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ABSTRACT. In this paper, we define the concept of J-hyperideals which
is a generalization of n-hyperideals. A proper hyperideal I of a multi-
plicative hyperring R is said to be a J-hyperideal if z,y € R such that
z oy C I, then either x € J(R) or y € I. We study and investigate the
behavior of the J-hyperideals to introduce several results. Moreover, we
extend the notion of J-hyperideals to quasi J-hyperideals and 2-absorbing
J-hyperideals. Various characterizations of them are provided.
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1. Introduction

The importance of the prime ideal in commutative rings has encouraged
several authors to expand this notion. In [22] Tekir et al. defined the concept
of n-ideals and they investigated many properties of the new class of ideals with
similar prime ideals. Afterward, Hani et al. presented the notion of J-ideals
as an extension of n-ideals in [15]. A proper ideal I in a ring R is said to be
a J-ideal if xy € I for x,y € R such that = is not in the intersection of all
maximal ideals of R, then y € [.

In 1934, at the 8th Congress of Scandinavian Mathematicians, a new theory
was introduced about algebraic systems by Marty [16]. He defined the hyper-
groups and began to investigate their properties with applications to groups,
algebraic functions and rational fractions. Later on, many researchers have
worked on this new field of modern algebra and developed it. The multiplica-
tive hyperring, as an important class of hyperrings, was introduced by Rota in
1982 [20]. In this hyperring, the multiplication is a hyperoperation, while the
addition is an operation. In 1990, the strongly distributive multiplicative hy-
perrings were characterized by Rota [19]. The polynomials over multiplicative
hyperrings were studied by Procesi and Rota in [17]. Ameri and Kordi intro-
duced the notions of clean multiplicative hyperring and regular multiplicative
hyperring, as two generalizations of classical rings, in [3] and [4]. The concept of
derivation on multiplicative hyperrings was introduced by Ardekani and Davvaz
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n [14]. Ameri et al. [5] have studied the notion of hyperring of fractions gen-
erated by a multiplicative hyperring. Soltani et al. introduced zero-divisor
graphs of a commutative multiplicative hyperring, as a generalization of com-
mutative rings [21]. The codes over multiplicative hyperrings were studied by
Akbiyik [1]. The notion of primeness of hyperideal in a multiplicative hyperring
was conceptualized by Procesi and Rota in [18]. The notions of prime and pri-
mary hyperideals in multiplicative hyperrings were fully studied by Dasgupta
in [9]. The concept of S-prime hyperideals in multiplicative hyperrings as a
generalization of prime hyperideals was studied in [13]. Ghiasvand introduced
the concept of 2-absorbing hyperideals in a multiplicative hyperring which is
a generalisation of prime hyperideals [12]. In [23], Ulucak defined the notion
of §-primary hyperideals in multiplicative hyperrings, which unifies the prime
and primary hyperideals under one frame. Recently, we introduced the notions
of n-hyperideals and r-hyperideals in a multiplicative hyperring [8]. Let R be
a multiplicative hyperring with identity 1. A hyperideal I of R refers to an
n-hyperideal if z,y € R and xoy C I imply either z is in the intersection of all
prime hyperideals of R or y is in I. The intersection of all maximal hyperideals
of R is denoted by J(R). By Proposition 2.18 in [9], all maximal hyperideals are
prime. Thus the intersection of all prime hyperideals of R is contained in J(R).
Our aim in this paper is to introduce and study the concept of J-hyperideals
which is a generalization of n-hyperideals. This generalization offers a broader
perspective on hyperideal structures within multiplicative hyperrings, provid-
ing a new context for investigating hyperideal properties beyond n-hyperideals.
Furthermore, we define two generalizations of J-hyperideals in a multiplicative
hyperring. The paper is organized as follows. In Section 2, we give some basic
definitions and results of multiplicative hyperrings which we need to develop
our paper. In Section 3, we introduce the concept of J-hyperideals and discuss
their relations with some other types of hyperideals. Moreover, we investigate
the behavior of J-hyperideals under a good homomorphism. In Section 4, we
study a generalization of the J-hyperideals which is called quasi J-hyperideals.
We present a characterization of local multiplicative hyperrings in terms of
quasi J-hyperideals. In Section 5, we extend the notion of J-hyperideals to
2-absorbing J-hyperideals and give some properties of them.

2. Preliminaries

We first recall the basic terms and definitions from the hyperring theory [11].
A hyperoperation on a non-empty set G is a map o : G x G — P*(G), where
P*(G) is the set of all the non-empty subsets of G. An algebraic system (G, o)
is called a hypergroupoid. A hypergroupoid (G, o) is called a hypergroup if it
satisfies the following:

(1) ao(boc)=(aob)oc,forall a,b,c € G.

(2) aocG=Goa=G,forall a €.
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A hypergroupoid with the associative hyperoperation is called a semihyper-
group [11]. A non-empty set R with an operation + and a hyperoperation o is
called a multiplicative hyperring if it satisfies the following:

(1)(R,+) is an abelian group;

(2)(R, o) is a semihypergroup;

(3) for all a, b, ¢ € R, we have ao(b+c) C aob+aoc and (b+c)oa C boa+coaq;

(4) for all a,b € R, we have ao (=b) = (—a)ob= —(aob).

Let (R,+,0) be a multiplicative hyperring. If aob = boa for all a,b € R,
then R is said to be commutative [9]. An element 1 of R is called identity if
a € aol for all a € R [5]. Throughout this paper all multiplicative hyperings
are commutative with identity 1. Let A and B be non-empty subsets of R and
r € R. Then we define

AoB = U zoy, Aor=-Ao{r}
z€A, yeB

[9] A non-empty subset I of a hyperring R is a hyperideal if
(i) Ifa,bel, thena—bel,;
(ili) xzelandre R, thenrox CTand zor C 1.

