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Abstract. This survey proposes a new application of the inverse data en-

velopment analysis (InvDEA) in the problem of merging decision-making
units (DMUs) to improve the performance of DMUs by removing conges-

tion. Congestion is a factor in reducing production; therefore, removing it

decreases costs and increases outputs. There are two significant subjects
in the merging DMUs. Estimating the inherited inputs and outputs of a

new production DMU with no congestion is the first problem while achiev-
ing a pre-specified efficiency level from the merged DMU is the second

one. Both problems are examined using the ideas of inverse DEA and

congestion. Using Pareto solutions to multiple-objective programming
problems, sufficient conditions for inherited input/output estimates with

no congestion and increasing efficiency are created. Besides, an example

is perused for the reliability of the proposed approach in basic research
institutes in the Chinese Academy of Science (CAS) in 2010.

Keywords: Inverse Data Envelopment Analysis (InvDEA), Congestion,
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1. Introduction

Data envelopment analysis is a technique to evaluate the performance of dif-
ferent organizations which has many applications in management and econom-
ics. Data envelopment analysis was first used by Charans et al. [10] to estimate
the efficiency of the decision-making units. Identifying and eliminating ineffi-
cient DMUs and investigating the causes of DMU inefficiency are useful ways
to improve the performance of production systems. Congestion is one of the
reasons behind DMUs’ inefficiency. Congestion occurs when raising at least one
input to a DMU decreases at least one output without impairing other inputs
and outputs. Färe and Svensson [21] published the first paper on congestion.
Later, Färe and Grosskoph [19] obtained the congestion employing DEA. Fur-
thermore, Färe et al. [20] identified the existence of congestion with the FGL
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model [20]. The FGL model has achieved radial efficiency with the presence of
the strong possibility of inputs and the weak possibility of inputs, and the ratio
of these two efficiencies has been used as an index to identify congestion. How-
ever, the FGL model cannot calculate the input congestion amount. Cooper et
al. [1] identified the congestion using the slack variables and model CTT and
obtained the input congestion amount. The CTT model is a two-step process.
In the first step, the projection of a DMU is obtained by the output-oriented
BCC model [6], and in the second step, maximum slacks are added to the pro-
jection inputs is calculated. The difference between the optimal slacks in steps
1. and 2 specifies the congestion value. Then, Cooper et al. [12] combined the
two steps of the CTT model and proposed a single-model method to calculate
congestion. Later, Brocket et al. [9] used the CTT model in China’s industry.
Jahanshahloo and Khodabakhshi [29] obtained the amount of input congestion
with a model based on a suitable combination of input to improve outputs.
Tone et al. [48] specified the weak congestion with a non-radial model and they
proposed a multiplier model to identify the strong congestion. Sueyoshi and
Sekitani [47] removed Tone model problems corresponding to multiple optimal
solutions. They considered congestion to be the same as the negative return
to return scale and found a theoretical relationship between them. Many the-
oretical and empirical studies in the field of congestion were done, including
congestion in data envelopment analysis with uncertain data [4, 33], conges-
tion identification in the supply chain [41, 44], congestion measurement under
undesirable outputs [18], congestion detection in data envelopment analysis
with negative and non-negative data [35,36,38,43]. Determining the congested
border by obtaining the congestion hyperplane [15], directional congestion in
specific and unspecific input or output directions [34, 53], congestion determi-
nation in dynamic DEA with inter-temporal dependence [42], textile industry
of China [30], e-commerce sector [54], the forestry sector [32], china’s, indus-
tries carbon congestion [56], wastewater treatment [22], shipping company [49],
investment [27], and university [40] and so on. There has been no comprehen-
sive research on how to minimize or remove congestion. Kao [32] demonstrated
how to decongest certain congested DMUs using an untested method. The
purpose of this study is to minimize congestion on congested units via the use
of merging DMUs. In the real world, companies employ the merger phenom-
ena to establish a new, more efficient entity. A merger occurs when at least
two DMUs incorporate their activities to generate a new merged DMU with
improved efficiency. Restructuring, the synergy of DMUs via consolidation,
or the inverse of the synergy of DMUs through a split is considered. Gattofi
et al. [23] and Amin et al. [2]), used inverse DEA to merge banks to increase
productivity. Amin et al. [2] used restructuring to create the synergy of units
through consolidation. Ghobadi [24] has utilized merging for DMUs with inter-
val data. The integration of DMUs under inter-temporal dependence has been
done by Zeinodin et al. [55]. Shiri et al. [45] have applied merging in systems
with network structure. Amin and Qukil [3] proposed a new method for the
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merging problem of the unit under a flexible target setting using inverse DEA.
Soltanifar et al. [46] have used merging in inverse DEAR models with negative
data. The subject of merging has many practical applications, including the
banking sector [5, 28, 52], the agriculture industry [8, 39], forestry [7], airline
mergers [37], the effect of mergers and acquisitions in pharmaceutical indus-
try [25], and the water sector [14]. Inverse DEA was utilized in most merging
problems.

