p(a"b) = 0. The other irreducible
representations of Doy, are linear. We first prove the following lemma.

Lemma 2.1. Letr;s,j,neN, 0<keZ, w= e’ and | is the order of wk.

Then
T .f k:
sw-frnnh
— 0 if ntk, r=yjl
Also if ntk, s<landl=rs thenzt Lwhst = 0.

Proof. We know that n = o(w) and | = o(w*) = n/ged(n, k). Therefore if n | k
then w® =1 and so Y ;_, w*® = r. Now suppose that n { k. Thus w* # 1. If
r = jl then

0=uwkWh —1)= (" -1) iwkt

and so Y_;_; w" = 0. In particular, we have Zf&:l wkt = 0. Also if s < [ and
[ = sr then

gl Jr s—1
0= wk(sfl) Zwkt _ (Z wkst)(z wkt)
t=1 t=1 t=0
and so Y277 wkst = 0, because 374wkt #£ 0 O

Lemma 2.2. Let G = Doy, (k> 3) and A= XM, (0 < h < %) Assume o € Ty p,
and G4, is of the form G, = (a T}, where r | k. Then,

| 2|G4| if k|rh
ZA(Q)_{ 0 if k{rh
9€Ga
Proof. Let |Go| =1=k/ged(k,r). Applying Lemma 2.1, we have

l

2, Mo =2 Ma™)
9geGq t=1
l

—9 Z cos <27T]:ht>
t=1

_f2t ifk|rh
|0 ifktrh

So the result holds. O
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Lemma 2.3. Let G = Doy (k> 3) and A=\, (0 < h < £). Assumea €Ty, ,
and G, is of the form G, = {a",a®b), where r | k, 0 < s <r. Then,

[ |Gal i Kk|rh
ZA(Q)_{O if kirh
9€Ga

Proof. By assumption, |G,| = 2, where | = k/gcd(k,r). Using Lemma 2.1,
!

l
D7 A9 =D M@+ M@

g€Gq t=1

!
2
:22003( ﬂ-]:ht) +0

t=1

_J2t itk |rh
o ifktrh

So the result holds. O

Theorem 2.4. Let G = Doy be a subgroup of Sy, and A = Ay, where k > 3
and 0 < h < k/2. Then V)(G) has an orthogonal ®-basis.

Proof. Since Vi(G) = @, cx V2, it is sufficient to prove that, for every a € A,
the generalized orbital subspace V¥ has an orthogonal ®-basis.

Take o € A. Then, > vea, M(0) # 0. By Lemmas 2.2 and 2.3, we have
dimV® = (1/|Gal) Yycq, Mg) = L or 2. If dimV,® = 1 then there is no
problem with the existence of an orthogonal ®-basis. Therefore, we assume
that dim V¥ = 2. Lemma 2.2 implies that G, = (a”), where 7 | k and k | rh.
Thus, w™ = I = 1. Therefore, the orthogonal projection T, is the
identity. Since A is two-dimensional, let {uy,us} be an orthonormal basis for
U. Then,

VE = (u; ® e®, uy ® e®).

Now,
1 l
(w1 ® e uz ®ef) = m(Tauhw) = ﬁ(ulaUZ) =0,
and the set {u; ® e®, us ® e®} is an orthogonal basis for V.®. This completes
the proof of the Theorem. O

Example 2.5. Let G = Dg = (a,b|a® =b> = 1,b"tab=a"1) = S3. Then G
has only one non-linear irreducible unitary representation given by

Aa) = <‘g w91> and A(b) = <(1) (1))

where w = €73 s a primitive 3th root of unity. Let \ be the corresponding
character of the representation A. Then,

A1) =2, A((132)) = A((123)) = =1, A((23)) = A((12)) = A((13)) = 0.
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Let dimV =n = 2. Then,
A={a=(1,11),8=(1,1,2),y=(1,2,2),6 = (2,2,2)}.
Clearly, Go = Gs = G, Gz = {(1),(12)} and G, = {(1),(23)}. It is easy to

see that A = {f,~7} and dimV,® = dimV.® = 1. Since VA(G) = V5 @V, so
the set {u; ® eg),ul ® €2} is an orthogonal basis for Vi(G).

