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ABSTRACT. The Index Generalized Minimal RESidual (IGMRES) algo-
rithm is designed to compute the Drazin-inverse solution of a linear sys-
tem of equations Ax = b, where A is an arbitrary square matrix with
index . If v = 0, then the this method method coincide with Gener-
alized Minimal RESidual (GMRES) method. Also, the k" ideal index
generalized minimal residual polynomial of A is introduced and the roots
of these polynomials are studied. Moreover, by numerical results the con-
vergence rate of these methods are compared by two examples.
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1. Introduction

Let A be an n x n complex matrix. The smallest nonnegative integer « such
that rankAY*! = rankA? is the index of A, and denoted by v = ind(A4). The
Drazin-inverse of A is the unique matrix called, AP, satisfying the following
relations

AVTIAD = A7 AP AAP = AP AAP = AP A.
If A is nonsingular, then AP = A~!. Let b € C". We consider the following
linear system of equations

(1) Az =b.

This system is called singular if v > 0. In [15] the author introduced the
DGMRES method for singular system of equations (1). The Drazin-invese has
many applications in the singular differential equations [2], theory of Markov
chains [2], cryptographic system [10], dynamical systems [16] and iterative
methods in numerical analysis [3,4]. The DGMRES method is an iterative
method to approximate the Drazin-inverse solution of the singular systems (1)
by choosing an arbitrary initial guess x. For more details see [6,9,14,15]. The
kth approximation solution xj of the Drazin-inverse solution is derived by the
Krylov subspace method. In the process of the DGMRES algorithm, the vec-
tors o = xg + Zf;yl e;Alry are generated, where the integer k£ > v + 1, and
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ro = b— Axg. The k' Krylov subspace is introduced in the following. For more
details see [12].

(2) Kr(A, AVrg) := Span{A¥rg, A7 rg,..., A" 1rg), k> 4.

Let r, = b — Az, be the the k' residual. Then 7, = 9 — Zf:«,-u e;Alro,

and A7Vry, satisfies
k
Alr = (I - Z e; AN A rg.
i=vy+1
The coeflicients ey1,ey12,..., e are choosen to minimize the norm of A%ry.
That is,
k
| A7 = min (I ) e;AD)AMrll.
€y +1,€y425--+5€k .
i=vy+1

If ¥ = 0 the DGMRES method coincide to the GMRES method [13].

We know that the Drazin-inverse could be written as a polynomial of A,
so the exact Drazin-inverse solution of Ax = b is derived in at most n —
iterations [15].

By using the Jordan decomposition of an n by n matrix A with index v > 0,
we obtain the following decomposition.

0 N

where P € M, is a nonsingular matrix, E € M, is a nonsingular matrix,
0 <m <n,and N € M,,_,, is a nilpotent of index v [7, p. 185]. Then

(4) Asz[Egl 8}13—1.

(3) AP{E O]Pl,

We know that AP can be written as a polynomial in A [7, p. 186]. Then

EY+1L 0 El 0
S -1 _ -1
A =P |: 0 N’y+1 :| P =P |: 0 0 :| P

The matrix EY*! is invertible and hence by using characteristic polynomial
of EYT1, there exists a polynomial ¢(z) with degree 7 < m — 1 such that
(EYtH=! = ¢(E"*1). Then

E-(+D)

gAY =P [ 0

,
O]Pl,andA"’:P{E O}Pl.
X 0 0

Then for any n x n matrix A with index ~, there exists a polynomial ¢(z) with

degree r < m —1

-1
(5) q(ATThHAT =P { EO 8 ] Pl =AP,

Note that m is the size of the nonsingular part of A and AP could be written
as a multiplication of a polynomial of degree at most m — 1 of A7+! by A7.
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In Section 2, we introduce Index-GMRES (IGMRES) for solving singular
linear systems and in Section 3, we study the k** ideal IGMRES polynomial
of A and In Section 4, we compare the residual errors in the DGMRES and
IDGMRES methods by random matrices.

2. IGMRES

Let A be an arbitrary n by n matrix and b € C™. In this section we introduce
Index GMRES (IGMRES)method based on GMRES and DGMRES methods.
The notion of index numerical range is also investigated in [14]. Note that the
difference between DGMRES and IGMRES are the Krylov subspaces corre-
sponding to them.

Proposition 2.1. [8, Theorem 2] Let A be an arbitrary n by n matriz and
b e C™. A linear system of equations Az = b has a Krylov solution if and only
if b€ R(A"), the range of A7.