Inverse DEA identifies the critical factors affecting a DMU’s efficiency, such
as its input and output. In other words, inverse DEA is a method for calcu-
lating inputs and outputs in a manner that maintains or improves efficiency.
Wei et al. [51] studied an inverse DEA model for estimating inputs (outputs).
Jahanshahlou et al. [30] have studied the output estimation problem in the
case that the efficiency is improved to a certain extent. Hadi Vinche et al. [26]
have obtained the inputs of a unit so that its outputs are increased to a certain
extent and its efficiency remains unchanged. Jahanshahlou et al. [31] have used
inverse data envelopment analysis under internal temporal dependence. Inverse
data envelopment analysis has many applications, including investment anal-
ysis for improving a production system [11], Merger of banks to improve the
performance of banks [2, 23], and, other cases of merging. Also, to review the
study on Inverse DEA and its applications, refer to Emrouznejad et al. [17]. In
this study, merging and inverse DEA are used to reduce the congestion. In this
paper, at least two congested units have combined their activities and created
a new merged DMU. Thus, the new merged unit has no congestion and the ef-
ficiency of the new unit has improved compared to the units before the merger.
An inverse DEA model is utilized to find the inherited data of a new unit with
a predefined efficiency level. The superiority of the proposed method is that
in a production system with congested units, congested units are eliminated
using merging, and non-congested DMUs are generated. In other words, the
proposed method shows the application of the merger phenomenon to eliminate
congestion. The remainder of the study is set as follows. Section 2 prepares
an introduction to multiple-objective programming and congestion. Section 3
proposes a method for eliminating at least two congested DMUs using merg-
ing. Section 4 uses a practical example in CAS institutes in 2010 to eliminate
congestion. The conclusion is made in section 5.

2. Preliminaries

In this section, first multiple-objective programming is mentioned, then the
BCC and congested production possibility sets and relevant output-oriented
radial models are reviewed. Then, some congestion models are described.
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2.1. Multiple-objective programming (MOP). The general form of multiple-
objective programming (MOP) problems is as follows:

(1)
max {f1(x), f2(x), . . . , fk(x)}
s.t. X = {x ∈ Rn| gi(x) ≤ 0, i = 1, 2, . . . , l}.

The optimal solution is not defined for multiple-objective problems. Pareto
solution and weak Pareto solutions are defined for MOP problems as follows:

Definition 2.1. Pareto solution [16] x̄ ∈ X is a Pareto solution of a MOP,
if there does not exist x̂ ∈ X so that:

fi(x̂) ≥ fi(x̄), ∀i ∈ {1, 2, . . . , k},
fi(x̂) > fi(x̄), ∃i ∈ {1, 2, . . . , k}.

Definition 2.2. Weak Pareto solution [16] x̄ ∈ X is a weak Pareto solution
of a MOP, if there does not exist x̂ ∈ X so that:

fi(x̂) > fi(x̄), ∃i ∈ {1, 2, . . . , k}.

In other words, x̄ is a weak Pareto solution of a MOP, if there is no feasible
solution that improves all the objective functions simultaneously.

In multiple-objective problems, the Pareto solution is not unique. Pareto
solutions are obtained using various methods. In this study, the Pareto solution
is determined by the weighted sum method.

2.1.1. Weighted sum method. The weighted sum method for solving multi-
objective planning problems is defined as a model (2) [16]:

(2)

max

k∑
j=1

wjfj(x),

s.t. X = {x ∈ Rn| gi(x) ≤ 0, i = 1, 2, . . . , l},
k∑
j=1

wj = 1,

wj ≥ 0, j = 1, 2, . . . , k.

Each optimal solution of model (2) is a Pareto solution of model (1). For
proof, refer to Ehrgott [16]. In model (2), X is the feasible region and wj is the
weight of the objective functions, which is determined by the manager. The
manager weights the objective functions based on their importance, and any
more important objective is given a higher weight.

2.2. BCC and congested production possibility sets. In this section,
firstly, the BCC and congested production possibility sets have been reviewed,
and then the output-oriented radial models under the strong disposability of
inputs and outputs and also, under the inputs non-disposability have been
stated. Suppose there are n DMUs: {DMUj | j = 1, . . . , n}, which each
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DMU generate s outputs: {yrj ≥ 0 | r = 1, . . . , s} by consuming m inputs:
{xij ≥ 0 | i = 1, . . . ,m}. Banker et al. [6] introduced the BCC production
possibility set (PPSBCC) that satisfies the principles of observation, convexity,
and strong disposability of inputs and outputs. It is as follows:

PPSBCC = {(x, y) |
n∑
j=1

λjxj ≤ x,
n∑
j=1

λjyj ≥ y,
n∑
j=1

λj = 1,

λj ≥ 0 ≥, j = 1, . . . , n}.

A DMU has congestion if an increase (decrease) in at least one input leads to
a decrease (increase) in at least one output without having a worse effect on
other inputs and outputs. According to the definition of congestion, there is
no constant return to scale and disposability of inputs principles in a congested
production possibility set. Tone and Sahoo [48] stated congested production
possibility set (PPSC) as Definition (2.3):

Definition 2.3. (PPSC) [48] PPSC , a production possibility set includes
the principles of observations, convexity, strong disposability of outputs, and
non-disposability of inputs and is defined as follows:

PPSBCC = {(x, y) |
n∑
j=1

λjxj = x,

n∑
j=1

λjyj ≥ y,
n∑
j=1

λj = 1,

λj ≥ 0 ≥, j = 1, . . . , n}.

According to the definitions of PPSBCC and PPSC , it is obvious that PPSC
is a subset of PPSBCC . Radial efficiency in the output-oriented models of
DMUO under the PPSBCC and PPSC is obtained from the models (3) and
(4) respectively.

(3)

ϕ∗ = max ϕ

s.t.

n∑
j=1

λjxij ≤ xio, i = 1, 2, . . . ,m,

n∑
j=1

λjyrj ≥ ϕyro, r = 1, 2, . . . , s,

n∑
j=1

λj = 1,

λj ≥ 0, j = 1, 2, . . . , n,
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(4)

ψ∗ = max ϕ

s.t.

n∑
j=1

λjxij = xio, i = 1, 2, . . . ,m,

n∑
j=1

λjyrj ≥ ϕyro, r = 1, 2, . . . , s,

n∑
j=1

λj = 1,

λj ≥ 0, j = 1, 2, . . . , n,

In models (3) and (4), (λ, ϕ) is the vector of variables. If the optimal
solutions of model (3) and (4) are 1 i.e. ϕ∗, ψ∗ = 1 then DMUO is radial
efficiency in the BCC and congestion production possibility sets. It is obvious
that the feasible region of model (3) is a subset of the feasible region of model
(4) and ϕ∗ ≥ ψ∗. Models (3) and (4) are called BCC and congestion models,
respectively.

