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ABSTRACT. As a new approach, for a nonzero normed algebra A, we
will define some different classes of algebra fuzzy norms on A generated
by homomorphisms and continuous homomorphisms. Also as a source
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separate continuity of the elements within each class are investigated.
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1. Introduction

The idea of the fuzzy norm on a linear space was introduced by Katsaras [11]
in 1984. Also a type of fuzzy metric introduced by O. Kaleva and S. Seikkala [10]
in 1984. In 1992, Felbin [7] introduced an idea of the fuzzy norm on a linear
space, such that its corresponding fuzzy metric is of type of introduced by
O. Kaleva and S. Seikkala. Another idea of a fuzzy norm on a linear space
was introduced by Cheng and Mordeson [6] in 1994. Following Cheng and
Mordeson, a definition of a fuzzy norm whose associated fuzzy metric is similar
to Kramosil and Michalek type [12], was introduced by T. Bag and S. K.
Samanta [1] in 2003. A large number of papers concerning fuzzy norms have
been published by different authors such as [2-5,8,9]. Some fuzzy notions on
the sequence spaces are investigated in [14,15].
The concept of fuzzy normed algebra is different from the notion of fuzzy
normed linear space in one step that had to be done.
In this paper, we will consider A as a normed algebra over the field F € {C,R}.
Also let Hom(A,F) be the set of all algebra homomorphisms from A into F.
Given a normed algebra A, we will introduce some different classes of fuzzy
normed algebras. Also, separate continuity of the elements within each class
are investigated. The motivation of this paper is to produce algebra fuzzy norms
by a new method and approach which while being different from the previous
findings, are significantly simpler. In this method, by choosing an arbitrary
algebra homomorphism, a different algebra fuzzy norm can be produced. The
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results of this paper can be applied as a source of examples and counterexamples
in the field of fuzzy normed algebras.

2. CONSTRUCTING ALGEBRAIC FUZZY NORMS

Definition 2.1. [1] Let X be a linear space and let N : X x R — [0, 1] be a
function such that for all z,y € X and for all s,t € R,
(1) N(x,t)=0for all t <0,
(2) N(x,t)=1for all t > 0 if and only if x = 0,
(3) N(az,t) = N(x, ﬁ) for all a # 0,
(4) N(z+y,s+1t) > min(N(z,s), N(y,1)),
(5) for each fixed z € X, N(z,-) : R — [0,1] is an increasing function,
and lim N(z,t) =1.
t—>o0
Then (X, N) is called a fuzzy normed linear space.

Definition 2.2. [13] Let A be an algebra and let N : A x R — [0, 1] be a
function such that for all a,b € A and for all s,t € R,

(1) N(a,t) =0 for all t <0,
2) N(a,t) =1 for all t > 0 if and only if a = 0,
N(aa,t) = N(a, L) for all a # 0,

(

(4) N(a+b,s+t) > min(N(a,s), N(b,t)),

(5) for each fixed a € A, N(a,-) : R — [0, 1] is an increasing function, and
tgnooN(a, t) =1,

(6) N(ab,st) > N(a,s)N(b,t).
Then (A, N) is called a fuzzy normed algebra.

Remark 2.3. The increasing property of Definition 2.1 and Definition 2.2 is a
result of other conditions. Indeed, for x € X and s < ¢t we have,

N(xz,t)=N(z+0,s+ (t — 5))
> min(N(z,s), N(0,t — s))
= min(N(z,s), 1)
= N(z,s).
Example 2.4. If A is a normed algebra, then N : A x R — [0, 1] defined by
<
Nat) - {0, t< ol

L t>al

s an algebra fuzzy norm on A.

Proposition 2.5. Let A be a normed algebra over the fieldF and ¢ € Hom(A,TF).
Define N, : A x R — [0, 1] by
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0, t < |lall + |e(a)]

Ny (a,t) = {t|a| (a)
lalte@r: t> llall +le)l.

Then N, is an algebra fuzzy norm on A.

Proof. We only prove parts (2), (4), (5), and (6) of Definition 2.2.

(2): If a = 0, then clearly Ny,(a,t) = 1 for all ¢ > 0. For the converse let
Ny(a,t) =1 for all £ > 0 and suppose by contradiction that a # 0.

If t =||a|| + |¢(a)|, then Ny(a,t) = 0 that is a contradiction.

(4): Let a,b € Aand s,t e R. If s+t <0, thens <0ort <0. So Ny(a,s) =0
or Ny (b,t) = 0.

Hence, 0 = Ny(a + b, s 4+ t) > min(Ny(a,s), Ny (b, t)) = 0.

If s+¢ > 0 and s+t < |la+b||+]|p(a+b)|, then s <|la||+|p(a)| or t < ||b]|+|e(b)].
Therefore,

0= Ny(a+b,s+1t) >min(Ny(a,s), Ny(b, t)) = 0.

— sti=llatbl—|eo(a)+e(b)]|
If s+t > |la+bll + |o(a+Db)|, then Ny(a+b,5+1t) = Siarai o ram) -

In this case if s < ||la|| + |¢(a)| or t < ||b]] + |¢(b)], then clearly

s+t —|a+ bl —|p(a) + @(b)] ) B
St o b T lola) 1 o) = MinWela,s), Ne(b,1)) = 0.