3. The dicyclic group
The group Ty (k > 2), generated by the elements a, b such that
=1, a* =% b lab=0a"",
is called the dicyclic group of degree k. This group is of order 4k and
T, = {a',a’b | 0 <i < 2k},

For each integer 0 < 5 < k, the group Ty has an irreducible unitary represen-
tation of degree 2 given by

Aj(a) = (50] goj) and A, (b) = (59,6 (1))

where £ = e is a primitive (2k)th root of unity. Let \; be the corresponding
character A;. The other irreducible representations of Ty, are linear (see [12]).

Lemma 3.1. [, Lemma 1]

Let H be a subgroup of Tyy,. Then, there exists an integer r, 0 < r < 2k, such
that H = (a") or (a") C H with H N {a) = (a"). In the second case, we have
|H| > 2[(a")|.

Lemma 3.2. [/, Lemma 3]

Suppose G = Ty, (k > 2) and the representation A; (0 < j < k) affords
character \; of G. Let H be a subgroup of G, i.e. H = (a") or (a") C H with
HnN{a) = (a"), for some 0 <r < 2k. If | = 2k/gcd(2k,r), then we have

S o {2z if 2k | rj
= 0 if 2kfrj

Theorem 3.3. Let G = Ty, (k> 2) be a subgroup of Spm, A =Aj and X = );,
where 0 < j < k. Then, VA(G) has an orthogonal ®-basis.

Proof. To establish the desired result, it is sufficient to demonstrate that for
every a € A, the generalized orbital subspace V¥ possesses an orthogonal
®-basis.

Let o € A. Hence, Y-, . Ao) # 0. According to Lemma 3.1, Gy = (a")

or {(a") C G, with G, N (a) = (a”). We will consider two cases:
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(i) Go = (a"). Then, |Gq| = 2k/gcd(2k,r). By Lemma 3.2, 2k | rj and
we have dim V¥ = (1/|Gal) >, cq. A(0) = 2. Suppose {u1,uz} is an
orthonormal basis for U. Therefore,

VE = (u; ® €2, us ® e2).
One can easily see that the orthogonal projection Ty, is identity. Thus,
1
[G:Gal

and {u; ® ¥ us ® e®} is an orthogonal ®-basis for V. ®.
(ii) (a") € G4. Then, G, N {a) = (a") and |G| > 2[(a")|. By Lemma 3.2,
we still have 2k | rj. Consequently,

(ul ®€a®,U2®eg) = (Taul,ug) :O

dim V,® = 1< 1,

W\

UGG
which establishes the desired result.
O
Example 3.4. Let G = Ty = {a,b | a* = 1, a®> = b, b~ lab = a™ ). Then
G = Qg, the quaternion group of order 8. By classical Cayley Theorem, we can

embed Tg in Sg and so we assume that Tg is a subgroup of Sg. The group Tg
has an irreducible unitary representation of degree 2 given by

Aa) = (5 Oi) and A(b) = <01 (1))

where © is the imaginary unit.
Let \ be the corresponding character A. Then,

A1) =2, Ma) = Ma®) =0, \a?) = -2,

AMa*b) =0, 0 <k < 4.
The subgroups of G are one of the following forms:

H={")(0<r<2),H = (b) and H = (ab).

It is easy to see that . .y A(o) # 0 if and only if H = {1}. So, if & € A,
then G, = {1}. Consequently, dimV® = 2. B
Suppose {u1,us} is an orthonormal basis for U. Assume that A = {a, B, ...}.
As in the proof of Theorem 3.3, we can easily see that the set

{ug ®e® us ® 25 u; ® 6%7'&2 ® e(;); ..

is an orthogonal basis for Vx(G).
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4. The group Usg,

The group Us, is generated by two elements, a and b, with the orders 2n
and 3, respectively, satisfying the condition a~'ba = b~!. In other words,

U = {a,b | a® =6 =1, a ba =b7").
The relation a='ba = b~! implies:
a2k b=50b a2k a2k—1 b—l - a2k—1.

Hence, we deduce that all members of U, can be expressed in the form of a’t’,
where i ranges from 0 to 2n — 1 and j ranges from 0 to 2:

Usn = {a'V |0<i<2n—1,0<j <2}
The group G = Ug, has conjugacy classes given by:
{a2k} {a2kb a2kb2} {a2k—1 a2k—1b a2k—1b2}.

where 0 < k < n — 1. Additionally, G’ = (b), and G/G’ is isomorphic to Cy,,
where Csy, is a cyclic group of order 2n.