2.3. Review of congestion. In this section, FGL , WY-TS , and Cooper
models are mentioned for determining congestion.

2.3.1. FGL model. This method was invented by Färe et al. [20]. In this
method, first, using model (3), the maximum radial increase of DMUO out-
puts i.e. ϕ∗ has been obtained, then with the model (5), the maximum radial
increase of DMUO outputs i.e. β∗ under weak disposability of inputs has been
determined.

(5)

max β

s.t.

n∑
j=1

λjxij = τxio, i = 1, 2, . . . ,m,

n∑
j=1

λjyrj ≥ βyro, r = 1, 2, . . . , s,

n∑
j=1

λj = 1,

0 < τ ≤ 1,

λj ≥ 0, j = 1, 2, . . . , n,

If β∗

ϕ∗ < 1, then DMUO is congestion. The FGL model identifies congested

units, but does not calculate the amount of congestion.
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2.3.2. WY-TS model. Wei and Yan [50] and Tone and Shaoo [48] have intro-
duced the WY-TS method for the existence of congestion. To identify the

congestion, they obtained the ratio of C = ψ∗

ϕ∗ < 1. ϕ∗ and ψ∗ are the optimal

solutions of models (3) and (4), respectively. They specified that the DMUO
is congested if C < 1. The WY-TS model does not determine the amount of
congestion.

2.3.3. Cooper model. Cooper et al. [12, 13] obtained the congestion value by
using a model based on slack variables, which is known as the CTT model.
The CTT model consists of two stages. In the first step, using the model (6),
the projection of the unit under evaluation, i.e. DMUO, is determined.

(6)

max η + ε(

m∑
i=1

s−i +

s∑
r=1

s+r )

s.t.

n∑
j=1

λjxij + s−i = xio, i = 1, 2, . . . ,m,

n∑
j=1

λjyrj − s+r = ηyro, r = 1, 2, . . . , s,

n∑
j=1

λj = 1,

s−i ≥ 0, s+r ≥ 0, λj ≥ 0, ∀i, r, j.

The projection of DMUO is as follows:

x̂io = xio − s−∗io , i = 1, 2, . . . ,m,

ŷro = η∗yro + s+∗ro , r = 1, 2, . . . , s.

That s−∗io , s
+∗
ro and η∗ are obtained from the optimal solution of the model

(6).
Then, in the second step of the CTT method using the model (7), the

maximum increase has been found in the projection inputs i.e. x̂io so that the
projection outputs remain at the same level as before i.e. ŷro.
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(7)

max

n∑
j=1

σ−io

s.t.

n∑
j=1

λjxij = x̂io + σ−io, i = 1, 2, . . . ,m,

n∑
j=1

λjyrj = ŷro, r = 1, 2, . . . , s,

n∑
j=1

λj = 1,

σ−io ≤ s
−∗
io , i = 1, 2, . . . ,m,

λj ≥ 0, j = 1, 2, . . . , n.

The congestion amount of ith input of DMUO is obtained from equation
(8).

(8) scio = s−∗io − σ
−∗
io , i = 1, 2, . . . ,m,

Where σ−∗io is the optimal solution of model (7).
Also, Cooper et al. [12] presented a single-model method (model (9)) by

combining two models (6) and (7).

(9)

max η + ε

s∑
r=1

s+ro − ε2
m∑
i=1

scio

s.t.

n∑
j=1

λjxij + scio = xio, i = 1, 2, . . . ,m,

n∑
j=1

λjyrj − s+ro = ηyro, r = 1, 2, . . . , s,

n∑
j=1

λj = 1,

scio ≥ 0, s+ro ≥ 0, λj ≥ 0, ∀i, r, j.

In model (9) η expresses the output radial increase rate. s+ro and scio demon-
strate the rth output slack variable of DMUO and the ith congestion variable
of DMUO respectively. Also, ε is a non-Archimedean small positive number.
Cooper et al. [12] used Theorem (2.4) to obtain the amount of congestion.

Theorem 2.4. [12] DMUO is congested if and only if in an optimal solution
of model (5) i.e. (η∗, sc∗io , s

+∗
ro , λ

∗
j ) at least one of the following two statuses

is defined:
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1) η∗ > 1 and there is at least one i (i = 1, 2, . . . ,m) so that sc∗io > 0.
2) There is at least one r (r = 1, 2, . . . , s) so that s+∗ro > 0, and there is at

least one i (i = 1, 2, . . . ,m) so that sc∗io > 0.

Conditions 1 or 2 show that the decrease of at least one input, i.e. sc∗io ,
causes the increase of at least one output, i.e. s+∗ro . In other words, congestion
has occurred in ith input from DMUO. The amount of congestion is sc∗io .

3. A proposed method for eliminating input congestion using
merging DMUs

Suppose that in a production system whose production technology is under
inputs non-disposability, there are n DMUs. In addition, at least two of these
n DMUs have congestion. Congested DMUs have been merged and a new
DMU has been produced without congestion and a predefined efficiency target.
Moreover, the merged units are removed after the merger. Using the inverse
DEA of the new unit the inherited inputs and outputs are obtained from the
merged DMUs. Also, the output-oriented radial efficiency of the new DMU in
a congested production possibility set is predetermined by the manager. In the
following, first, the phenomenon of congestion removal by merging is described
with an example, and then a general model for congestion removal by merging
is proposed.