Definition 2.1. [11] Let (Ry,+1,01) and (R, +2,02) be two hyperrings. A
mapping from R; into Rs is said to be a good homomorphism if for all x,y € R,

Az +1y) = ¢(x) +2 ¢(y) and ¢(z 01 y) = ¢() 02 P(y).

Definition 2.2. [9] A proper hyperideal P of R is called prime if xoy C P for
x,y € R implies that z € P or y € P. The intersection of all prime hyperideals
of R containing I is called the prime radical of I, being denoted by /1. If
the hyperring R does not have any prime hyperideal containing I, we define

VI=R.

Definition 2.3. [5] A proper hyperideal I of R is mazimal if for any hyperideal
Jof Rwith I CJ C Rthen J=1or J = R. Also, we say that R is a local
hyperring if it has just one maximal hyperideal. For a hyperring R we define
the Jacobson radical J(R) as the intersection of all maximal hyperideals of R.
Moreover, if I is a proper hyperideal of R, then the Jacobson radical J(I) is
defined as the intersection of all maximal hyperideals of R containing I.

Let C be the class of all finite products of elements of R i.e. C = {r; o
rgo..or, : 1, € Ron € N} C P*(R). A hyperideal I of R is said to be
a C-hyperideal of R if for any A € C,ANI # @& implies A C I. Let I be a
hyperideal of R. Then, D C v/T where D = {r € R:r™ C I for some n € N}.
The equality holds when I is a C-hyperideal of R (see[9, Proposition 3.2]).

Definition 2.4. [5] An element = € R is called a unit, if there exists y € R
such that 1 € z oy. Denote the set of all unit elements in R by U(R).

Definition 2.5. [2] An element x € R is said to be a zero divisor, if there
exists 0 # y € R such that {0} = x oy. The set of all zero divisors in R is
denoted by Z(R).
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Definition 2.6. [5] Let I and J be hyperideals of R and « € R. Then define:
(I:a)={reR:roaClI}
ann(z) ={y € R:xoy ={0}}

3. J-hyperideals
In this section, we introduce and study the concept of J-hyperideals.

Definition 3.1. Let I be a proper hyperideal of a hyperring R. We call I a
J-hyperideal if x,y € R with z oy C I, then either x € J(R) or y € I.

Example 3.2. Let Z be the ring of integers. For all a,b € Z, we define the
hyperoperation a o b = {axb | x € A} where A = {2,3}. Then (Za,+,0)
is a hyperring in which Zs = 7Z. In the hyperring, every principal hyperideal
generated by a prime integer is a J-hyperideal. Now, let A = {14,21}. Then the
principal hyperideal (7) is not a J-hyperideal. Because, 101 = {14,21} C (7),
but neither 1 € (7) nor 1 € J(Z).

Example 3.3. Consider the ring of integers (Z,+,-). Let x be an indetermi-
nate. Assume that R = 7 + 3zZ[z]. For all a, 8 € Z, we define the hyperop-
eration a o § = {2af,4ap}. Consider the hyperideal I = 3xZ[x]. Then I is a
J-hyperideal of R.

Proposition 3.4. If I is a J-hyperideal of R, then I is contained in J(R).

Proof. Assume that I is a J-hyperideal of R such that it is not contained
in J(R). Let z € I but x ¢ J(R). Since I is a hyperideal of R, we have
xol C 1. Since I is a J-hyperideal of R and = ¢ J(R), we get 1 € I which is
a contradiction. Thus, I is contained in J(R). O

The converse of Proposition 3.4 may not be always true as it is shown in the
following example.

Example 3.5. Assume that My and Ms are the only maximal hyperideals of
R. Then there are x € My and y € My such that © ¢ Ms and y ¢ M. Thus
we conclude that xoy C MyNMs and so (xoy) C MyNMs. Since x,y ¢ (xoy)
and x,y ¢ J(R), (x oy) is not a J-hyperideal of R.

Theorem 3.6. For a hyperring R, the following statements are equivalent:
(i) R is a local hyperring.
(ii) FEwvery proper hyperideal of R is a J-hyperideal.
(iii) Ewery proper principal hyperideal of R is a J-hyperideal.

Proof. (i) = (ii) Suppose that I is a proper hyperideal of R and M is the only
maximal hyperideal of R. So J(R) = M. Let x oy C I for some z,y € R such
that x ¢ M. Therefore, x € U(R). Hence, we have y € loy C (z tox)oy =
r 1o (roy) CI. Thus I is a J-hyperideal of R.

(iil)= (iii) Obvious.
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(iii)=> (i) Let every proper principal hyperideal of R be a J-hyperideal.
Suppose that the hyperideal M of R is maximal. Let x € M. Since the
principal hyperideal (x) is a J-hyperideal and z o1 C (), we get « € J(R) or
1 € (z). In the second case, we have a contradiction. Then x € J(R) and so
J(R) = M. Thus, R is a local hyperring. O

Recall from [8] that a proper hyperideal I of R is said to be an n-hyperideal
if zoy C I, then z € /0 or y € I for any z,y € R.

Proposition 3.7. Let R be a hyperring. If I is an n-hyperideal of R, then it
is a J-hyperideal.

Proof. Let oy C I for some z,y € R such that ¢ J(R). By Proposision
2.18 in [9], we have v/0 C J(R). Therefore, = ¢ +/0. Since I is an n-hyperideal
of R, we obtain y € I. Thus, [ is a J-hyperideal of R. O

Theorem 3.8. Let R be a local hyperring such that /0 S J(R). Then J(R)
is a J-hyperideal of R which is not an n-hyperideal.

Proof. Let R be a local hyperring. By Theorem 3.6, the hyperideal J(R) of R
is a J-hyperideal. Let x € J(R) —+/0. Then we get 2 01 C J(R) such that
x ¢ +/0and 1 ¢ J(R). This implies that J(R) is not an n-hyperideal of R. [

Recall from [8] that a proper hyperideal I of R is said to be a r-hyperideal
if forall z,y € R, zoy C I and ann(z) = {0}, theny € I .