Note that we can write the above Krylov solution as the Drazin solution
x = APb. In the following remark, we show that although the linear system
Axz = b may have no solution, but the linear system

(6) AV Hly = A7),
has a solution, where ~ is the index of A.

Remark 2.2. Let A be an arbitrary n by n matrix with index v and b € C™.
Since A7T1AP = A7, the equation A7z = A7b has a solution z = AP (A7b).

Therefore, to compute the Drazin solution of an arbitrary linear systems
of equations Az = b, it is enough to compute the solution of the (consistent)
linear system AY*lx = AYb. Let x¢ be an arbitrary initial guess. Then ro =
ATb — (A7 Tlzg) = AY(b — Axmg) = A7 (ro). By (5), we know that the Drazin-
inverse solution APb = q(A7*+1) A7b, for some polynomial ¢(-) of degree at most
m — 1. Then we consider the following Krylov subspace:

Kr(A ! rg) = span{rg, A" 'rg, A2 Dpg ,A(k_l)(”’ﬂ)ro}.

Note that when v = 0, the above Krylov subspace is the same as the Krylov
subspace in GMRES method. The IGMRES process works as follows: Let

Zo be an initial guess, the initial residual r¢ := b — Axg, If A7rg = 0, then
To is a solution of A"z = A7b. Now, assume 3 = ||A7rg|| # 0. Define
vy := (A7rg)/B. Note that || - || denotes the Euclidean norm for vectors and the

induced operator norm for matrices. The approximate solutions z = zg + 7,
where n € Ki(AY™! v1) is chosen to minimize ||b — Axy||. Arnoldi algorithm
constructs an orthonormal basis {v1, . .., vy} for the Krylov space Ki (A7, vq).
Define Vj, := [v1] - - |ug]. Then

(7) AW = Ve Hia i,
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where Hyt1, € My41£(C) is an upper Hessenburg matrix. Therefore, the
approximate solution x, is of the form x = 2o + Vj&, where & € C*. Then the
residual

rri=b— Az, =b— A((EO +ka) =ryg— AViE.
Note that the linear system Az = b may be inconsistent, so r; may not goes to
zero. But, we know that A7tz = A7b has 2 = APb as a solution. Therefore,
we should consider A7ry instead of 7. By using (7), AVr can be written as

A'Yrk = A’Y’I"o — A'H_lka = A’Y’I“o — Vk+1Hk+1,k£~
Since A'rg = Vj41(Ber), where e; = (1,0,...,0)T € R*, we can write
(8) AVrp = Vip1(Ber — Hiq1 18).

By solving the least squares problem Hj 1 ;£ = Beq, the vector £ can be chosen
to minimize ||A7ry||. Now we state the IGMRES algorithm

Algorithm 1 IGMRES algorithm

Compute comput rg = b — Axg ; v1 = AVrg; B := ||v1|
V1 (= U1 /5
for j =1to k do
wj; = A’YJrlUj
fori=1to j do
hij = (w;,v;)
wj; = wW; — hij’l)l‘
end for
hjy1y = llwjll
if hj+1,j =0 then
k = j break
else
set Vj41 = wj/hjﬂ,j
end if
end for
Form the matrix Hj, € R*E+1)x (k=)
Compute the QR factorization of Hy: Hj, = QuRy; Qr € RETDX(k=7) and
Ry, € RE=Mx(k=7) (R, is upper triangular).
Solve the (upper triangular) system Rz, = 8(Qre1),
where e; = [1,0,...,0]".
Compute ||AYrg|| = ||Ber — QrRizk|| and xp, = 29 + Vi zi.

This GMRES-like implementation is stable numerically, because the errors
are tapered off and do not increase at least for several iterations. In the fol-
lowing, we show that the errors in the IGMRES method are decreasing and
the m*" error is zero. Then the IGMRES method terminates at most after m
iteration, where m is the order of nonsingular part of A as in (3).
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Theorem 2.3. Let A be as in (3) with index v and let m be the order of E as
in (3) and b € C™. Then the residual error in the IGMRES method, AVr,, = 0.
Therefore, the IGMRES method terminates at most after m iterations.

Proof. In IGMRES method, we are looking to find the Drazin-inverse solution
APb of the linear system Az = b or the exact solution of A7 Tlx = A7,
By (5), there exists a polynomial ¢(x) of degree at most m — 1 such that
AP = g(AThHAY.

m—1
A5 = A7 (b — A = it ey, JAT(b — Ao + 3 e AT ATrg)|
=0
m—1 .
gy, [ A7 — ATH <Z eiA’”“)) Ao
1=0

< [|A7rg — AT g(ATF) AVro|| < [[(AY = ATFEAP) o] = 0. O

Remark 2.4. Note that the order of convergence for the constructed sequence
zi, in the IGMRES method is O(kyn?), where n is the size of matrix A, v is
the index of A and k is the number of iterations. This order is the same as
DGMRES method.