3.1. hypothetical example. This section explains the proposed method with
a hypothetical example. By merging two congested DMUs, a non-congested
DMU with predefined efficiency is created. Table (1) shows 8 DMUs with one
input and one output. The data set is taken from Cooper et al. [12].

Table 1. The data set of the hypothetical example.

DMUs A B C D E F G H
input 1 2 3 5 4 4 4.5 3
output 0.5 2 2 1 1 1.2 1.2 1

Using models (4) and (9) the efficiency amount: ϕ, and the congestion
amount of 8 DMUs shown in Table (2).

Table 2. The efficiency and congestion amount of DMUs.

DMUs A B C D E F G H
ϕ∗ 1 1 1 1 1.5 1.25 1.04 2
sc∗io 0 0 0 2 1 1 1.5 0

According to Table (2), we find that the two DMUs E and F have congestion.
Using the proposed model, two DMUs E and F have been merged a new merged
DMU (M) has been produced as follows.
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xM = αE + αF ,

yM = βE + βF .

αE and αF are the inherited inputs of the merged new unit, from DMUs E
and F, respectively. Also, βE and βF are the inherited outputs of the merged
new unit, from DMUs E and F, respectively. To find the inherited inputs and
outputs of the new DMU from units E and F, model (10) is proposed.

(10)
min ((αE + αF )− (βE + βF ))
s.t. λA + 2λB + 3λC + 5λD + 4.5λG + 3λH + (αE + αF )λM = (αE + αF ),

0.5λA + 2λB + 2λC + λD + 1.2λG + λH + (βE + βF )λM = (βE + βF ),

αE + αF ≤ xE − sC∗E = 4− 1,

αE + αF ≤ xF − sC∗F = 4− 1,

βE + βF ≤ max
j 6=E,F

{yj} = 2,

λM ≥ 0, λj ≥ 0, j 6= E,F

αE ≥ 0, αF ≥ 0, βE ≥ 0, βF ≥ 0,

The objective function of Model (10) determines the minimum input value
of the merged unit, which is at least equal to inputs of the congested units
before the merging, while their congestion amount is removed. It also obtains
the maximum output of the integrated unit, which is at least equal to the
maximum amount of the observed outputs. In Model (10), ϕM is pre-defined
as follows.

1 ≤ ϕM = 1.1 ≤ min{ϕ∗E = 1.5, ϕ∗F = 1.25}.

Because the merged new DMU is inefficient, then λM = 0, so the nonlinear
model (10) becomes a linear model and the optimal solution is as follows:

α∗E = 2, α∗F = 0, β∗E = 0, β∗F = 1.82,

xM = α∗E + α∗F = 2,

yM = β∗E + β∗F = 1.82,

To use the resources of both units E and F in the production of a merged new
DMU, (DMUM ) the weight vector in the objective function is used as follows:

min ((vEαE + vFαF )− (wEβE + wFβF ))
vE = 0.3, vF = 0.7, wE = 0.4, wF = 06,

According to Figure (1), DMUM is without congestion. In addition, units E
and F must be removed from the congestion production possibility set. Figure
(1) shows the production possibility set of the post-merger DMUs.
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Figure 1. The production possibility set of the post-merger
DMUs.

3.2. A general model for eliminating inputs congestion. In this section,
a general method for eliminating input congestion using merging congested
DMUs is described. Suppose there are n DMUs so that at least two DMUs
such as E and F have congestion. The following multiple-objective model is
proposed to integrateDMUK andDMUL and to specify the inputs and outputs
of the merged new unit with predefined efficiency.

(11)
min (α1K + α1L, . . . , αmK + αmL)
max (β1K + β1L, . . . , βsK + βsL)

s.t.

n∑
j 6=K,L

λjxij + (αiK + αiL)λM = αiK + αiL, i = 1, 2, . . . ,m,

n∑
j 6=K,L

λjyrj + (βrK + βrL)λM = βrK + βrL, r = 1, 2, . . . , s,

n∑
j 6=K,L

λj + λM = 1,

αiK + αiL ≤ xiK − sC∗iK , i = 1, 2, . . . ,m,

αiK + αiL ≤ xiL − sC∗iL , i = 1, 2, . . . ,m,

βrK + βrL ≤ max
j 6=K,L

{yrj}, r = 1, 2, . . . , s,

λM ≥ 0, λj ≥ 0, j 6= K, L,

αiK ≥ 0, αiL ≥ 0, βrK ≥ 0, βrL ≥ 0, ∀i, r.
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In model (11), (αiK + αiL, βrK + βrL, λj , λM ) is the vector of variables.
αiK + αiL is the ith input of the inherited new unit from merging DMUs.
βrK + βrL is the rth output of the inherited new unit from merging DMUs. λj
is the jth amount of intensity variable. ϕM is the predefined value as:

1 ≤ ϕM ≤ min{ϕK , ϕL},

So ϕK and ϕL are the optimal values of model (4) in the assessment of units
K and L, respectively. sC∗iK and sC∗iL are the amounts of ith input congestion of
DMUK and DMUL respectively, obtained by model (9). Using the weight-sum
method, model (11) can be converted to the following nonlinear single-objective
problem:

min

m∑
i=1

(viKαiK + viLαiL)−
s∑
r=1

(wrKβrK + wrLβrL) ∗

Remark 3.1. For the new DMU not to be the same as other units, we can use
the following constraints in the model (11).

λj + aj = 1, j = 1, 2, ..., n,
aj ≥ ε, j = 1, 2, ..., n,

where ε is a non- Archimedean small positive number.