Theorem 3.9. Let R be a hyperring with Z(R) C J(R). If I is a r-hyperideal
of R, then I is a J-hyperideal.

Proof. Let I be a r-hyperideal of R. Suppose that x oy C I for some z,y € R
such that « ¢ J(R). Since Z(R) C J(R), then = ¢ Z(R) which implies
ann(xz) = {0}. Since I is a r-hyperideal of R, we get y € I. Thus, I is a
J-hyperideal of R. O

The proof of the following proposition is easy.

Proposition 3.10. Let {I;};,ca be a non-empty set of J-hyperideals of R.
Then (;ca Ii is a J-hyperideal of R.

Theorem 3.11. Let I be a proper hyperideal of R. Then the following state-
ments are equivalent:
(i) I is a J-hyperideal of R.
(ii) I=(:x) for every x ¢ J(R).
(iii) Iy oIy C I for some hyperideals Iy and Iy of R implies that Iy C J(R)
or I, C 1.

Proof. (i) = (ii) Let I be a J-hyperideal of R. It is clear that I C (I : ) for
all z € R. Assume that y € (I : z) such that = ¢ J(R). This means z oy C I.
Since I is a J-hyperideal of R and = ¢ J(R), we get y € I. Thus, we have
I=(I:x).
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(ii) = (iii) Let I; o Iy C I for some hyperideals I; and I3 of R such that
Iy ¢ J(R). Therefore, we get « € Iy such that ¢ J(R). Hence, z oI, C T
and so Iy C (I : x). Since I = (I : z), we obtain Iy C I.

(ili) = (i) Let z oy C I for some z,y € R such that = ¢ J(R). By
Proposition 2.15 in [9], we have (z) o (y) C (zoy) C I but (z) ¢ J(R). Then
we get (y) C I which implies y € I. Thus, I is a J-hyperideal of R. O

Theorem 3.12. Let I be a proper hyperideal of R. Then I is a J-hyperideal
of R if and only if (I :y) C J(R) for everyy ¢ I.

Proof. = Let « € (I : y) such that y ¢ I. So, xoy C I. Since I is a
J-hyperideal of R, then z € J(R).

<= Let z oy C I for some z,y € R such that ¢ J(R). If y ¢ I, then
x € (I:y) C J(R), by the hypothesis. This is a contradiction. Therefore,
y € I. Thus, I is a J-hyperideal of R ]

Lemma 3.13. Let I be a hyperideal of R and let T be a non-empty subset of
R such that T ¢ I. If I is a J-hyperideal of R, then (I : T) is a J-hyperideal
of R.

Proof. Let (I: T)=R. Then1 € (I:T)andsoT C I. This is a contradiction.
Hence, (I : T) is a proper hyperideal of R. Suppose that x oy C (I : T) for
some z,y € R such that z ¢ J(R). This implies that z oy ot C I for all
t € T. Then we get yot C I for all t € T as I is a J-hyperideal of R. Thus
ye(I:T). O

Theorem 3.14. Suppose that I is a J-hyperideal of R such that there is no
J-hyperideal which contains I properly. Then I is a prime hyperideal.

Proof. Let zoy C I for some z,y € R such that ¢ I. By Lemma 3.13, (I : z)
is a J-hyperideal of R. If y ¢ (I : z), then y oz ¢ I which is a contradiction
with the assumption z oy C I. Thus, I is a prime hyperideal. O

The next theorem shows that the converse of Theorem 3.14 is true if [ =
J(R).

Theorem 3.15. Let the hyperideal J(R) of R be prime. Then J(R) is a J-
hyperideal of R such that there is no J-hyperideal which contains J(R) properly.

Proof. Suppose that I = J(R). Let x oy C I for some z,y € R such that
x ¢ J(R). Since I is a prime hyperideal of R, then y € I = J(R) and so the
hyperideal J(R) of R is a J-hyperideal. By Proposition 3.4, we conclude that
there is no J-hyperideal which contains I properly. O

Proposition 3.16. Let H be a hyperideal of R such that H ¢ J(R). Then
(i) If Ay and As of R are J-hyperideals such that Ay o H = Ag o H, then
Al = As.
(ii) IfIo H is a J-hyperideal for some hyperideal I of R, then I o H = I.
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Proof. (i) It is clear that A; o H = Ay o H C Ay. By Theorem 3.11, we obtain
A; C Ay as the hyperideal Aj is a J-hyperideal. By a similar argument we get
As C Ay. Thus A; = As. (ii) Since I is a hyperideal of R, then T o H C I.
Let the hyperideal I o H of R be a J-hyperideal. Since I o H C I o H and
H ¢ J(R), we have I C I o H, by Theorem 3.11. Thus, o H = I. O

Theorem 3.17. Let (Ry,+1,01) and (Ra,+2,02) be two hyperrings and ¢ :
Ry — Rs be a good epimorphism.
(i) If I is a J-hyperideal of Ry such that Ker¢ C J(Ry), then ¢~ 1(I5)
is a J-hyperideal of R;.
(ii) If the C-hyperideal I is a J-hyperideal of Ry such that Ker¢ C I,
then ¢(I1) is a J-hyperideal of Rs.

Proof. (i) Let I is a J-hyperideal of Ry. Suppose that zo1y C ¢~ !(I3) for some
x,y € Ry such that ¢ J(Ry). This implies that ¢(z) og ¢(y) = ¢p(x o1 y) C L.
Let M be a maximal hyperideal of Ry and ¢(z) € J(Rz). Then ¢(M) is a
maximal hyperideal of Ry which implies ¢(z) € ¢(M). Since Ker¢ C M, then
we have x € M and so z € J(R;), a contradiction. Therefore ¢(z) ¢ J(Rz).
Now, we have ¢(y) € Iy as I5 is a J-hyperideal of Ry. Then we conclude that
y € ¢~ 1(I2). Thus, ¢~ 1(I3) is a J-hyperideal of R;.