If s > |la|| + |¢(a)] and t > ||b]| + |¢(b)|, then Ny(a,s) = % and
_ t=lbll=le®)]
No(®:t) = FimiTo0!
One can easily verify that if Ny(a,s) < N,(b,t), then
s([1bll + l(®)]) < t(l[all + |e(a)]),

and if N, (b,1) < Ny(a, 5), then t([lall + l(a)]) < s(Ib]| + |o(8)))-
A straightforward calculation reveals that
if s([|ol] + [¢(b)]) < t(llall + [#(a)]), then
s+t —lla+bll —lp(a) + ()|
Ny(a+b,s+1t)=
. )T et T (@) + (0]
_ s~ lall ~ [e(a)]
— s+ lall + le(a)]
= min(NLP(aa S)v th(b7 t)))
and if t([[a]l +[#(a)]) < s(|[bll + | (b)]), then
s+t —lla+bll —|p(a) + ()|
s+t +[la+bll +|pa) + (b))
St bl = ()]
— t+ bl + [ (0)]
= min(Ny(a, s), Ny(b, t)).

Ny(a+b,s+1t) =
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Therefore, N,(a+b, s+t) > min(Ny(a,s), N,(b,t)) foralla,b € Aand s,t € R.
(5): Let @ € A and s < t. If Ny(a,s) = 0, then clearly Ny(a,s) < Ny(a,t).

If Ny(a,s) # 0, then Ny(a,s) = % and s >|la|l + |¢(a)|]. Hence,

t > |la|| + |¢(a)| and Ny (a,t) = %. Since s < ¢,

s(llall + le(a)]) < tllall + lp(a)])-

Therefore, a straightforward calculation reveals that

s~ lall —lp@)]  t=lloll —lp(@ _

Ne(a:9) = i T le@)] S T el = fo@]

This shows that N, (a,-) is an increasing function for all a € A.

~ D i telal—le@] _
Also lim Ni(a,?) = lim ropoeisey = 1

(6): Leta,b e Aand s,t € R. If N,(a,s) = 0or Ny(b,t) =0, then N, (ab, st) >
Ny(a,s)Ny(b,t) = 0.

If Ny(a,s) > 0 and N,(b,t) > 0, then s > ||la| + |¢(a)| and ¢ > |[b]| + |(b)|.
So st > ||ab]| + |¢(ab)|. Tt is easy but tedious to show that the inequality

(1) Ny (ab, st) > Ny(a, s)Ny (b, 1)

is equivalent to

s(ww+MMHﬂwwa0>mwmww+mwn
T labllallB] + labl alllo®)
T labllblle(@)] + lablle(a)llo()
T lall bl (@) e (3)] + lalllo(@) o (3)?
T IBlle®lle(@)? + [e(a) Ple®)
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So by hypothesis, we have

st (s(10l + o)) + el + (@)

> st (ol + e l@D) (Bl + [60)) + (10l + e (lall + o(@))

= 25t{ (lall + (@D 141 + lo(e))

= (st st)Lallbl + lal )]+ pllo(@)] + le(@l¢)])

= s lallo] + lal @)+ [pllo(@)] + [e(@lle)])

st lallo] + lall®)] + [o116(@)] + [o(@)lo(0)]

> st(llallbll + Iw(a)llw(b)l)

T (nabn n Iw(a)w(bﬂ) allbl) + lalllo®)] + [Blle(a)] + ¢<a>||¢<b>|)

. st(||ab|| i Iw(a)llw(b)>

+ (llabll + Iw(a)so(bﬂ) <a||||b| + llallle(®)] + [Ibllle(a)] + @(G)HSO(b)l)
= stlp(a)l[p(b)] + stllabl| + ||abl|[|all]|b]] + [|abll]allle(b)]
+ llabllIbllle(a)| + llabllle(a)llo(®)] + lalll|bllle(a)]l(b)]
+ [lallle(@)lle®)? + 1l ®d)[lp(@)]* + | (a) | ()]
This shows that inequality 1 holds for all a,b € A and s,t € R. Hence, N, is

an algebra fuzzy norm on A. O

Proposition 2.6. Let A be a normed algebra, ¢ : A — F be a continuous
homomorphism, and € > 0 be an element such that (¢ + |¢||) > 1. Define
Nege: AxR—[0,1] by

0, t < Jlall(e + llll)
N ) (a7t) = —_ a
- {;ii&i', t >lall(e + [ll).

Then Ny . is an algebra fuzzy norm on A.

Proof. We only prove parts (2), (4), (5), and (6) of Definition 2.2.

(2) : If a = 0, then clearly N, .(a,t) =1 for all £ > 0. For the converse let
Ny (a,t) =1 for all £ > 0 and suppose by contradiction that a # 0.

If t =||a||(e+]|¢l), then N, .(a,t) = 0 that is a contradiction.
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(4) : Let a,b € A and s,t € R. If s+t <0, then s < 0ort < 0. So
Ny (a,s) =0 or Ny, (b,t) =0.

Hence, 0 = Ny .(a+ b, s +t) > min(N, o (a, s), Ny (b, 1)) = 0.