Theorem 3.2. If the new unit (DMUM ) is within the congestion production
possibility set of the pre-merging DMUs, then the nonlinear multiple-objective
model (11) converts the following linear multiple-objective model:

(12)

min (α1K + α1L, . . . , αmK + αmL)
max (β1K + β1L, . . . , βsK + βsL)

s.t.

n∑
j 6=K,L

λjxij = αiK + αiL, i = 1, 2, . . . ,m,

n∑
j 6=K,L

λjyrj = βrK + βrL, r = 1, 2, . . . , s,

n∑
j 6=K,L

λj = 1,

αiK + αiL ≤ xiK − sC∗iK , i = 1, 2, . . . ,m, (a)

αiK + αiL ≤ xiL − sC∗iL , i = 1, 2, . . . ,m, (b)

βrK + βrL ≤ max
j 6=K,L

{yrj}, r = 1, 2, . . . , s, (c)

λj ≥ 0, j 6= K, L,

αiK ≥ 0, αiL ≥ 0, βrK ≥ 0, βrL ≥ 0, ∀i, r.
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Proof. If DMUM is within the PPSC of the pre-merging DMUs, then DMUM
is the internal or boundary unit of the PPSC of the pre-merging DMUs.

If DMUM is an internal unit of the PPSC of the pre-merging DMUs, then
DMUM is produced by a convex combination of DMUs other than units K and
L. Therefore, in each Pareto solution of model (11) λM = 0, and, model (11)
becomes a linear model.

If DMUM is a boundary unit of the PPSC of the pre-merging DMUs, then
the new unit is displayed as a convex combination of efficient DMUs. In this
case, too, we have λM = 0, so model (11) converts to a linear model. �

Remark 3.3. In this study, according to theorem (2.4), the merged new unit
must be within the PPSC of pre-merging DMUs. Also, for the corresponding
pre and post-merging congested production possibility sets not to change, the
merged units must not be extreme.

Definition 3.4. An efficient congested unit is an efficient extreme unit if it is
not obtained from a convex combination of other units. In other words, the
optimal solution of the following model is zero.

(13)

max
∑
j 6=o

λj

s.t.

n∑
j=1

λjxij = xio, i = 1, 2, . . . ,m,

n∑
j=1

λjyrj ≥ yro, r = 1, 2, . . . , s,

n∑
j=1

λj = 1,

λj ≥ 0, j = 1, 2, . . . , n,

In model (13) DMUO is an efficient congested unit of model (4).

Theorem 3.5. Suppose that DMUM is within the PPSC of the pre-merging
DMUs, also (α∗iK + α∗iL, β

∗
rK + β∗rL, λ

∗
j ) is a Pareto solution of model (12) if

xiM = α∗iK + α∗iL, i = 1, 2, . . . ,m,

yrM = β∗rK + β∗rL, r = 1, 2, . . . , s.

Then (xiM , yrM ) = DMUM has no congestion. Moreover, the radial efficiency
under the input non-possibility of DMUM , in other words, the optimal amount
of model (4) is ϕM .
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Proof. To prove the no congestion of DMUM the following model is considered:

(14)

max η + ε

s∑
r=1

s+rM − ε
2
m∑
i=1

sciM

s.t.

n∑
j 6=K,L

λjxij + λMxiM + sciM = xiM , i = 1, 2, . . . ,m,

n∑
j 6=K,L

λjyrj + λMyrM − s+rM = ηyrM , r = 1, 2, . . . , s,

n∑
j 6=K,L

λj + λM = 1,

sciM ≥ 0, s+rM ≥ 0, λM ≥ 0, λj ≥ 0, ∀i, r, j.

AssumeDMUM has congestion, i.e. the optimal solution (η̃, λ̃j : j 6= K,L, λ̃M , s̃
C
i , s̃

+
r )

f model (14) satisfies to at least one of the following two cases:

η̃ > 1, ∃i s.t. s̃Ci > 0,

∃r s̃+r > 0, ∃i s.t. s̃Ci > 0.

Since the optimal solution is also feasible, we conclude from the constraints
of model (14):

n∑
j 6=K,L

λ̃jxij = xiM − s̃ciM , i = 1, 2, . . . ,m, (A1)

n∑
j 6=K,L

λ̃jyrj = η̃yrM + s̃+rM , r = 1, 2, . . . , s, (A2)

n∑
j 6=K,L

λ̃j = 1, (A3)

Because DMUM is congested, it is inefficient, as a result, in equations (A1),

(A2), and (A3) λ̃M = 0.
Because the feasible region of model (14) is a subset of the feasible region

of model (4), it is that the radial efficiency in model (14) i.e. (η̃) is greater
than or equal to the radial efficiency in model (4) i.e. (ϕM ). In other words,
we have η̃ ≥ ϕM .

According to the equation (A2):
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n∑
j 6=K,L

λ̃jyrj = η̃yrM + s̃+rM ≥ ϕMyrM + s̃+rM = ϕM (yrM +
s̃+rM
ϕM

) ⇒

n∑
j 6=K,L

λ̃jyrj ≥ ϕM (yrM +
s̃+rM
ϕM

). (A4)

On the other hand, according to the constraints of model (12) we have:

xiM − s̃C∗iM ≤ xiK − sC∗iK , i = 1, 2, . . . ,m, (A5)

xiM − s̃C∗iM ≤ xiL − sC∗iL , i = 1, 2, . . . ,m, (A6)

Since, the DMUM projection i.e. (xiM − s̃C∗iM , η̃yrM + s̃+rM ) of model (14) is
located in BCC and congestion production possibility sets, hence:

η̃yrM + s̃+rM ≤ max
j 6=K,L

{yrj}, (A7)

η̃yrM + s̃+rM ≥ ϕMyrM + s̃+rM = ϕM (yrM +
s̃+rM
ϕM

) ≥ yrM +
s̃+rM
ϕM

, (A8)

By equation (A7) and (A8):

(yrM +
s̃+rM
ϕM

) ≤ max
j 6=K,L

{yrj}, (A9)

According to equations (A1), (A2), (A3), (A4), (A5), (A6), and (A9) (ᾱiK =

α∗iK − s̃ciM ;∀i, ᾱiL = α∗iL;∀i, β̄rK = β∗rK +
s̃+rM
ϕM

;∀r, β̄rL = β∗rL;∀r, λ̄j = λ∗j ; j 6=
K,L) is a feasible solution of model (12), in which:

(ᾱ1K + ᾱ1L, . . . , ᾱmK + ᾱmL) � (α∗1K + α∗1L, . . . , α
∗
mK + α∗mL)

(β̄1K + β̄1L, . . . , β̄sK + β̄sL) 	 (β∗1K + β∗1L, . . . , β
∗
sK + β∗sL).