(11) Let x9 09 Y2 € ¢(Il) for some X2, € R5 such that zo ¢ J(Rg) Then
for some x1,y1 € Ry we have ¢(x1) = x2 and ¢(y1) = y2. So ¢(x1) o2 d(y1) =
d(x10191) C ¢d(I1). Now, take any u € z10y;1. Then ¢(u) € ¢p(x10y1) C ¢(I1)
and so there exists w € I such that ¢(u) = ¢(w). This means ¢p(u — w) = 0,
that is, u —w € Ker¢ C I and then u € I;. Since I; is a C-hyperideal of Ry,
then we get x1 o1 y1 C I;. Since ¢(J(R1)) C J(Rs2), then z1 ¢ J(Ry). Hence,
we have y; € I as I is a J-hyperideal of Ry. Thus, yo = ¢(y1) € ¢(I1). Tt
follows that ¢(I1) is a J-hyperideal of Rs. O

Corollary 3.18. Let H and I be C-hyperideals of R such that H C I.
(i) If I is a J-hyperideal of R, then the hyperideal I/H of R/H is a
J-hyperideal.
(ii) If the hyperideal I/H of R/H is a J-hyperideal such that H C J(R),
then I is a J-hyperideal of R.
(iil) If H is a J-hyperideal of R and the hyperideal I/H of R/H is a J-
hyperideal, then I is a J-hyperideal of R.

Proof. (i) Define the natural epimorphism = : R — R/H by n(z) = = + H.
Since Kerm C I, we conclude that w(I) = I/H is a J-hyperideal of R/H, by
Theorem 3.17 (ii).

(ii) Let us consider the natural epimorphism mentioned in (i). Since H C
J(R), we conclude that 7=1(I/H) is a J-hyperideal of R by Theorem 3.17 (i).
Consequently, I is a J-hyperideal of R.

(iii) This can be proved by using (ii) and Proposition 3.4. O
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Definition 3.19. A non-empty subset S of R containing R — J(R) is called a
J-multiplicatively closed subset if x oy C S for every x € R — J(R) and every
y€eS.

Example 3.20. Suppose that Zs = {0,1,2,3}. Then (Z4,+,0) is a multiplica-
tive hyperring with “+7 and “o” defined by

#0123 o]0 I 5 3
0[0123 0] {0 0 )
il1230 1|{0 (.3} {2y (L3
212301  2|{0) 2} (0} 21
313012 3| {0) 1,3y {2} {13}

In the hyperring, S = {1,3} is a J-multiplicatively closed subset.

Proposition 3.21. Let I be a proper hyperideal of R. Then I is a J-hyperideal
if and only if R — I is a J-multiplicatively closed subset of R.

Proof. = Let I be a proper hyperideal of R. By Proposition 3.4, we conclude
that R—J(R) C R—1I. Suppose that x € R—J(R) and y € R—I. To establish
the claim, suppose, on the contrary, that oy C I. From =z € R — J(R) it
follows that y € I as I is a J-hyperideal of R. This is a contradiction. Hence
zoy C R— I as needed.

<= Let z oy C I for some z,y € R such that ¢ J(R). If y ¢ I, then we
conclude that x oy € R — I. Thus, we arrive at a contradiction. Therefore
y € I and so I is a J-hyperideal. O

Theorem 3.22. Let S be a J-multiplicatively closed subset of R and I be a
hyperideal of R disjoint from S. Then there exists a hyperideal Q which is
maximal in the set of all hyperideals of R disjoint from S, containing I. Any
such hyperideal @ is a J-hyperideal of R.

Proof. Let T be the set of all hyperideals of R disjoint from .S, containing I.
From I € T it follows that T # @. T is a partially ordered set with respect to
set inclusion relation. Assume that I; C Is C --- is some chain in Y. Clearly,
U2, I; is a hyperideal of R such that (U2, ;)NS = &. Thus U2, I; is an upper
bound of the mentioned chain. By Zorn’s lemma, there is a hyperideal () which
is maximal in Y. Suppose that @ is not a J-hyperideal of R. Let zoy C @
such that € R — J(R) and y € R — Q. Therefore we have Q G (Q : x). Since
@ is a maximal element of T, then (Q : ) NS # @. Let t € (Q : z)NS.
Then tox C QNS and so QNS # &. Thus we arrive at a contradiction.
Consequently, @ is a J-hyperideal of R. O

Let (Ry,+1,01) and (Rg,+2,02) be two hyperrings with nonzero identity.
Recall (Ry x Ra,+,0) is a hyperring with the operation + and the hyperoper-
ation o are defined respectively as (x1,x2) + (y1,¥y2) = (1 +1 y1, 22 +2 y2) and
(¥1,22) © (y1,42) = (101 y1) X (w2 02 42) [23].
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Theorem 3.23. Let Ry and Ry be two hyperrings with nonzero identity. Then
R1 X Ry has no J-hyperideals.

Proof. Let I; x Iy is a J-hyperideal of Ry x Ry for some hyperideals Iy, I5 of
Ry, Rs. Since (0,0) € (1,0) o (0,1) NIy X I3, then (1,0) 0 (0,1) C I; X I5. Let
(1,0), (0,1) € J(Ry x Ry). Then (1,0) = (1,1)—(0,1) and (0,1) = (1,1)—(1,0)
are unit elements of Ry x Ry. Therefore we conclude that (1,0), (0, 1) are not in
J(Ry % Ry). Thus, (1,0),(0,1) are in I; x I». So, (1,1) = (1,0)+(0,1) € I; x I»
andso]lenglng. O

Definition 3.24. A proper hyperideal I of R is said to be J-primaryifz,y € R
and xoy C I, thenx € J(I)ory e I.