Let’s denote ¢ = e and w = ¢35 as the 2n-th and 3-th primitive roots of
unity, respectively. For each 1 < j < n, there exists an irreducible representa-
tion of G of degree 2 as follows:

va=(5 %) ao=(5 %)
Then,

Aj(a®t) = &2 (B (1)) , Aj(a®th) = 2 (% £2> , Aj(a*h ) = eBR <01 (1)> :
Let’s denote x; as the corresponding character of A;. In this case,
Xj(azk) — 252]@]" Xj(azkil) _ 07 Xj(a2kb) _ _€2kj'

The other irreducible characters of G are all linear (see [12]). The subgroups
of Usg,, can take one of the following forms:

(i) H = (a*), (i3) H = (a*,b),
(i31) H = (a*b), (iv) H = (a*b?),
where 0 < k < 2n and k divides 2n (see [20, Table 4]). These subgroups are

not necessarily distinct and under some conditions they might be even similar.

Let
I =o(a®) = ola) = 2n = 2—n
ged(k,o(a))  ged(k,2n)  k
(i) Let’s assume H = (a*). In this case, H is a cyclic subgroup of order .
(i) If H = (a*,b) then the order of H is equal to 3[, and it can be expressed

as

H={1,a" ...,a""V b a*, ... a"=Vp 0 o*b?, ... o*-Dp?}.
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(iii) If H = (a*b) then let’s consider two cases as below:

Case 1 : k is odd. Then, for all integers r, we have

kr e
ke ) a""b, if r is odd
(a"b)" = { akr, if 7 is even .

Since k is odd, [ will be even and
H = {1,a"b,a®* a**b, ..., a"=Vp}.

In this case, H is a subgroup of the order [.

Case 2 : k is even. Then,

akr, ifr=0 (mod 3)
(a*b)" =< aFb, ifr=1 (mod 3)
akrb?, ifr=2 (mod 3)

If I =1 (mod 3) then (a¥b)! = a*'b = b, which means b is an
element of H. Therefore, H = (a*,b).
If I = 2 (mod 3) then (a*b)! = a*'b? = b2, implying that b? is in
H and thus, b is in H. Consequently, H = (a*,b).
If 1 =0 (mod 3) then (a*b)! = a* = 1, meaning that H is a cyclic
subgroup of order .

(iv) If H = (a*b?), let’s consider two cases:

Case 1 : k is odd. In this case,

krp2 e
krove | a®"be, if r is odd
(ab)_{akr, if 7 is even

Since k is odd, [ will be even and we can express H as follows:

H = {1,a"?,a* a*1?, . .. ,ak(l_l)bQ}.

In this case, H is a subgroup of order .

Case 2 : Let’s consider that k is even. In this case,

av, ifr=0 (mod 3)
(a"v?)" =< ab?, ifr=1 (mod 3)
a*rb, ifr=2 (mod 3)

If I =1 (mod 3) then (a*b?)! = a*'b? = b2. This implies that b? is
in H, which in turn means that b is in H. Therefore, H = (a*,b).
If I = 2 (mod 3) then (a*b)! = a*'b = b. Thus, b is in H and
again, H = (a®,b). If | = 0 (mod 3) then (a*b)! = a* = 1. This
implies that H is a cyclic subgroup of order .
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Lemma 4.1. Let H = (a*), where k divides 2n and 1 < j < n. Then,
xilo otherwise
oc€eH

if k is even, and

S { if 2n | jk
J .

oy otherwise

if k is odd.