This contradicts the assumption that (α∗iK +α∗iL, β
∗
rK + β∗rL, λ

∗
j ) is a Pareto

solution of model (12). Therefore, DMUM has no congestion.
Now we prove that the optimal solution of model (4) in the evaluation of

DMUM is equal to ϕM .
Since (α∗iK +α∗iL, β

∗
rK +β∗rL, λ

∗
j ) is the Pareto solution of model (12), hence:

n∑
j 6=K,L

λ∗jxij = α∗iK + α∗iL = xiM , (A10),

n∑
j 6=K,L

λ∗jyrj = ϕM (β∗rK + β∗rL) = ϕMyrM ≥ yrM , (A11),

n∑
j 6=K,L

λ∗j = 1, (A12)
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Therefore, (λ∗j ; j 6= K,L, λ∗M = 0, ϕM ) is a feasible solution of model (4),
and we prove that this is also the optimal solution.

Suppose the optimal solution of model (4) in the DMUM assessment is:
(λ̄j ; j 6= K,L, λ̄M , ϕ̄) where ϕ̄ > ϕM .

Therefore:

n∑
j 6=K,L

λ̄jxij + λ̄MxiM = xiM , (A13),

n∑
j 6=K,L

λ̄jyrj + λ̄MyrM = ϕ̄yrM , (A14),

n∑
j 6=K,L

λ̄j + λ̄M = 1, (A15)

By placing equations (A10) and (A11) in equations (A13) and (A14), re-
spectively, the following relations are obtained:

n∑
j 6=K,L

λ̄jxij + λ̄M (

n∑
j 6=K,L

λ∗jxij) = xiM ⇒
n∑

j 6=K,L

(λ̄j + λ̄Mλ
∗
j )xij = xiM ,

We set:

λ̂j = λ̄j + λ̄Mλ
∗
j . (A16)

Therefore:
n∑

j 6=K,L

λ̂jxij = xiM . (A17)

n∑
j 6=K,L

λ̄jyrj + λ̄M (

n∑
j 6=K,L

λ∗jyrj) ≥ ϕ̄yrM > ϕMyrM ⇒

n∑
j 6=K,L

(λ̄j + λ̄Mλ
∗
j )yrj > ϕMyrM ,

By equation (A16) we have:

n∑
j 6=K,L

λ̂jyrj > ϕMyrM ⇒
n∑

j 6=K,L

λ̂jyrj ≥ ϕMyrM + ar = ϕM (yrM +
ar
ϕM

)⇒

n∑
j 6=K,L

λ̂jyrj ≥ ϕM (yrM +
ar
ϕM

). (A18)
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By equation (A12) and (A15) we have:
n∑

j 6=K,L

λ̂j =

n∑
j 6=K,L

(λ̄j + λ̄Mλ
∗
j ) =

n∑
j 6=K,L

λ̄j + λ̄M

n∑
j 6=K,L

λ∗j = 1⇒

n∑
j 6=K,L

λ̂j = 1. (A19)

By equation (A14) we have that ϕyrM belongs to the congested production
possibility set i.e.

ϕyrM ≤ max
j 6=K,L

{yrj}, (A20),

Also, we have:

ϕ̄yrM > ϕMyrM ⇒ ϕ̄yrM ≥ ϕMyrM + ar = ϕM (yrM +
ar
ϕM

) ≥ (yrM +
ar
ϕM

). (A21)

According to (A20) and (A21):

yrM +
ar
ϕM
≤ max
j 6=K,L

{yrj}, (A22),

By equations (A17), (A18), (A19), (A22), and constraints (a) and (b) of model
(12) it is obvious that

(ᾱiK = α∗iK ;∀i, ᾱiL = α∗iL;∀i, β̄rk = β∗rk +
ar
ϕM

;∀r, β̄rL = β∗rL;∀r, λ̄j = λ̂j ; j 6= K,L, λ̄M = 0),

is a feasible solution of model (12), in which:

(β̄1K + β̄1L, . . . , β̄sK + β̄sL) 	 (β∗1K + β∗1L, . . . , β
∗
sK + β∗sL).

This contradicts the assumption that (α∗iK + α∗iL, β
∗
rK + β∗rL, λ

∗
j ) is a Pareto

solution of model (12). Therefore, efficiency of DMUM is equal ϕM . �

Remark 3.6. The new unit produced with the model (12) is such that the
current PPS does not change, in other words, the efficiency and congestion of
other units are unaffected by the new unit. For this purpose, the constraints
of Model (12) must be adjusted in such a way that model (12) is feasible.
The input constraints ((a) and (b)) cause the new unit produced in the non-
congested region, and the output constraint (c) finds the maximum possible
output of the new unit in the non-congested region. If the produced new unit
changes the efficiency frontier, in this case, the model (15) is used.