Example 3.25. Consider the set of integers Z with ordinary addition “ +”
and hyperoperation “o” defined by a o b = {2ab,3ab}. Then (Z,+,0) is a
multiplicative hyperring. (2) and (3) are J-primary hyperideals of Z. The
hyperideal {6) is not J-primary. In fact, 203 C (6) but 2,3 ¢ (6) and 2,3 ¢
J((6))-

Theorem 3.26. Let I be a hyperideal of R with I C J(R). Then I is a
J-hyperideal if and only if I is J-primary.

Proof. = Let I be a J-hyperideal of R. Suppose that x oy C I for some
x,y € R such that x ¢ J(I). This means x ¢ J(R) as J(R) C J(I). Since I is
a J-hyperideal of R and x ¢ J(R), we get y € I. Consequently, the hyperideal
I is J-primary.

<= Suppose that the hyperideal I of R is J-primary. Let x oy C I for some
x,y € R such that © ¢ J(R). By the hypothesis, we have J(I) C J(R). This
implies that « ¢ J(I). Since I is a J-primary hyperideal of R and = ¢ J(I),
then we get y € I. Thus, I is a J-hyperideal. g

4. quasi J-hyperideals

In this section, we define the concept of quasi J-hyperideals as a generaliza-
tion of J-hyperideals.

Definition 4.1. A proper hyperideal I of R is called a quasi J-hyperideal if
VT is a J-hyperideal.

Example 4.2. In Exzample 3.2, the hyperideals (2) and (3) are quasi J-hyperideals.
The hyperideal (12) is not a quasi J-hyperideal. In fact, 304 = {24,36} C (12),

but 3,4 ¢ /(12) = (2) N (3) and 3,4 ¢ J(Z).
Proposition 4.3. Let I be a quasi J-hyperideal of R. If x o H C I for some
hyperideal H of R and some element x € R, then x € J(R) or H C \/I.

Proof. Let I be a quasi J-hyperideal of R. Suppose that x o H C I for some
hyperideal H of R and some element a € R such that ¢ J(R). By Theorem
3.11, we get VI = (VT:2). Since HC (I:2)C (VI:z),then HCVI. O
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Theorem 4.4. Let R be a hyperring and I be a proper hyperideal of R. Then
the following are equivalent:
(i) I is a quasi J-hyperideal of R.
(ii) If HoT C I for some hyperideals H and T of R, then H C J(R) or
TCVI.
(iii) Ifzoy C I for some x,y € R, then x € J(R) ory € VI.

Proof. (i)= (ii) Let H o T C I for some hyperideals H and T of R such that
H ¢ J(R). Take x € H such that x ¢ J(R). Clearly, zoT C I. Since I is a
quasi J-hyperideal of R and z ¢ J(R), then T C /I, by Theorem 4.3.

(ii) = (iii) Let x oy C I for some z,y € R. Put H = (x) and T = (y).
Hence, (z) o (y) C (xoy) C I. By the assumption, we get z € (x) C J(R) or
yely) CICVI

(iii) = (i) Let x oy C V/T for some x,y € R such that ¢ J(R). This
means we have (z oy)” = 2" oy™ C I for some n € N. Since z ¢ J(R), we
obtain ™ ¢ J(R). Take t € 2™ — J(R). If y ¢ /I, then y™ ¢ I for all n € N,
Assume that s € y™ — I. Since tos C I and s ¢ v/I, we conclude that t € J(R)
which is a contradiction. Thus y € v/T as needed. ]

Theorem 4.5. Let I be a proper hyperideal of R. Then I is a quasi J-
hyperideal of R if and only if I C J(R) and for z,y € R, x oy C I implies that
zeJ) oryeVI.

Proof. = Let /T be a J-hyperideal of R. By Proposition 3.4, we have v/I C
J(R). Since I C /I, we get I C J(R). Let zoy C I for some x,y € R. Then we
have z oy C V/I. Since VT is a J-hyperideal of R, we obtain z € J(R) C J(I)
ory €I

<= Let xzoy C I such that x ¢ J(R). By the hypothesis, we get J(I) C J(R)
which implies « ¢ J(I). Hence, we have y € vI. We conclude that the
hyperideal I of R is a quasi J-hyperideal. O

Lemma 4.6. Let I be a hyperideal of R and S be a subset of R with S € J(R).
If I is a quasi J-hyperideal of R, then (VT :8) C /(I:89).

Proof. Let z € (v/I:S). Then 0 S C /1. Since z0 S = Uyes @ oy, we have
zoy C /I for every y € S. Since S ¢ J(R), then there exists z € S—.J(R) such
that z o z C V/I. Since v/T is a J-hyperideal of R, we get z € v/I. Therefore
for some n € N, ™ C I. This implies that " C (I : ) and so z € /(I : S).
Consequently, (VT :S) C \/(I:8S). O

Theorem 4.7. Let I be a C-hyperideal of R and S be a subset of R such that
S ¢ J(R). If the hyperideal I of R is a quasi J-hyperideal, then so is (I : S).

Proof. 1t is clear that (I : S) is a proper hyperideal of R. Let zoy C (I : S) for
some z,y € R such that z ¢ J(R). Then zoyoS C I. Now we have zor C I for
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all 7 € yoS. By Theorem 4.4, we get r € V/I. Since yoSNVT # @ and I is a C-
hyperideal, then we conclude that 3 o S C v/I. This means y € (v/T : S) which
implies y € /(I : S), by Lemma 4.6. Thus, (I : S) is a quasi J-hyperideal of
R. O

Theorem 4.8. Let I be a C-hyperideal of R. Let I be a quasi J-hyperideal
such that there is mo quasi J-hyperideal which contains I properly. Then the
hyperideal I of R is a J-hyperideal.