Proof. First note that I = 2n/ged(2n,k) = 2n/k is an integer multiple of
o(e7%) = 2n/ged(2n, jk). Using Lemma 2.1, if k is even, then

l 1 !
Z Xj(o') _ ij(akt) _ 22€jkt _ 22 62?"7”
t=1 t=1 t=1

oceH

B {2l if 2n | jk

0 otherwise
and if k is odd, then [ is even and so
L L
2 2

l
> xi(0) =) _x;(d") Z%zjkt = 22 (e750)?
t=1

oceH
B {z if 2n | jk

0 otherwise

O

Lemma 4.2. Consider H = (a*,b), where k divides 2n and 1 < j < n. Then,
> xilo) =
oc€eH
Proof. Let’s consider two cases:
(i) If k is odd then [ is even. Let’s suppose | = 2s. In this case,

l

! l
Y xilo) = Z X3 (@) D x;(a )+ xi (")
occH = i—1 P

_ ZX 2kt ij(a2ktb) +§:Xj(a2ktb2)

t=1 t=1

S
— § :2€2kt] _ § :Eth] _ § :EZkt] —0.
t=1 t=1 t=1
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(ii) If k is even, then

l 1 !
D x6(0) =D xi(@™) + Y xi(@h) + 3 (a™h?)
t=1 t=1

occeH t=1
1 l I
t=1 t=1 t=1
So, the result holds. O

Lemma 4.3. Consider H = (akb3>, where 1 < s<2,1<j<n, and k is an
odd number. Then,

X )0 otherwise

oc€H

Proof. Suppose 2n = kl. Since k is odd, let’s say | = 2r. Thus

H = {1,a"v*,a®* a®*b°, ..., ak(lfl)bs}

and
l r
D oxi(0) = x((@)) =Y x;(a)
oc€EH t=1 t=1
— ) e =9y
t=1 t=1
Now, by using Lemma 2.1, the result is obtained. (]

Lemma 4.4. Suppose H = (a*b®), where 1 < s <2, 1< j <n, k is even, and
Il =0 (mod 3). Then,

0 if 2n13jk

> xi(e) =10 if 2n | jk
oeH [ if 2n| 3jk and 2n { jk
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Proof. Let us assume s = 1 and [ = 3r. Then,

l
Do xile) = x;((d*n))
ocH t=1

:ZXj (a*)*") +ZX] (@*0) )+ > " x; ((aFp) B2

t=1

_ZXJ Stk +ZX1 (3t— 1)kb2 +ZX (3t— ka
T

:2283@1&726& Dk Ze‘% 2)kj
t=1

t=1

r
—9 E E3l€]t _ E_k] § €3t’i}j _ €_2k‘7 § €3tk]
t=1 t=1 t=1
r
_ (2 _ E—k}j _ E—Qk]) § :€3k}jt
t=1

= (2 — 7N — g72ki) s Tt

t=1
If 2n { 3kj then, by Lemma 2.1, > 5 x;j(0) = 0. Now, let’s consider the case
where 2n | 3kj, and we’ll set 35k = 2nd. Then,
A=92 ek 72— 9 o~ o~ 9 d 2
Using the division algorithm, we can express d as d = 3q+¢q’, where ¢’ =0, 1,2
If ¢ = 0 then d = 3¢ and therefore, 3jk = 2n(3q), implying that 2n | jk. In
this case, we find that A = 0. However, when ¢’ = 1 or ¢’ = 2, we get

A=2—-w? —w? =2 —-w! —w?=2— (w4 w?)=3.
This is because w + w? = —1. Therefore, in these cases, we conclude that the
result holds. Similarly, for s = 2, the proof follows a similar pattern. O

Notice that if H = (a¥b®), where 1 <5<2,1<j<n,kisevenand = 1,2
(mod 3) then H = (a*,b). By Lemma 4.2, we have }___ x;(0) = 0.

Theorem 4.5. Let G = U, (n > 1) and A be a unitary irreducible represen-
tation of G. Then, VA(G) has an orthogonal ®-basis.

Proof. If the degree of A is equal to 1, there is nothing to prove. Suppose A
has a degree greater than 1 and let A = A; for 1 < j < n. Take an arbitrary
a € A. Then, Y seq, Xi(0) # 0. According to the four Lemmas 4.1-4.4, G
falls into one of the following three cases:

(a) Go = (a*), where k divides 2n.

(b) G = (a*b®), where s = 1,2, k divides 2n and k is odd.
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(c) G = (a*b®), where s = 1,2, k divides 2n, k is even and [ = 0 (mod 3).