If s+t > 0and s+t <[|la+bl[(e+]|¢ll), then s <[la]|(e+][¢]]) or ¢ <[|b]|(e+[[]l)-
Therefore,

0= Ny,(a+b,s+1t) >min(Ny,(a,s), Ny (b,1)) =0.

If 5 + ¢ >[la+ bl|(e+l @), then Ny o(a+b, s +1t) = Sfel@tetl]

In this case if s <l[la||(e+]¢]]) or ¢ <||b||(e+]¢]|), then clearly

s+t —|p(a) + (b)) . )
s+t+lp(a) + ¢(0)] > min(Ny c(a, s), Ny (b, 1)) = 0.

It s >[|af|(e+ [ ll) and ¢ > [ (]|, then Ny (a,s) = SHED} and N, (b, 1) =
t—|p(b)]

i+|e(0)]
One can easily verify that if N, .(a,s) < N, (b, t), then s|o(b)| < t|p(a)|, and

if Ny o(b,t) < Ny (a,s), then t|p(a)| < s|p(d)].
A straightforward calculation reveals that if s|p(b)| < t|p(a)|, then

s+t —|p(a) + ()]
s+t+|p(a) + ¢(b)]
s —lpla)|
= 5T el
min(N%g(m S), Ncp,s(bv t))v

Neyc(a+bs+1t) =

and if t|¢(a)| < s|e(b)], then

s+t —|p(a) +o(b)]
s+t+]p(a) + )

t— ()]

Tt e(d)]

=min(Ny (a, s), Ny (b, 1)).

Therefore, Ny, .(a + b,s +t) > min(N, .(a,s), N, (b, t)) for all a,b € A and
s,t € R.
(5): Leta € Aand s <t. If N, .(a,s) =0, then clearly N, .(a,s) < N, (a,t).

If Noc(a,s) # 0, then Nyo(a,s) = 24 and s >|a/(e+]¢]|). Hence,

t >[lall(e+llel) and Np.o(a,t) = 1@l

Since s < t, 2s|p(a)] < 2t|¢(a)]. Therefore, a straightforward calculation
reveals that N, .(a,s) = s—lel@)] o tlel@)] N,.(a,t). This shows that

Nye(a+bs+t)=

stle(a)] = t+lp(a)]
N, (a,-) is an increasing function for all a € A. Also
t —
lim N, .(a,t) = lim t=le(a)l =1
t—00 ’ t—oo t + |<p(a,)|
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(6): Let a,b € A and s,t € R. If N, .(a,s) =0 or N, (b,t) =0, then
Ny .c(ab,st) > Ny o(a,s)Ny..(b,t) = 0.

If Ny (a,s) > 0and N, .(b,t) > 0, then s > [la||(s+]||¢|) and ¢t > ||b]|(e+]¢]|)-
So the condition € + ||¢|| > 1 implies st > |labl|(e + ||¢]]). It is easy to see that
the inequality

(2) Ny (ab, st) > N, -(a,s)Ny (b, 1)

is equivalent to stlp(a)||e(b)] + [¢(a)?|p(D)[* < s*t[p(b)| + st?|p(a)
Since s > [lal|(e + [[#ll) = llallllell = |p(a)] and ¢ > [|b][(e + [lol]) >
l(b)|, we have

stlp(a)lle(d)] + (@) e (B)* = stlp(a)|le(d)] + ¢ () *|p(a)ll¢(a)|
< st(s)|p(b)] + t*s](a)]
= s%t|p(b)| + st*|p(a).
This shows that inequality 2 holds for all a,b € A and s,t € R. O

lollllell =

Remark 2.7. Note that the condition e+ |||l > 1 in Proposition 2.6 is necessary.
Indeed, for A =R, ¢ =0, and 0 < € < 1 we have ¢ + ||¢|| = ¢ < 1. Also
Noe(1:1,4/e-y/e) = No(1,e) = 0 and Ny (1, /) = 1. Since, € < |1|(¢+0) and
Ve > |1|(e +0). So the inequality No(1-1,v/€-+v/€) > No(1,v/€)No(1,/¢)
does not hold. Hence, Ny, is not an algebra fuzzy norm.

Proposition 2.8. Let A be a normed algebra and 1» € Hom(A,F). Then the
maps

1
NV AR —[0,1]
{07 t <|lafl + [¢(a)

N (a,t) =
¥ Wa t >|lall + [ (a)l,

and

NP AxR —[0,1]

0, t<
NO(a1) = { t < (@)
@ > 1Y)l

are algebra fuzzy norms on A.
Also if ker¢ = {0}, then the map

qu):AxR—)[O,l]

N (a.1) = 0, t < |¢(a)]
v (a ) {H_Wt)(a)a t>W}(a’)|7

s an algebra fuzzy norm on A.
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Proof. First, we prove that Nf) is an algebra fuzzy norm. In the end, we will

only prove part (6) of Definition 2.2 for Nél) and qu’). The proof of other
parts is similar. Note that for investigation of the fuzzy norm properties in the
case Nf’), the condition ker+ = {0} will be used in part (2) of Definition 2.2,
since, |[¢(a)| = 0 implies a = 0.