Remark 3.7. If βrK + βrL ≥ yrK + yrL constraint is added to the model (12),
model (12) becomes infeasible because the units before merging are congested.
Our goal in merging units is to eliminate congestion and improve efficiency.
Therefore, to reach these targets, the inputs are reduced and the outputs are
increased. However, the increase in the outputs of the new unit is not neces-
sarily equal to the outputs of the pre-merging DMUs. Rather, the increase in



470 T. Shahsavan et al

the outputs of the new unit is the amount that the new unit is located in the
PPS of pre-merging DMUs.

When model (12) is infeasible, i.e., the new unit produced is not in the PPS
of per-merging DMUs, in this case, according to Amin et al. [12], the following
variable change is used in model (11) to solve this problem.

αiqλM = α̂iq, i = 1, 2, . . . ,m, q = K,L,

βrqλM = β̂rq, r = 1, 2, . . . , s, q = K,L,

where

λM ∈ {0, 1},
α̂iq ≤ αiqxiq, i = 1, 2, . . . ,m, q = K,L,

αiq − (1− λM )xiq ≤ α̂iq ≤ αiq, i = 1, 2, . . . ,m, q = K,L,

β̂rq ≤ βrqyrq, r = 1, 2, . . . , s, q = K,L,

βrq − (1− λM )yrq ≤ β̂rq ≤ βrq, r = 1, 2, . . . , s, q = K,L.

Therefore, the nonlinear model (11) is linearized as follows:
(15)

min (α1K + α1L, . . . , αmK + αmL)
max (β1K + β1L, . . . , βsK + βsL)

s.t.

n∑
j 6=K,L

λjxij + (α̂iK + α̂iL)λM = αiK + αiL, i = 1, 2, . . . ,m,

n∑
j 6=K,L

λjyrj + (β̂rK + β̂rL)λM = βrK + βrL, r = 1, 2, . . . , s,

n∑
j 6=K,L

λj + λM = 1,

αiK + αiL ≤ xiK − sC∗iK , i = 1, 2, . . . ,m,

αiK + αiL ≤ xiL − sC∗iL , i = 1, 2, . . . ,m,

βrK + βrL ≤ max
j 6=K,L

{yrj}, r = 1, 2, . . . , s,

α̂iq ≤ αiqxiq, i = 1, 2, . . . ,m, q = K,L,

αiq − (1− λM )xiq ≤ α̂iq ≤ αiq, i = 1, 2, . . . ,m, q = K,L,

β̂rq ≤ βrqyrq, r = 1, 2, . . . , s, q = K,L,

βrq − (1− λM )yrq ≤ β̂rq ≤ βrq, r = 1, 2, . . . , s, q = K,L.

λM ∈ {0, 1}, λj ≥ 0, j 6= K, L,

αiK ≥ 0, αiL ≥ 0, βrK ≥ 0, βrL ≥ 0, ∀i, r.

Model (15) is a linear integer programming model. When the PPSs pre and
post-merging of DMUs are not the same, model (15) can be used. Also, when
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the constraint βrK + βrL ≥ yrK + yrL is added to model (12), model (15) can
be employed.

Remark 3.8. We can extend the proposed model in this study to merge more
than two congested DMUs as follows:

(16)

min (αij , i = 1, 2, . . . ,m, ∀j ∈ C)
max (βrj , r = 1, 2, . . . , s, ∀j ∈ C)

s.t.
∑
j∈Q

λjxij + λM
∑
j∈C

αij =
∑
j∈C

αij , i = 1, 2, . . . ,m,∑
j∈Q

λjyrj + λM
∑
j∈C

βrj ≥ ϕM
∑
j∈C

βrj , r = 1, 2, . . . , s,∑
j∈C

λj + λM = 1,∑
j∈C

αij ≤ xij − sC∗ij , i = 1, 2, . . . ,m, ∀j ∈ C,∑
j∈C

βrj + βrL ≤ max
j∈Q
{yrj}, r = 1, 2, . . . , s,

λM ≥ 0, λj ≥ 0, j = 1, 2, . . . , n,

αij ≥ 0, βrj ≥ 0, ∀i, r, j ∈ C.

In model (16) we define:

C = {DMUj | j ∈ congestedDMUs},
Q = {DMUj | j = 1, 2, . . . , n} − C.

Also, in the model (16) sc∗ij is the amount of ith input congestion of jth congested

unit. αij and βrj are the new unit the inherited ith input and rth output from
jth congested DMU respectively. ϕM is the predefined value as:

1 ≤ ϕM ≤ min
j∈C
{ϕj},

If new DMU i.e. DMUM = (
∑
j∈C αij ;∀i,

∑
j∈C βrj ;∀r) is within PPSC of

pre-merging DMUs, then the nonlinear multiple-objective model (16) converts
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the linear multiple-objective model (17):

(17)

min (αij , i = 1, 2, . . . ,m, ∀j ∈ C)
max (βrj , r = 1, 2, . . . , s, ∀j ∈ C)

s.t.
∑
j∈Q

λjxij =
∑
j∈C

αij , i = 1, 2, . . . ,m,∑
j∈Q

λjyrj ≥ ϕM
∑
j∈C

βrj , r = 1, 2, . . . , s,∑
j∈C

λj = 1,∑
j∈C

αij ≤ xij − sC∗ij , i = 1, 2, . . . ,m, ∀j ∈ C,∑
j∈C

βrj + βrL ≤ max
j∈Q
{yrj}, r = 1, 2, . . . , s,

λj ≥ 0, j = 1, 2, . . . , n,

αij ≥ 0, βrj ≥ 0, ∀i, r, j ∈ C.