In all three cases, |Go| =1l and ), .o x(0) =1 or 2. So,

1
dimV® = Gl Z x(o) =1 or 2.
l oeGa

If dim V.® = 1, then the set {u; ®e® | @ € A} forms an orthogonal basis for the
symmetry class of V) (G) and the result is established. Therefore, we assume
that dim V,® = 2. Then G, = (a*), where k is even. In this case,

l l
1 1 1 ,
To = |G | E A(J) = 7 E Aj(akt) = (7 E Ejkt) I
@ t=1 t=1

- (mclzugz X)) L =1,

where I is the identity matrix of order 2 x 2. Let {uq,u2} be an orthonormal
basis for U. Then,

VE = (u; ® e, uy ® e?).
Now,
1
(w1 ® e, uz ®eg) = m(TaUhW) =0,
and the set {u; ® €2, us ® 2} is an orthogonal basis for V®. O

Remark 4.6. By utilizing the Theorems 2.4, 3.3 and 4.5, it becomes evident
that the existence of an orthogonal ®-basis within the generalized symmetry
classes of tensors associated with the group Ug,, the dihedral group and the di-
cyclic group is not contingent upon the permutation structure of the respective
groups.

Finally, we propose the following conjecture.

Conjecture 4.7. Let V be a unitary vector space. Consider G as a subgroup
of S,, and let A be an irreducible unitary representation of G over an inner
product space U. Then, Va(G) always possesses an orthogonal ®-basis.

5. Conclusion

Consider a unitary complex vector space V. Let G be a permutation group
that acts on m elements. Let A be an irreducible unitary representation of G
over an inner product space U, which affords the character A\ of G. We define
VA(Q) as the generalized symmetry class of tensors associated with G and A.
When the dimension of U equals 1, Vi (G) reduces to Vy(G), which represents
the symmetry class of tensors associated with G and A. In the case where X is
a linear character of G, V)\(G) possesses an orthogonal *-basis.

The existence of an orthogonal basis consisting of decomposable symmetrized
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tensors for symmetry class Vy(G) associated with G and a non-linear irreducible
character A of G has been investigated by many researchers (see [6,18,19,21,
23]). In particular, in [4,10], a necessary and sufficient condition for the ex-
istence of an orthogonal *-basis for the symmetry class V\(G) is given when
G is the dicyclic or dihedral group. Additionally, [5,7] prove that there is no
orthogonal x-basis for the symmetry class V(Us,,).

In this paper, we proved that for the generalized symmetry class Vi (G), there
is always an orthogonal ®-basis, where G is the group Us,,, dihedral or dicyclic

group.

6. Acknowledgment

The authors would like to thank the referees and the editor for their com-
prehensive and useful comments which helped the improvement of this work to
the present form.

7. Conflict of interest

The authors declare that there is no conflict of interests regarding the pub-
lication of this paper.

References

(1] Babaei, E., & Zamani, Y. (2014). Symmetry classes of polynomials associated with the
dihedral group. Bull. Iranian Math. Soc., 40(4), 863-874.

[2] Babaei, E., & Zamani, Y. (2014). Symmetry classes of polynomials associated
with the direct product of permutation groups. Int. J. Group Theory, 3(4), 63-69.
https://doi.org/10.22108/ijgt.2014.5479

[3] Babaei, E., Zamani, Y., & Shahryari. M. (2016). Symmetry classes of polynomials.
Commun. Algebra, 44(4), 1514-1530. https://doi.org/10.1080/00927872.2015.1027357

[4] Darafsheh, M. R., & Pournaki, M. R. (2000). On the orthogonal basis of the symmetry
classes of tensors associated with the dicyclic group. Linear Multilinear Algebra, 47(2),
137-149. https://doi.org/10.1080/03081080008818639

[5] Darafsheh, M. R., & Poursalavati, N. S. (2001). On the existence of the orthogonal basis
of the symmetry classes of tensors associated with certain groups. SUT J. Math., 37(1),
1-17.