Proof. Let x oy C I for some z,y € R such that z ¢ J(R). By Theorem
4.7, we conclude that (I : x) is a quasi J-hyperideal of R. Since I C (I : x),
then I = (I : z), by the hypothesis. Thus, we get y € I. Consequently, the
hyperideal I of R is a J-hyperideal. 0

Corollary 4.9. Let J(R) be a C-hyperideal of R. J(R) is a J-hyperideal if
and only if J(R) is a quasi J-hyperideal.

Proposition 4.10. Let M be a mazimal hyperideal of R. If (a ob) is a quasi
J-hyperideal of R for each a,b € R, then so is M.

Proof. Straightforward. 0

Theorem 4.11. Let R be a hyperring. Then every mazimal hyperideal of R is
a quasi J-hyperideal if and only if R is a local hyperring.

Proof. = Let the maximal hyperideal M of R be a quasi J-hyperideal. Then
VM is a J-hyperideal of R. By Proposition 3.4, we get M C J(R). Since
M is maximal, then M is a prime hyperideal of R by Proposition 2.18 in [9].
Hence M = v/M and so M C J(R). Since we have J(R) C M, the assertion
follows.

<= Let R be a local hyperring. By Theorem 3.6, every proper hyperideal of
R is a J-hyperideal and so every proper hyperideal of R is a quasi J-hyperideal.
Now, the claim follows by Proposition 4.10. g

Recall from [7] that a proper hyperideal I of R is said to be a quasi primary
hyperideal if v/T is prime.
Theorem 4.12. Let R be a hyperring such that every prime hyperideal of R is
maximal. If the hyperideal I of R is a quasi J-hyperideal and I C J(R), then
I is a quasi primary hyperideal of R.
Proof. We show that /T is prime. Let x oy C /T for some z,y € R such that
x ¢ V1. Hence we have z™ oy C I for some n € N. By the hypothesis, we
conclude that v/I = J(R). Since 2" ¢ J(R) and the hyperideal I of R is a
quasi J-hyperideal, then y™ C /T, by Theorem 4.4. This means y € v/I. Thus
I is a quasi primary hyperideal of R. 0

Theorem 4.13. Let R be a hyperring. Let every prime hyperideal of R be
mazimal and I be a hyperideal of R such that I C J(R). Then I is a quasi
J-hyperideal if and only if R is local with the mazimal hyperideal \/I.
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Proof. = Let I be a quasi J-hyperideal of R. Hence v/I is a prime hyperideal
of R, by Theorem 4.12. By the hypothesis, v/T is a maximal hyperideal of R.
Then there exists some prime hyperideal @) such that I = Q™ for some n € N.
This means /T = @ is maximal and so J(R) C /T = Q. Since I C J(R), then
we conclude that v/ = J(R). Thus the hyperring R is local with the maximal
hyperideal VI
<= The claim follows by Theorem 4.11. O
Proposition 4.14. (i) If C-hyperideal I; is a quasi J-hyperideal of R for
each 1 <1i <n, then is so (i_, I;.
(ii) If I, is a quasi J-hyperideal of R for each 1 <i < n, then is so II?_, I;.

Proof. (i) By Proposition 3.3. in [9], we have \/(\i_, I, = (-, v/I;. Since
VT, is a J-hyperideal of R for each 1 < i < n, we conclude that (), /T; is
a J-hyperideal of R, by Theorem 3.10. Thus, \/ﬂ?=1 I; is a J-hyperideal of R
and so (), I; is a quasi J-hyperideal of R.

(ii) Let z oy C II_, I; for some z,y € R such that ¢ J(R). Since I; is a
quasi J-hyperideal of R for each 1 <¢ <n and 11}, I; C ﬂ?:l I;, we conclude
that y € /I; for each 1 < ¢ < n. This means y% C I; for each 1 < i < n.
Put ¢ = t; + t2 + ... + t,. Therefore, y* = y* o y’2 o... 0o y'» C II" ,I; which
implies y € /II"_;I;. Consequently, the hyperideal II}_;I; of R is a quasi
J-hyperideal. O

5. 2-absorbing J-hyperideals

In this section , we extend the notion of J-hyperideals to 2-absorbing J-
hyperideals and give some properties of them.

Definition 5.1. Let I be a proper hyperideal of R. I is called a 2-absorbing
J-hyperideal of Rif z,y,z € R with zoyoz C I, then zoy C T or zoz C J(R)
oryozC J(R).

Example 5.2. (1) In Example 3.2, let A = {2,4}. Then the principal hyper-
ideal (15) is a 2-absorbing J-hyperideal.

(2) Let Zg be the ring {0,1,2,3,4,5} under addition and multiplication mod-
ulo 6. We define the hyperoperation T ® y = {zy, 2zy, 3zy, 4zy, bry}, for all
Z,y € Zg. In the commutative multiplicative hyperring (Z,+,®), hyperideal

{0} is a 2-absorbing J-hyperideal.

Example 5.3. Consider the hyperring R in Example 3.3. The hyperideal I?
is a 2-absorbing J-hyperideal of R.

Theorem 5.4. If I is a J-hyperideal of R and J(R) is a C-hyperideal of R,
then I is a 2-absorbing J-hyperideal of R.

Proof. Let I be a J-hyperideal of R. Suppose that x oy o 2z C I for some
x,y,z € R. Choose u € x oz. Since yowu C I and I is a J-hyperideal of
R, we get y € I or u € J(R). In the former case, we have y oz C I and so
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y oz C J(R), by Proposition 3.4. In the second case, we obtain z o z C J(R)
as J(R) is a C-hyperideal of R. O

Proposition 5.5. If I is a 2-absorbing J-hyperideal of R, then I C J(I).

Proof. Let I be a 2-absorbing J-hyperideal of R. We suppose that I ¢ J(I)
and look for a contradiction. From I ¢ J(I) it follows that there exists z € T
such that ¢ J(R). Since loloxz C I and I is a 2-absorbing J-hyperideal
of R, we have 101 C I, a contradiction or z € 1 oz C J(R), a contradiction.
Thus, I C J(I). O

Recall from [6] that a proper hyperideal I of R is said to be an 2-absorbing
primary hyperideal if zoyoz C I implies zoy C I or zoz C /I or yoz C T
for any z,y,z € R.