3. kt" ideal IGMRES polynomial

Let A and P be as in (3) and let P = QR be the QR decomposition of P.
Then by using this Q R decomposition, we obtain
o E 0 —1% FE * *
) a=or| ¢y |rte=a| ¢ e

where E and N are m X m nonsingular and n —m X n — m nilpotent matrices,
respectively.

Let A be as in (9) with index 7. The IGMRES algorithm described in Section
2 generates vectors xg, k = 1,2,...,m, of the form x; = xo—i-Zf:l e; AT g
The k' residual ry, := b — Az, = ¢ — Zle e; A"ty Then

k
Ay = (In Y Ai(7+1)> A,

i=1

The coefficients ey, ..., e are chosen to minimize ||A7r]|.
k
(10) A 7]l = min [[(I = > e; AT ATr||.
€1,.-,€k

i=1

From (9) and (10),

(11) |AYr:|| = min

€1,..,€L

_ Sk o pitv+1)
o[ T+ T,
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Note that the first m columns of @) form an orthonormal basis for the range
of A7 and the remaining n — m columns of ) form an orthonormal basis for
the orthogonal complement of the range of AY. Then the last n — m entries of
Q*A7rg are zeros and the first m entries of the vector Q*A7rq is denoted by
fo € R™ ie. Q*AVrg = (79,0,_m)T (see [6]).

k
1A ]l = min [[(1n =Y e 2O
€1,...,€L =1

k
< min (Lo — 3 eE O o]l
=1

Since || - || is unitary invariant norm, ||7o|| = ||Q*A7ro|| = ||A7r¢||. Therefore,
k
(12) | AV ri||/[[A7 7ol < min |1, — Z eiEl(’YJrl)H.
€1,..,€k P

Since E7*! is nonsingular, we obtain that the minimum in (12) is obtained.
The bound in (12) is called the k" ideal residual norm bound for IGM-
RES. Note that this bound is the same as the k' ideal residual norm bounds
for GMRES, when the algorithm is applied to a problem with the nonsin-
gular coefficient matrix FOtY) and initial residual 7. If mine, ey || Im —

¥ ;B0 > 0, then the coefficients e1, ..., ex are uniquely determined
i=1
[11]. Therefore, there exist €1, ..., €, such that
k k
; _ i+ — _ 5. pri(y+1)
i 1= 3B = 1= 3

Therefore, the following upper bound for the relative error in the k" iteration
of the IGMRES method is obtained.

k
| A7 || J—
< I—E & Bt
HA’YTOH = || vt 4 ||

(13)

Now, we define the following polynomial as the k**— ideal IGMRES poly-
nomial of A.

(14) p(x) =1+ ezt 4+ &,220F) g gbOFD),

Note that the k" — ideal GMRES polynomial of EO+D) is as follows:
(15) q(x) =1+ &1z + éx2® + - - - + Epa”.

3.1. The roots of the k" ideal IGMRES polynomial. In this subsection,
we compute the roots of k*" ideal IGMRES polynomial of A. First, we define
the Ritz and harmonic Ritz values of square matrix A.
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Definition 3.1. Let A be an n x n matrix and let V be a k-dimensional
subspace of C", and let the columns of V € C"** form an orthonormal basis
for V. The eigenvalues of V*AV are called the Ritz values of A with respect
to V. These values are independent of the orthonormal basis V' for V. Also,
if A is an invertible, then the harmonic Ritz values are the reciprocals of the
(ordinary) Ritz values of A~ computed from V.

Now, for singular matrix A, we define the harmonic Ritz values as follws:

Definition 3.2. Let A be an n x n matrix with ind(A) = v and let V' be a
linear subspace of range of AY. Then p is a harmonic Ritz value of A with
respect to V if =t is a Ritz value of AP with respect to V if (APv —p~1tv) L
V, for some 0 £ v € V.

Note that if A is a nonsingular matrix, then v = 0 and A” = A~!. Then
the above definition coincide with the definition of harmonic Ritz values for
nonsingular matrices. For more details see [1,5]

Let A be a nonsingular n x n matrix. Kim-Chuan Toh in his Ph.D. thesis [17,
Theorem 5. 11] shows that the roots of the ideal GMRES polynomials of A are
the harmonic Ritz values of A. In the following, we extend this theorem for
any n X n matrix A.