(1): If t <0, then clearly Né}”(mt) =0foralla € A

(2): If a = 0, then 1)(a) = 0 and consequently for all t > 0 = |¢(a)|, Ni}z)(a7 t) =
ﬁ = 1. For the converse let Nf)(a, t) =1 for all t > 0. First, we show
that ¢ (a) = 0. Suppose by contradiction that 1 (a) # 0.

If ¢t = |¢(a)|, then Nf) (a,t) = 0 that is a contradiction. This shows that

v(a) = 0. So by hypothesis, for all t > 0 = [¢)(a)|, 7t = NP (a,t) = 1. Tt
follows that ||a|| = 0 that implies a = 0.
(3): If & # 0, then
0, t<
N (aa,t) = { t [v(aa)
el > [¥(aa)l
0, a7 < [¥(a)l
= _t
= ar > [¥(a)|

EAal 8@ Tal

:fo)(a,i),aeA,teR.

|

(4): Let a,b € Aand s,t € R. If s+t < |¢(a+b)| = |¢(a) + (b)|, then
s < |ip(a)] or t < [Y(b)]. So

0= Nf) (a+b,s+1t)> min(fo)(a, s),fo)(b, t)) =0.

Let s+t > [(a) + ()| and s < |¢(a)| or t < |1(b)|. Then clearly,

s+t
s+ t+|la+ b|| + [¥(a) + ¥(b)]
>0

= min(N{?(a,s), N (b,1)).

Nf)(a—i-b,s—i—t) =

Let s+t > [1)(a)+(b)| and s > [¢(a)| and t > [1(b)|. Then N (a+b,s+1) =

s+t
s+(t;)r|\a+b|\+lw(a)+¢(b)| and o

_ S _ t
Ny'(a,8) = sy and Ny~ (0:0) = omrrmen-

If then

S < t
stllall+ld(a)l = t+lbll+14 ()]

(3) s([l + [ ®)]) < t(llall + [¢(a))-



Algebra fuzzy norms generated by homomorphisms — JMMR Vol. 14, No. 1 (2025) 31

If then

t < S
t+[bl+[¥ ()] = s+llall+[¢(a)]’
(4) t(llall + ¥ (a)]) < s(l[b]l + [ (b)])-
For the case Nf) (a,s) < Nl(f)(b, t), inequality 3 implies

s+t

_ aAr(2)
ST A o+ @ e e @ThetD

s
>
— stllall + [d(a)l
= rnin(Ni}z)(a7 ), le)(b, t)).

Also for the case Nf)(b, t) < fo) (a, s), inequality 4 implies

qu)(a +b,s+1t) > min(qu)(a7 ), ]\/'@(02)(1)7 t)).

(5): Let s < t. If Ng)(a,s) = 0, then clearly Nif)(a,s) < Ng)(a,t). Let
Nl(f)(a, s) # 0. Then s > |¢(a)|. It follows that t > [¢(a)].

Since s(lla]| + [¢(a)]) < t(lall + [¥(@)]), N;?(a,s) < NP (a,1). So NP (a,-) s
an increasing function and also

t
lim NP(a,t) = lim —— =1
i Ny et = i e o)

(6): Let a,b € A and s,t € R. If le)(a, s)=0or ]\715)2)(177 t) = 0, then
2 2 2
N{P(ab, st) > NS (a, s)NSP (b,1) = 0.

If NP (a,s) > 0 and NS (b,t) > 0, then s > [¢(a)| and t > [(b)]. So
st > |¢(ab)|. Clearly

st + [|lab]|+|(a)[[¢ ()] < (s + [lal[+|¢(a) ) (& + [l +]2(b)]).

st st
SO ST @I 2 Tl w@) e Hence,

(5) N{P(ab, st) > NP (a, s)NSP (b,1).

Therefore, inequality 5 holds for all a,b € A and s,t € R.
Now we will investigate part (6) of Definition 2.2 for Nﬁ) and Nig).

NV AXR —[0,1]

0, t <l|la|]| + |¢¥(a)|
fo)(a, t) = {t t >l + ¥ (a)|
T Tall+ 9@ ’

(6): Let a,b € A and s,t € R. If Ni}l)(a, s)=0or Ni}l)(b, t) =0, then

NV (ab, st) > N§P(a, s)NSV (b,1) = 0.



32 A.R. Khoddami, F. Kouhsari

1f NP (a,5) > 0 and N$V(b,1) > 0, then s >all + [1(a)| and ¢ >[b] + |¢:(b)].
So st >|labl| +[¢(ab)]. Clearly st + [lab]|+{¢(a)l[(B)] < (5 + llaf +[¥(a) )(t +
IBll+Iw @) So Sremivmmen 2 Grarm@heEmrmen- Henee,

(6) NP(ab, st) > N§P(a, )N (b, ).
Therefore, inequality 6 holds for all a,b € A and s,t € R.
3
NP AxR —[0,1]
0, t < |i(a)
Nﬁ)(a,t) = { : .
@ 1Y (a)l,

(6): Let a,b € A and s,t € R. If le’)(a, s)=0or Nf)(b, t) =0, then

3 3 3
N{P(ab, st) > NP (a, )NV (b,1) = 0.