4. Empirical example

This section presents an application of the introduced method in CAS re-
search institutes 2010. The dataset is taken from Yang et al. [53]. The dataset
includes 16 DMUs, and each DMU has two inputs to generate four outputs.
The inputs are: the full-time equivalent of full-time research staff (x1) and
the amount of total income of each institute (x2), as well as outputs are: the
number of international papers indexed by the Web of Science from Thompson
Reuters (y1), the number of high-quality papers published in top research (y2),
the number of graduate student enrolment in 2009 (y3), and the amount of
external research funding from research contracts (y4), which are displayed in
Table 3.

Using models (9) and (13) we findDMU3, DMU8, DMU9, DMU10, DMU11,
DMU12, DMU15, and DMU16 have congestion. Moreover, DMU8, DMU9,
DMU10, DMU11, and DMU15 are extremely congested units. Radial effi-
ciency in the output-oriented of congested DMUs is determined by the model
(4). The congestion and efficiency values of congested DMUs are shown in
Table 4.

In Table 4, sci is the ith input surplus caused by congestion. In other words,
sci is the amount of inefficiency at the ith input due to congestion. By merging
two DMU12 and DMU16 using model (12), a new DMU without congestion
and with the pre-defined efficiency was obtained. To use the inputs and outputs
of both DMUs 12 and 16 in the new DMU, the weighted objective function (*)
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Table 3. The data set of 16 CAS research institutes in 2010.

DMUs x1 x2 y1 y2 y3 y4
1 252 117.945 436 133 184 31.558
2 37 29.431 243 127 43 15.3041
3 240 101.425 164 70 89 33.8365
4 356 368.483 810 276 247 183.8434
5 310 195.862 200 55 111 12.9342
6 201 188.829 104 49 33 60.7366
7 157 131.301 113 49 45 72.5368
8 236 77.439 8 1 44 23.7015
9 805 396.905 371 118 89 216.9885
10 886 411.539 607 216 168 88.5561
11 623 221.428 314 49 89 45.3597
12 560 264.341 261 79 131 41.1156
13 1344 900.509 627 168 346 645.4150
14 508 344.312 971 518 335 205.4528
15 380 161.331 395 180 117 90.0373
16 132 83.972 229 138 62 32.6111

Table 4. The congestion and efficiency values of congested
DMUs.

Congested DMUs The amount of congestion (sCi ) The amount of efficiency(ϕ)
3 sC1 = 71.68 sC2 = 0 1.18
8 sC1 = 127.16 sC2 = 0 1 (extreme efficient)
9 sC1 = 216.80 sC2 = 0 1 (extreme efficient)
10 sC1 = 378.00 sC2 = 67.23 1 (extreme efficient)
11 sC1 = 298.81 sC2 = 0 1 (extreme efficient)
12 sC1 = 142.44 sC2 = 0 1.45
15 sC1 = 145.45 sC2 = 0 1 (extreme efficient)
16 sC1 = 13.42 sC2 = 0 1.34

with the following weights was utilized.

vi12 = (0.4, 0.6), wr12 = (0.2, 0.1, 0.4, 0.3),

vi12 = (0.3, 0.7), wr12 = (0.3, 0.4, 0.2, 0.1).

The inputs and outputs amount of the merged DMU with pre-defined effi-
ciency in two cases (ϕM = 1.2 and ϕM = 1) are displayed in Table 5.

In the case that ϕM = 1, the results of Table 5 show that the amounts of
the inherited inputs for the merged new DMU are 0 + 118.58 and 83.67 + 0 and
the inherited outputs are 0 + 369.09, 0 + 194.72, 93.58 + 0, and 48.24 + 0. In
other words:
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Table 5. The inputs and outputs amount of the merged DMU
with pre-defined efficiency.

pre-defined efficiency Inherited inputs of the merged DMU Inherited outputs of the merged DMU
ϕM α1,12 α2,12 α1,16 α2,16 β1,12 β2,12 β3,12 β4,12 β1,16 β2,16 β3,16 β4,16

ϕM = 1 0 83.97 118.58 0 0 0 93.58 48.24 369.09 194.72 0 0
ϕM = 1.2 0 83.97 118.58 0 0 0 77.98 40.20 307.58 162.27 0 0

xM = (118.58, 83.97), yr1M = (369.09, 194.72, 93.58, 48.24).

In addition, when ϕM = 1.2, the inputs and outputs of DMUM are obtained
as follows:

xM = (118.58, 83.97), yr1M = (307.58, 162.27, 77.98, 40.20).

In both cases, with less staff and less revenue spent on research, a new unit
has been created without congestion and with improved efficiency. In other
words, two research institutes with input surplus have been merged in such a
way that the merged research institute does not have the input surplus and its
efficiency has increased compared to the two research institutions before the
merger.

5. Conclusion

There are many studies on identifying and determining the congestion amount
of the inputs of DMUs, but there are fewer studies on reducing or eliminating
congestion. To the best of the authors’ knowledge, the only study on congestion
removal has been done by Kao [32]. Kao [32], using an example and without
proof, has studied the elimination of congestion in some congested units. In
this paper, using inverse DEA and multiple-objective planning, the activities
at least of two congestion DMUs are combined, and a new merged DMU is cre-
ated. The feature of the new unit is that, firstly, it has no congestion. Secondly,
the efficiency of the new unit has been improved in the congested production
possibility set. The advantage of the suggested strategy is that, since conges-
tion is a sort of inefficiency, removing congested DMUs benefits production
systems. Also, by removing congestion, improper allocation of resources is pre-
vented. Another advantage of the proposed method is that it has used related
theorems to prove the claim. Moreover, a real case in CAS research institutes
has been utilized to show the suggested method’s capacity. According to this
paper, the future research topics are as follows:

1- Examining the congestion and efficiency of other DMUs when PPS changes
post-merging of DMUs.

2- Providing methods to reduce or eliminate the congestion of DMUs in
dynamic DEA.
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