The next theorem shows that the inverse of Proposition 5.5 is true if I is a
2-absorbing primary hyperideal of R

Theorem 5.6. Let I be a 2-absorbing primary hyperideal of R and I C J(R).
Then I is a 2-absorbing J-hyperideal of R.

Proof. Suppose that I is a 2-absorbing primary hyperideal of R such that
I C J(R). Let xoyoz C I for some z,y,z € R such that z o z,y0z € J(R).
Then we conclude that z o z,yo0z ¢ V/I. This implies that z oy C I as I
is a 2-absorbing primary hyperideal of R. Consequently, I is a 2-absorbing
J-hyperideal of R. O

Theorem 5.7. Let the hyperring R has at most two mazimal hyperideals.
Suppose that the hyperideal I of R is 2-absorbing primary that is not quasi
primary. Then I is a 2-absorbing J-hyperideal of R.

Proof. Let the hyperideal I of R be 2-absorbing primary. Then /T is prime
or VI = P, N P, for some prime hyperideals P, and P, of R, by Theorem 4.5
in [6]. In the former case, we have a contradiction since I is not a quasi primary
hyperideal of R. Therefore, we obtain I C /I C J(R) as the hyperring R has
at most two maximal hyperideals. Thus, I is a 2-absorbing J-hyperideal of R,
by Theorem 5.6. g

Corollary 5.8. Let Ry and Rs be two local hyperrings. Then every 2-absorbing
primary hyperideal of R1 X Ry that is not quasi primary is a 2-absorbing J-
hyperideal.

Theorem 5.9. Let I be a 2-absorbing J-hyperideal of R. Then for each a,b € I
with aob ¢ I, (I:aob) C (J(R):a) or (I:aob) C (J(R):b).

Proof. Let I be a 2-absorbing J-hyperideal of R. Let ¢ € (I : a o b) for some
a,b € R with aob € I. This means aoboc C I. Since the hyperideal I of R is
2-absorbing J-hyperideal and aob ¢ I, then aoc C J(R) of boc C J(R) and
so ¢ € (J(R) :a) or c € (J(R) : b). This implies that (I : aob) C (J(R) : a) or
(I:aob) C(J(R):Db). O
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Recall from [10] that a hyperideal I of R is called a strong C-hyperideal if
forany E € U, ENI # @, then E C I, where tl={}>""" | A, : A; € C,n €N}
and C={rjorgo..or, : r; € Ryn €N}

Theorem 5.10. Let I be a proper strong C-hyperideal of R. Then the following
are equivalent:
(i) I is a 2-absorbing J-hyperideal of R.
(i) Ifaobo H C I for some a,b € R and some hyperideal H of R, then
aobC I oraoH CJ(R) orboH C J(R).
(iii) IfaocHoT C I for some a € R and some hyperideals H,T of R, then
aoHCI oraoT CJ(R) or HoT C J(R).
(iv) If KoHoT C I for some hyperideals K, H,T of R, then Ko H C I
or KoT CJ(R) or HoT C J(R).

Proof. (i) = (#i) Let aobo H C I for some a,b € R and some hyperideal H
of R such that aob ¢ I. Hence, we get H C (J(R) : a) or H C (J(R) : b), by
Theorem 5.9. This implies that ao H C J(R) or bo H C J(R).

(#) = (4i1) Let ao H o T C [ for some a € R and some hyperideals H,T
of R such that ao H ¢ I and aoT ¢ J(R). Therefore, we get aohy € I
and aoty € J(R) for some hy € H and t; € T. Since ao hy oT C I, then
hyoT C J(R), by (i). Let ho € H. Suppose that hooT ¢ J(R). By (i), we get
aohy ClasaohgoT CI. Hence ao (hy + hy) € I. Again by (i), we obtain
(h1+hg)oT C J(R)asao(hy+hy)oT CI. AshyoT C J(R), haoT C J(R)
and so HoT C J(R).

(#it1) = (iv) Let K o H oT C T for some hyperideals K, H,T of R such
that Ko H ¢ I and HoT ¢ J(R). Then we have ko H ¢ I for some
k € K. Tt is clear that ko HoT C I. Hence we have ko T C J(R), by (iii).
Assume that 2 € K. By (iii), we conclude that to H C I or z o T C J(R) as
zoHoT CI. IfxoH CI, then (k+xz)oH C (koH)+ (zoH) ¢ I. Clearly,
(k+z)oHoT CI. Then (k+x)oT C J(R). Since I is a strong C-hyperideal
of R, then (koT)+ (xoT) C J(R). Hence, zoT C J(R) as ko T C J(R).
Now, let z o H ¢ I. Tt is obvious that o H o T C I. Therefore, z 0T C J(R),
by (iii). Consequently, K o T C J(R).

(iv) => (i) Let zoyoz C I for some z,y, 2 € R such that z oz ¢ J(R) and
yoz ¢ J(R). We consider K = (z), H = (y) and T = (z). Thus, we conclude
that KoT = (x)o(z) C (zoz) € J(R) and HoT = (y)o(z) C (yoz) £ J(R).
Since Ko HoT C I, by (iv), we get Ko H C I and so x oy C I and that
completes the proof. O

Theorem 5.11. If every proper hyperideal of R is a 2-absorbing J-hyperideal,
then R is a local hyperring.

Proof. Let every proper hyperideal of R be a 2-absorbing J-hyperideal. Sup-
pose that M is a maximal hyperideal of R. We show that M C J(R). Let
a € M and I = (a). Since I is a 2-absorbing J-hyperideal of R, then I C J(R)
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by Proposition 5.5. Therefore, a € J(R) and so M C J(R). Thus J(R) = M
as J(R) C M. Consequently, R is a local hyperring. O

Proposition 5.12. Let {I;};ca be a non-empty set of 2-absorbing J-hyperideals
of R. Then (;ca 1i is a 2-absorbing J-hyperideal of R.