If Nf)(a,s) > 0 and qu)(b, t) > 0, then s > |¢(a)| and t > |(b)|. So st >
[(ab)]. Clearly st + (@) [¥(B)] < (s + (@) )t + [B(B)). So o >
@y 2 consequently

3 3 3
(7) N (ab, st) > NP (a, s)NS (b,1).
This shows that for all a,b € A and s,t € R inequality 7 holds. ]

Proposition 2.9. Let A be a normed algebra and n € Hom(A,F). Then the
map

N AXR —[0,1]

0 t <l[lall + In(a)]|
NP (a,t) =< hal—
! el @l = > Jlal| + In(a)],

is an algebra fuzzy norm on A.
If kern = {0}, then the map

NPt AxR—[0,1]

0 t <In(a)]
N(Q)(a,t) — ’ .
" el ¢ > Jn(a),

s an algebra fuzzy norm on A.

Proof. We only prove part (6) of Definition 2.2 for Nél) and N7$2).

NP AxR — [0,1]

0 t <llall + |n(a)]
N(l)(a’t) = L all— a
p tlellin(@l ¢ > la]| + [n(a)],
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(6): Let a,b € A and s,t € R. If N,(zl)(a, s)=0or N7(,1)(b, t) = 0, then

NV (ab, st) > NSV (a, s)ND (b,t) = 0.
1f N\"(a,s) > 0 and NV (b,¢) > 0, then s >[|al| + |n(a)| and ¢ >||b]| + |[n(b)].
So st >||ab|| + |n(ab)|. We show that the inequality
(8) Nfll)(ab, st) > N,(Il)(a, S)Nr(ll)(b, t)
holds. It is easy to see that inequality 8 is equivalent to
s([bll+In(@))+t(llal+[n(a)]) = llall[[bll+abll+llallln(®) 1+ blln(a)[+2[n(a)l[n(b)].

In this case

s([[ol+n@)]) = (llall+[n(a))([[ol[+[n(®)])
and

t(llall+In(a)]) = ([[bll+[n@))(llall+[n(a)])-
Hence,
s([[bl|+|n(®)]) + t(llall+In(a)]) = 2([lal[[ol+]alln(®)] + bl In(a)| + [n(a)l[n(b)])-

Therefore,

s(1oll+n®)]) + t(llall+[n(a)]) = (lalllll+lallln(®)] + [1blln(a)] + 2In(a)|[n()])
(lallllbll) + (lallln@®)] + loll[n(a)])
(lallllbll+llabl|+llallln(®)| + llol[[n(a)] + 2[n(a)||n(b)])
(lall[n(®)] + bl In(a)])
lallllol+llabll+[lallln(b)] + [[bll[n(a)] + 2|n(a)l[n(b)].
So inequality 8 holds for all a,b € A and s,t € R.

N2 AxR— [0,1]

0 t < [n(a)|
N(Q)(a,t) — ’ .
1 el g > Jn(a)),

>
+
2
+
>

(6): Let a,b € A and s,t € R. If Nf)(a, s)=0or N,$2)(b7 t) =0, then
N,gz)(ab, st) > N,gz)(a, 3)1\752)(b7 t)=0.

If N,(,Z)(a7 s) > 0 and Néz)(b, t) > 0, then s > |n(a)| and ¢t > |n(b)]. So

st > |n(ab)|. It is easy to see that the inequality

(9) N (ab, st) > N2 (a, s)N$?) (b, 1)

is equivalent to s|n(b)| + t|n(a)| > 2|n(a)||n(b)]. So in this case we have,

sin(d)] = [n(a)||n(b)]
and

tin(a)| = |n(b)|In(a)l-
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Hence,

s|n(b)] + tln(a)| = 2[n(a)l[n(b)].
This shows that for all a,b € A and s,t € R inequality 9 holds. ]

Example 2.10. Let
C([0,1)) ={f:[0,1] — C, [ is continuous}

be the complex-valued, bounded and continuous functions on [0, 1] with the uni-
form norm. | fll. = sup{f (2)], € [0,1]}. Clearly, (C (0, 1)), |..) is a
Banach algebra. Let s € [0,1] be a fized element. Define ¢s : C ([0,1]) — C
by wi(f) = f(t) for all f € C([0,1]). Obuiously, ¢s is a continuous algebra
homomorphism and ||¢s|| = 1. Let € > 0. By Proposition 2.5, Proposition 2.6,
and Proposition 2.8,

N,. : C([0,1]) x R — [0,1]

N £< 1l + 1)
N, 0) =19 - —|f(s ?
e (f:1) {M t> [ flloe +1£(s)]

Ny, e C([0,1]) xR — [0,1]

0, t <[ flloo(e +1)
N S (f)t) = — S
oot {;';gsg, £>]|flloo(e + 1)

)

N =€ ([0,1]) xR — [0,1]

0 t <[ flloo + 1£(s)]
N 1) = . ’
o (f:1) {Hmww t > flloo + | £(5)]

and
N C([0,1]) x R — [0,1]
0, t<
sggo={ =i
F=Tre > 6l
are algebra fuzzy norms on C ([0,1]).