Theorem 3.3. Let A be an n x n matriz with ind(A) = ~. Then the roots
of the k' ideal IGMRES polynomial of A are in the set of all (y + 1)1
roots of the harmonic Ritz values of A corresponding to the Krylov subspace
{AYrg, AP (AVry), ..., AF=DO+D (ATr)Y, where 7o = b — Azg and g is the
initial guess.

Proof. Let p(x) := 1 4 é127! 4 &220+D) ... 4 6,270+ be the k' —
ideal IGMRES polynomial of A. By (15), ¢(z) = 1 + é12 + &2 + - - + &a”
is the k''-ideal GMRES polynomial of EY*!. Toh in [17, Theorem 5. 11]
shows that the roots of ¢(x) are the harmonic Ritz values of EYT! corre-
sponding to the E*—Krylov subspace Span{vg, EYt1wy,..., BEOTDE=1)41
where vg € R(AY). Therefore, the roots of p(x) are the (y + 1) roots of
the harmonic Ritz values of E7*! corresponding to the k" Krylov subspace
{g, EYt17g, ..., EO+TDE-Da O

4. Numerical Results

In the following two examples the residual errors and CPU times in the
DGMRES and IGMRES methods are compared.

E 0
0 N
N € Cr=mxn=" pe the Jordan block with index n —m and b € C". In the
following figures, we depict the residual errors of DGMRES and IGMRES for
different values of n and m. In Figure 1-(a) we consider n = 100 and m = 97.
The CPU times of the IGMRES method is 0.0872 sec. and the CPU times of

Example 4.1. Let A = [ , where E € C™*™ be a random matriz,
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the DGMRES method is 0.0811 sec. In Figure 1-(b) we consider n = 20 and
m = 18. The CPU times of the IGMRES method is 0.0181 sec. and the CPU
times of the DGMRES method is 0.0116 sec.

icual nom

Residualnom

!
FIGURE 1. (a) (b)
E 0 , ,
Example 4.2. Let A = 0 N } , where E=gallery(’smoke’,m) from Matlab

gallery, N € C*~"*"="™ pe the Jordan block with index n —m and b € C™. In
the following figures, we depict the residual errors of DGMRES and IGMRES
for different values of n and m. In Figure 2-(a) we consider n = 50 and m = 47.
The CPU times of the IGMRES method is 0.0342 sec. and the CPU times of
the DGMRES method is 0.0311 sec. In Figure 2-(b) we consider n = 30 and
m = 27. The CPU times of the IGMRES method is 0.0244 sec. and the CPU
times of the DGMRES method is 0.0170 sec.

DGMRES and IGMRES DGMRES and IGMRES

residual norm

FIGURE 2. (a) (b)

In the following example by using the IGMRES method, the Drazin invese
solution of Ax = b is obtained, where A is 4 x 4 matrix and b is an arbitrary
vector in R,
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E 0
0 N
0 1
0 0
arbitrary vector in R*. Then by choosing the initial guess xo = 0, the residual

ro = b— Axg = b and ro = A%(b). So, the Krylov subspace corresponding to
IGMRES method is

Example 4.3. Let A = [ }, where E=gallery(’smoke’,2)= [ _11 } }

from Matlab gallery, N = [ ] be the Jordan block with index 2 and b be an

ICQ(A37 I‘0) = SPG,TL{I‘(), AS(I‘())}.

3
Note that A3 = [ ES 0 ] . By using (5), E=3 = q(E3), where q(z) = 3z and

0
hence
E! 0 _ 1] -1 1
D _ A3\ 42 _ 1_ 1
A—q(A)A—[ 0 0},wher€E —2{1 1}

Therefore, the Drazin solution APb € Kqo(A3, o), which means that the IGM-
RES method find the solution after two iteration.

5. Conclusion

A new iterative method IGMRES is introduced to obtain the Drazin inverse
solution of the singular system of equations Az = b. In this method we are
using a new Krylov subspace. The convergence and the bounds for the relative
errors of IGMRES are investigated. The k" ideal IGMRES polynomial as
the upper bound for the relative error of the IGMRES and the harmonic Ritz
value for singular matrices are introduced and the roots of these polynomials
are studied. Although the CPU time in DGMRES method is a little bit less the
CPU time in IGMRES method, but the convergence rate of IGMRES method
is faster than DGMRES method, see Example 4.2.
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