[6] DiasdaSilva, J. A., & Torres, M. M. (2005). On the orthogonal dimensions of orbital sets.
Linear Algebra Appl., 401 (15 May), 77-107. https://doi.org/10.1016/j.1aa.2003.11.005

[7] Gao, R., Liu, H.,, & Zhou, F. (2020). Symmetry classes of tensors asso-
ciated with certain groups. Linear Algebra Appl., 602(1 October), 240-251.
https://doi.org/10.1016/j.1aa.2020.05.016

[8] Holmes, R. R., & Kodithuwakku, A. (2013). Orthogonal bases of Brauer symmetry
classes of tensors for the dihedral group. Linear Multilinear Algebra, 61(8), 1136-1147.
https://doi.org/10.1080,/03081087.2012.729583

[9] Holmes, R. R., & Kodithuwakku, A. (2016). Symmetry classes of tensors associated
with principal indecomposable characters and Osima idempotents. Linear Multilinear
Algebra, 64(4), 574-586. https://doi.org/10.1080/03081087.2015.1040220



Orthogonal bases in specific generalized symmetry classes... — JMMR Vol. 13, No. 2 (2024) 223

[10] Holmes, R. R., & Tam, T. Y. (1992). Symmetry classes of tensors as-
sociated with certain groups. Linear Multilinear Algebra, 32(1), 21-31.
https://doi.org/10.1080/03081087.2012.729583

[11] Hormozi, M., & Rodtes, K. (2013). Symmetry classes of tensors associated with the
semi-dihedral groups SDg,. Colloq. Math., 131(1), 59-67. DOI: 10.4064/cm131-1-6

[12] James, G., & Liebeck, M. (1993). Representations and Characters of Groups. Cambridge
University press.

[13] Lei, T. G. (1997). Generalized Schur functions and generalized decompossble sym-
metric tensors. Linear Algebra Appl., (263), 311-332. https://doi.org/10.1016/S0024-
3795(96)00542-3

[14] Marcus, M. (1973). Finite Dimensional Multilinear Algebra (Part I). Marcel Dekker,
Inc., New York.

[15] Merris, R. (1997). Multilinear Algebra. Gordon and Breach Science Publisher, Amster-
dam.

[16] Rafatneshan, G., & Zamani, Y. (2020). Generalized symmetry classes of tensors.
Czechoslovak Math. J., 70(145), 921-933. https://doi.org/10.21136/CMJ.2020.0044-19

[17] Rafatneshan, G., & Zamani, Y. (2021). Induced operators on the gener-
alized symmetry classes of tensors, Int. J. Group Theory, 10(4), 197-211.
http://dx.doi.org/10.22108 /ijgt.2020.122990.1622

[18] Shahabi, M. A., Azizi, K., & Jafari, M. H. (2001). On the orthogonal basis of symmetry
classes of tensors. J. Algebra, 237(2), 637-646. https://doi.org/10.1006/jabr.2000.8332

[19] Shahryari, M. (1999). On the orthogonal bases of symmetry classes. J. Algebra, 220(1),
327-32. https://doi.org/10.1006/jabr.1999.7932

[20] Shelash, H. B., & Ashrafi, A. R. (2019). Computing maximal and minimal subgroups
with respect to a given property in certain finite groups. Quasigroups and Related Sys-
tems, 27, 133-146.

[21] Zamani, Y. (2007). On the special basis of a certain full symmetry class of tensors. Pure
Math. Appl., 18(3), 357-363.

[22] Zamani, Y., & Babaei, B. (2013). Symmetry classes of polynomials associated
with the dicyclic group. Asian-Eur. J. Math., 6(3), Article ID:1350033 (10 pages).
https://doi.org/10.1142/S1793557113500332

[23] Zamani, Y., & Shahryari, M. (2011). Symmetry classes of tensors as-
sociated with  Young subgroups. Asian-Eur. J. Math., 4(1), 179-185.
https://doi.org/10.1142/81793557111000150

GHOLAMREZA RAFATNESHAN
ORCID NUMBER: 0009-0001-8599-5670
DEPARTMENT OF MATHEMATICS
FACULTY OF BASIC SCIENCES
SAHAND UNIVERSITY OF TECHNOLOGY
TABRIZ, IRAN

Email address: gh_rafatneshan@sut.ac.ir

YOUSEF ZAMANI
ORCID NUMBER: 0000-0002-5235-1051
DEPARTMENT OF MATHEMATICS
FACULTY OF BASIC SCIENCES
SAHAND UNIVERSITY OF TECHNOLOGY
TABRIZ, IRAN

Email address: zamani@sut.ac.ir



	1. Introduction
	2. The dihedral group
	3. The dicyclic group
	4. The group U6n
	5. Conclusion
	6. Acknowledgment
	7. Conflict of interest
	References