3. The separate continuity of N,, IV, Nl(j), Néj), 1<9<3,

€9
1<j<2

In this section, we characterize separate continuity of the algebra fuzzy
norms Ny, Ny o, Ng), T(,j), 1<i<3,1<j<2, wheree >0 and p,v,n are
continuous homomorphisms from A into F.
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Theorem 3.1. Let A be a normed algebra and ¢ : A — F be a continuous
homomorphism. If
N, : A xR —[0,1] is defined by

0, t <|la]l + [p(a)]
Ab@ﬁ)z{nwn—<n
et ¢ >lall + lea)l,

then the map
Ng(-,t) :A—[0,1]
a — Ny(a,t),
is continuous for all t € R.
Also the map

Ny(a, ) :R —[0,1]
t — Ny(a,t),
is continuous for all a € A except a = 0.
Proof. If t < 0, then Ng(a,t) =0 for all a € A. So Ny(-,t): A — [0,1] is a
constant function and consequently is continuous on A for all ¢ < 0.
For a fixed ¢ > 0, let a € A and {a,}22; be a sequence such that a, — a,

as n — oo. If t =|[|al| + |¢(a)|, then for all subsequences {an, }72; C {an}02,;
satisfying t <|la,, || + |¢(an, )|, k¥ € N, we have

khﬁ\rgo Ny(an,,t) = lerr;OO =0= Ny,(a,t).

Also for all subsequences {an, }7°; C {a, }22; satisfying ¢ >||an, ||+]e(an, )|, k €
N, we have

t— —
i N, ) = tim P lon] = ()|
o €350 T lan, [+ [ (an, )

bt
o+t
-0
= Ny(a,t).
If t <||la]| + |¢(a)], then there exists an ng € N such that ¢ <||a,| + |¢(a,)| for
all n > ng. So lim Ny(an,t) = lim 0=0= Ny(a,t).
n—oo n—oo

If t >||al]| + |¢(a)|, then there exists an ng € N such that ¢ >||a,| + |¢(a,)| for
all n > ng. So

t— _
lim Ny(ay, 1) = lim 1ol = lP(an)]

_ t=llall = l¢(a)]
t+llall + o (a)]
= Ny(a,t).
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Hence, for each t > 0, N,(-,t) is continuous at every a € A. So N,(-,t) is
continuous on A for all ¢t € R.

For any fixed a # 0, let ¢ € R and ¢, — ¢, as n — oo. If t = ||a]|+|e(a)],
then for all subsequences {t,, }52; C {t,}7%, satisfying t,, <||la|| + |¢(a)| we
have

leIEO Ny(a,tn,) = ler{:OO =0= Ny(a,t).

Also for all subsequences {t,, }72, C {tn}r2; satisfying t,,, >|lal| + |p(a)| we
have

tn,—|lal —
i V() — 1 =l =12(@)
k—ro k—oo tn, +lall + |o(a)]
_ t=llall = ¢(a)|
t+(lall + |e(a)l
-t
Sttt
—0
= N,(a,t).
If t <||a|| + |o(a)|, then there exists an ng € N such that ¢, <|la|| + |¢(a)| for
all n > ng. So lim N (a,t,) = lim 0=0= Ny(a,t).
n—oo n—oo

If t >||a|| + |¢(a)], then there exists an ng € N such that ¢, >||a|| + |¢(a)| for
all n > ng. So

lim N,(a,t,) = lim tn=llall = le(a)|
e n—oo tn+|lall + |p(a)]
_ t=llall — le(a)l
t+lall + [¢(a)l
= N,(a,t).

It follows that for any fixed a # 0, t, — t, asn — oo, implies lim Ny(a,t,) =
n—oo
Ny(a,t). Hence, Ny(a,-) : R — [0, 1] is continuous for all a # 0.
We shall show that N, (0,-) : R — [0, 1] is not continuous at ¢ = 0.
Since
0, t<0
1, t>0,

th(ovt) = {

lim+ N,(0,t) =1 # N,(0,0) = 0. This shows that N,(0,-) : R — [0,1] is
t—0

not continuous on R. O

Theorem 3.2. Let A be a normed algebra, ¢ : A — F be a continuous
homomorphism, and € > 0 be an element such that (¢ + ||¢||) > 1. If
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Ny : AxR —[0,1] is defined by

0, t <[lall(e +[l¢ll)

Ny(a,t): ’
- {;mﬁ,t>wue+w»

then
(1) the map

Nye(t):A—[0,1]
a — Ny -(a,t),

is continuous for all t < 0.

(2) if t > 0, then Ny(-,t) is continuous at every a € A\ S, where
S={aca ol 2ot

(3) the map N, (a,-) is continuous at every t € R\ T, where T = {t €
R |t =[lall(e+llel)}-

Proof. (1) If t < 0, then N, (a,t) = 0 for all a € A. So N,.(-,t) is a
constant function on A that is continuous.

(2) It >0andac S, then lal| = —rizy and Nyo(a,t) = 0. Set ay =
maforaﬂnel\l. So a,, — a, as n — oo, and
L7 .
llan|l = m”a” < m for all n € N. This shows that
t >|lan|[(e+l¢l]) for all n € N.
Hence,
t— n
lim N, (an,t) = lim t = lplan)|
noee n—oo t + [p(an)]
_ t—le(a)l
t+ le(a)l
?é N‘Pvf(a7t) = 07

since, ¢ =[laf[(e+l@ll) >allllell = [#(a)]. Therefore, Ny o(-t) is dis-
continuous at every a € S.