Proof. Let x 0oy oz C (\,ca I for some x,y,z € R such that z 0z ¢ J(R) and
yoz ¢ J(R). This implies that x o y o z C I, for every i € A. Since I; is a
2-absorbing J-hyperideal of R for every i € A, we get the result that zoy C I;
and so x oy C (;ca i Thus [);ca I; is a 2-absorbing J-hyperideal of R. [

Definition 5.13. A proper hyperideal I of R is called 2-absorbing J-primary
if elements z,y,2 € Rand xoyoz C I, then xoy C T orzoz € J(I) or
yoze J(I).

Example 5.14. In Example 3.2, let A = {3,4}. Then the hyperideal (8) is a
2-absorbing J-primary of Z 4.

Theorem 5.15. Let I be a hyperideal of R . Then I is a 2 -absorbing J-
hyperideal of R if and only if I is a 2-absorbing J-primary hyperideal of R with
J(I)=J(R).

Proof. = Let I be a 2 -absorbing J-hyperideal of R. Suppose that z,y,z C I
for some x,y, z € R. This implies that zoy C I or xoz C J(R) or yoz C J(R)
as I is a 2 -absorbing J-hyperideal of R. Since J(R) C J(I), we have xoy C T
orzozC J(I)oryozC J(I). Thus I is a 2-absorbing J-primary hyperideal
of R. It is clear that J(R) C J(I). For the reverse inclusion, we have I C J(R)
by Proposition 5.5. Thus J(I) C J(R) and so J(I) = J(R).

<= Let I be a 2-absorbing J-primary hyperideal of R such that J(I) = J(R).
Suppose that x,y,z C I for some z,y,z € R. This implies that x oy C I or
xoz C J() oryozC J(I) as I is a 2-absorbing J-primary hyperideal of R.
Since J(I) = J(R), we get zoy C T orzoz C J(R) or yoz C J(R). This
means [ is a 2 -absorbing J-hyperideal of R. g

Theorem 5.16. Let (Ry,+1,01) and (Rz,+2,02) be two hyperrings and let I
and Iy be hyperideals of Ry and Ra, respectively. Then I X I is a 2-absorbing
J-hyperideal of Ry X Ro if and only if I, is a J-hyperideal of Ry and Is is a
J-hyperideal of Rs.

Proof. = Let I; x I5 is a 2-absorbing J-hyperideal of R; x Rs. Suppose that
a o1 b C I such that b ¢ J(R;). Therefore (a,1) o (1,0) o (b,1) = {(x,y) | z €
aoyloyby€log0o0y1} C I X Iy, (a,1)0(b,1) ={(z',y) | 2 €ao1 by €
1oy 1} € J(Ry x Ry) and (b,0) € (1,0) 0 (b,1) € J(R1 x R»). Hence we get
(a,0) € (a,1)0(1,0) C I x Iy and so a € I;. Consequently, I; is a J-hyperideal
of R;. By a similar argument, we can prove that I is a J-hyperideal of R.
<= Let I; be a J-hyperideal of Ry and I5 is a J-hyperideal of R,. Suppose
that (al, bl)O(CLQ, bg)O(ag, bg) - .[1 XIQ such that (a27 bQ)O(G,g7 bg) ,@ J(Rl X RQ)
Take a € ag 01 az. Then a; o1 a C a; 01 ag o1 ag € I;. We assume that
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az o1 as € J(Ry1). So a ¢ J(Ry). Since I; is a J-hyperideal of Ry, a1 € I; and
$0 a1 01 as C I;. On the other hand, if by 02b3 C J(R2), then (a1,b1)o(as,bs) C
I x J(R2) C J(Ry % Ry), as needed. Then we may assume byobs ¢ J(Rz). Take
b € by 09 b3. Then by og b C I5. Since Iy is a J-hyperideal of Ry and b ¢ J(R3),
we have by € Iy and so by o9 by C I. This (a1,b1) o (ag,b2) C I; x Iy. This
implies that I; x I3 is a 2-absorbing J-hyperideal of R; X Rs. O

Theorem 5.17. Let (Ry,+1,01), (R2,+2,02) and (Rs3,+3,03) be three hy-
perrings with nonzero identity. Then, Ry X R X Rz has no 2-absorbing J-
hyperideals.

Proof. Let I} x Is x I3 is a 2-absorbing J-hyperideal of Ry X Ry X Rg for
some hyperideals Iy, I and I3 of Ry, Ry and Rj, respectively. Since (0,0,0) €
(1,1,0) 0 (0,1,1) o (1,0,1) N I; x Iy x I3, then (1,1,0) o (0,1,1) o (1,0,1) C
I x Iy x I3. Since (1,1,0)0(0,1,1) € J(Ry X Rz X R3) and (1,1,0)0(1,0,1) €
J(R1 x Ry x R3), then (0,0,1) € (0,0,1) 0 (1,0,1) C I; x I x I3. Moreover,
we can get (0,1,0),(1,0,0) € I} x Iy x Is. Thus (1,1,1) = (1,0,0) + (0,1,0) +
(0,0,1) € I x I x I3 which is a contradiction. O

6. Conclusion

In this paper, we defined the notion of J-hyperideals as a generalization
of n-hyperideals and studied the relations between J-hyperideals and other
classical hyperideals such as n-hyperideals, r-hyperideals, prime and maximal
hyperideals. Moreover, we extended this concept to quasi J-hyperideals and 2-
absorbing J-hyperideals. Some main results and examples are given to explain
the structures of these concepts.

7. future work
Definition 7.1. Let P be a hyperideal of R. P refers to a strongly quasi
J-hyperideal if z,y € R and x oy C P imply 2> C P or y € J(R).
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