Let a ¢ S and let a, — a, as n — oo. So t >|lal/(e+]|/¢|]) or
t <|la||(e+]lell). If t >|lal|(e+]||¢ll), then there exists an ng € N such
that ¢ >||la,||(e+||¢l]) for all n > ngy. Hence,
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lim N, .(an,t) = lim = lelan)l [p(an)]
n—oo n—oo t + |(p(an)|
- lp(a)]
t+|p(a)l
= Ny (a,t).

If t <||al|(e+]|¢||), then there exists an ng € N such that
t <||an|(e+|l¢l]) for all n > ng. So

nlgrolo Ny.e(an,t) = lim 0=0= N, .(a,t).

n—o0

Consequently for the case t > 0, N, (-, t) is continuous at every point

acA\S.

Let t € T. So t =|la||(e+]|¢]]) and N, -(a,t) = 0.
Set t,, = (||lal|+ ) (e+|¢|) for all n € N. Clearly t,, — ¢, as n — oo,
and t,, >||a||(e+]|¢||) for all n € N. Hence,

tn —
lim N, .(a,t,) = lim M
n— oo ’ n—oo t,, + |¢(a)l

{1, a=0

= t=le(a)]

e 270

It follows that li_>m Nye(a,ty) # Nyeo(a,t) = 0. Note that if ¢ =
lal|(e+]|l¢l]) and @ # 0, then ¢ — |¢(a)| # 0. Since,

t =llall(e+llell) >llallllell = l¢(a)].
We shall show that N, .(a,-) is continuous at every t € R\ T
Let t € R\ T and let t,, — ¢, as n — oo. Then t <||al/(e+]|¢|) or
t >|lall(e+]lell). I t <|la]|(e+]|¢ll), then there exists an ng € N such
that ¢, <||al|(e+]|¢]|) for all n > ng. Hence,
lim N, .(a,t,) = lim 0=0= N,.(a,t).
n—oo

n—oo

If ¢ >||al|(e+]|¢ll), then there exists an ng € N such that
tn >|la|(e+|l¢l]) for all n > ng. So

. Lt ela)]
nlLH;O Ngo,E(a7 t") - nlggo m
_ L= lela)l
t+|p(a)l
= ijg(a)t)'

This shows that N, .(a,-) is continuous at every t € R\ 7.
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O

Theorem 3.3. Let A be a normed algebra and ¢ : A — F be a continuous
homomorphism. If
Né}l) :Ax R —[0,1]and Nf) : A xR —[0,1] are defined by

0 t <llall + [4(@)
Ny t) = { t >llall + (@)
t+lal[+[¢(a)]’ ’

fo) (a,8) = {0, t < [¢(a)]

t
e > ¥,

and for the case kertp = {0}, Nf) :AX R —[0,1] is defined by

N (a.1) = 0, t < |¢(a)]
¥ (a ) {H_Wt,(a)v t>|1f1((l)|,

then
(1) the maps Niil)(-,t), Nl(f)(-,t), and Nﬁ)(-,t) are continuous on A for
all t <0,
(2) if t > 0, then the map Nil)(o,t) s continuous at every
a € A\ Sy, where St ={a€ A | t=|a| + |¢¥(a)},
(3) ift > 0, then the maps Nf)(~,t) and Nl(;’)(-,t) are continuous at every
a € A\ Sz, where So ={a€ A | t=|y(a)|},
(4) fora € A, the map Né)l)(a7 -) is continuous at every t € R\ Ty, where
Ty ={teR | t=la] + |¢¥(a)]},
(5) for a # 0, the map le)(a, -) is continuous at every t € R\ Th, where
T, ={t > 0| t=|¥(a)l}, also the map N1(f)(07') is continuous at
every t € R exceptt =0,
(6) fora € A, the map Nf’)(a7 -) is continuous at every t € R\ T3, where
Ts={teR | t=[¢(a)l}.
Proof. (1) It is obvious.
(2) Let t > 0 and a € Sy. So t =||a|]| + |¥(a)|. Set a,, = ma for all
n € N. Obviously a, — a and so ¢¥(a,) — ¥(a), as n — co. Also

t— L

- 2n
ol = a7

t
< .
lall + |¥(a)]
=lla]|, n €N,
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and

W) = e

t
< Tl Tt V@

= |¢(a)], neN.

- (o)

So ||an || + [¥(an)| <|la|| + | (a)] =t for all n € N. It follows that

t

(1) s
A Ny (1) = i T+ Toan)]
_t
=
_1
=5

# N§P(a,t)
=0.

This shows that Nf,}l)(~,t) is discontinuous at every a € S;. Now let

a € A\ Sy and {z,}52, be a sequence such that z, — a, as n — 0.
So t >||al| + |¥(a)| or t <|la|| + | (a)|. If ¢ >||a|| + |(a)|, then there
exists an ng € N such that t >||z,| + [¢(2,)] for all n > ny. Hence,

"
lim N( ) Zn,t) = lim
o, Ny o B) = 10 e T o]
_ t
t+la| + [ (a)]
1
:Né})(a,t).

If t <|la]| + |1 (a)|, then there exists an ng € N such that t <||z,|| +
|t(2n)]| for all n > ng. So

lim N( )(zn,t) = lim O—O—N(l)(a t).

n—00 n— oo
This shows that Nz(pl)(', t) is continuous at every a € A\ S;.

(3) Let a € S2. Sot = |Y(a)|, a # 0 and qu)(aj) = ]\fi}g)(a7 t) = 0. Set
an = (1= 5)a for all n € N. Clearly a, — a, ¥(a,) — ¥(a), a
n — oo. Also [¢(ay)| = (1 — 5=)[¢(a)] < |¥(a)| =t for all n € N.
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Hence,

t
lim N an,t) = lim
A Ny an ) = I e T Totan)

t
t+al| + ¢
ot
 2t+|al|
#0

2
= NP (a,1).

and

\
?

lim N (a,,t) = S —
i, Yy (an,t) n—oo t + |1h(an)|

Hence, qu)(-, t) and Nq(f’)(-7 t) are discontinuous at every a € Ss.
Now let @ ¢ Sz and 2z, — a, as n —> oo. Then t < |¢(a)| or
t > |¢Y(a)]. If t < |¢(a)|, then there exists an ng € N such that
t < |¢(zp)| for all n > ny. Hence,

. 2 2
lim ng) )(zn,t) =0= NIE} )(a,t),

n—roo

and

lim Nf)(zn,t) =0= Nf)(cut).

n—oo

If t > |¢(a)]|, then there exists an ng € N such that
t > |9(zy)| for all n > ngy. So

t
lim N Zn,t) = lim
A Ny e t) = i T TG
_ t
Flal + 9@

= Nf) (a,t),
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and

lim N®(z,,t) = lim ————
Jim N (s ) 00 £+ [9(2n)]

_ t
 t+ ()
= Nf)(a,t).

Hence, Ng)(-, t) and ]\fl(f’)(7 t) are continuous at every a € A\ Ss.
Let t € T1. Then t =|a| + |¢(a)| and N (a,t) = 0. Set

tn =l[lall + [¢(a)] + L for all n € N. Clearly t,, >|lal| + |1(a)]| for all
n € N and li_>m t, =t. So

Jim Ny (a,tn) = Jim tn+||a||t7—l|— (@]
_ {1, a=10
- ﬁ =3, a#0.
It follows that nlgr;o prl)(a,tn) # qu(bl)(a,t) = 0. This shows that
Ni)l)(a, -) is discontinuous at every ¢ € T7. One can easily verify that
if t € R\ 71, then qu)(a, -) is continuous at t.

Let a # 0. If t € T, then ¢ = [¢(a)] > 0 and Nf)(aﬂf) = 0. Set

tn = (14 L)|¢(a)| for all n € N. Clearly ¢, —» ¢, as n — oo, and
t, > |1(a)| for all n € N. So

In

lim NP, t,) = lim — %
A Ny tn) = i e T o)
_ t

~ 2t+|al|
£0

2
=N (a,t).

This shows that sz)(a, -) is discontinuous at every t € Tb.

Let t € R\T5. Thent¢ < 0ort # |[¢(a)|. for the caset < 0ort # |¢(a)],

the continuity of qu)(a, -) at t, can be obviously verified. If t = 0 and

t, — 0, as n — oo, then for all subsequences {t,, }32, C {t,}52;

satisfying t,, < |¥(a)| we have, klim N&}Q)(a,tnk) =0= le)(a,()).
—00

Also for all subsequences {t,, }7°, C {t,}72, satisfying t,, > |1(a)]

we have,

toe 0

k=00 tn, tlall+lv()]  OFllall + [ (a)]

=0=N(a,0).
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So Ng)(a, -) is continuous at t = 0.
Clearly the map qu)((), -) is continuous at every ¢t € R except ¢t = 0.

(6) Inspired by part (5), the proof is obvious.
O

Theorem 3.4. Let A be a normed algebra and n : A — F be a continuous
homomorphism. If
N,gl) : A X R —[0,1] is defined by

0
1 o 9
Ny (a.t) = {t—|a|t—n<a>|7
and for the case kern = {0}, Néz) :AX R —[0,1] is defined by

0 t < In(a)
NP (a,t) =<,
! @l g > Jn(a)],

t <[lall + |n(a)]
t>llall +[n(a)l,

then
(1) the map N,gl) ot
(2)
)
)

(-, t) is continuous for all t € R,
the map N,gl)(a, 2
the map N,gQ)(-,t is continuous for allt € R,

is continuous for all a € A except a =0,
(3
(4) the map N,gQ)(a, -) is continuous for all a € A except a = 0.

Proof. The theorem can be established following the technique applied in the
previous theorem. O

4. Conclusion

Generating algebra fuzzy norms by the described method introduces a large
class of algebra fuzzy norms which is very important. Such algebra fuzzy norms
can be used as a very useful source of examples and counterexamples in the
field of fuzzy normed algebras. It is obvious that these algebra fuzzy norms
are different in each category and in certain conditions these algebra fuzzy
norms will be equivalent. Investigation of their topological features and other
properties will be investigated in future research.
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