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ABSTRACT. In this paper, we determine the fuzzy similarity measures of
the U. S. state rankings with respect to domestic violence, female homi-
cide, and sexual violence against teens. We find that the fuzzy similarity
measures are low. We then consider the best state rankings and determine
the fuzzy similarity measures of this ranking a with the previous three
rankings. We also develop some theoretical results concerning fuzzy sim-
ilarity measures.
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1. Introduction

The following is taken from [1]. Domestic violence is a pervasive issue in
the United States. It affects people of all genders, sexualities, ethnicities, and
backgrounds. In America, domestic violence can range from physical assault
to emotional assault. Its effects on survivors can include depression, post-
traumatic stress disorder, anxiety, and other mental health issues. According
to data from the National Coalition Against Domestic Violence, about 20 peo-
ple per minute experience physical violence at the hands of an intimate partner
- that’s more than 10 million Americans every year. Moreover, about 1 in 4
women and 1 in 9 men experience severe physical violence by an intimate part-
ner at some point during their lives. This violent behavior impacts victims
directly but also has serious repercussions for families and communities as a
whole: those affected may struggle to maintain employment or housing; chil-
dren exposed to domestic violence are more likely to suffer from behavioral
problems; and communities with high rates of such abuse often experience
higher-than-average levels of crime. Unfortunately, due to its secretive nature
violence remains largely unrecognized and untreated across the nation. We
apply similarity measures to rankings of members of a finite set.
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For a set X, we let FP(X) denote the fuzzy power set of X, i.e., the set of
all fuzzy subset of X. We let A denote the minimum (or infimum) of a set of
real numbers and the V the maximum (or supremum). For two fuzzy subsets
w, v of X, we write p C v if p(z) < v(z) for all zeX.

Suppose that X is a set with n elements, i.e., |X| = n.Let A be a one-to-one
function of X onto {1,2,...,n}.Then A is called a ranking of X. Define the

fuzzy subset py of X into [0,1] by for all zeX, pa(x) = A(z)/n.Then pa is
called the fuzzy subset associated with A. Let A be a ranking of a set X.
Suppose X has n elements. Define A* : X — {1,2,...,n} as follows: VaeX,

A*(x) =n+1-— A(x).
Then A* is a ranking of X. Also,

pa(e) = 14+ = — pae).

It should be noted that A* is the ranking of X that yields the smallest fuzzy
similarity measure A can have with any ranking of X, [4]. Note also that for
all xeX,

1
pa- (x) = pac(@) + —,

where pac is the complement of 4. We call A* the reverse ranking of A.
Let A be a ranking of X. Then since A is a one-to-one function of X onto

{17 27 "'7”}7

> A = Lozt = 200D,
2 tal) = Zyz%zfl(w):%.”(”;”:n—;l.
zeX e X =

Definition 1.1. Let S be a function of FP(X) x FP(X) into [0,1]. Then S
is called a fuzzy similarity measure on FP(X) if the following properties
hold: Vpu, v, pe FP(X)

(1) S(p,v) = S(v, p);
S(p,v) =1 1if and only if p = v;

(2)
(3) fqucp, then S(u, p) < S(u,v) AS(v, p);
(4) If S(p,v) =0, then VzeX, pu(z) Av(z) =0.

Example 1.2. Let ps and pp be fuzzy subsets associated with two rankings A
and B of X, respectively. Then M and S are fuzzy similarity measures, where

_ T a(@) A pnla)
M(pa,pp) = EI;XMA(.T)VMB(-%') 7
Dgex [ () — pp(2)]
Daelpa(@) + pp()

S(pa,pp) = 1-
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Theorem 1.3. [3] Let pa and pp be fuzzy subsets associated with two rankings
A and B of X, respectively. Let M and S be defined as in Example 1.2. Then

_ 2M _ S

Theorem 1.4. [4] Let X be a finite set with n elements. Let ua and pp be
fuzzy subsets of X associated with two rankings A and B of X, respectively.
(1) Ifn is even, then the smallest M(ua, up) can be is 3’::_22 and the smallest

. 241
S(par pp) is "2

(2) If n is odd, then the smallest M (pa, pup) can be is 755 and the smallest
S(pa, pup) is 5 + ;-

Consider Theorem 1.4. Suppose that s denotes the smallest value for S.

Define
§(/~LA7MB) _ S(/’LAla/J/B) S.
—s
Then S(pa, pp) varies between 0 and 1. For values of S(pua,up) between 0
and 0.2, we say the the fuzzy similarity is very low, between 0.2 and 0.4 low,
between 0.4 and 0.6 medium, between 0.6 and 0.8 high, and between 0.8 and
1 very high. A similar approach can be taken for M.

The following proposition follows immediately.

Proposition 1.5. S(jua, pu5)— S(pa-, pug) = S(”A’“Bl):f(“*’“’a), where s is the

smallest element S can be.

2. Domestic Violence, Female Homicide, and Sexual Vio-
lence Against Teens

In the following table, we provide the rankings of states with respect to
Domestic Violence (DV), Female Homicide (FH), and Sexual Violence Against
Teens (SVAT). The rankings were determined from [1]. (See Tables 7-9, Ap-
pendix A.) We then find the fuzzy similarity measures of the rankings.

We first delete the countries that are not present in both rankings and then
rerank.

Domestic Violence vs Female Homicide

Here n = 48. £70
S 5323 0.2455 = 0.7545
The smallest S can be is
2+1 2
Smallest 5 = "/2F 1 _ 2 _ 5100,
n+1 49

Thus 0.7545 — 0.5102
§— 21070 T O ().4988.
S = T o500 04988
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TABLE 1. Violence and Homicide

State DV vs FH | DV vs SVAT | FH vs SVAT
Alabama 15/ 20
Alaska 3/1 3/29 1/27
Arizona 4/11 4/31 7/29
Arkansas 10/9 7/ 32 8 /30
California 33 /28 23 / 34 20 / 32
Colorado 26 / 12
Connecticut 20 / 41
Delaware 21/ 38 13/1 26 /1
Florida 12/ 14
Georgia 23 / 31 16 / 13 21 /13
Hawaii 34 /48 24 /6 33/ 6
Idaho 44/ 32 32 / 35 22 / 33
Tllinois 8 / 44 6/ 19 30 / 18
Indiana 5 /30
Towa 31/ 47 21 /7 32 /7
Kansas 37 /16 27 /15 11 /14
Kentucky 1/25 1/2 16 / 2
Louisiana 29/5
Maine 17/ 34
Maryland 36 /24 26 /5 17 /5
Massachusetts | 38 / 46 28 / 4 31 /4
Michigan 28 / 15 19 / 30 10 / 28
Minnesota 39 /45
Mississippi 14 /18 10 / 11 13 /11
Missouri T/7

Now

M 5 0.7545 = 0.6058.

T2-S  2-0.7545
The smallest M can be is
0.5102

Smallest M = ———— = 0.3425.

2 —0.5102

Thus A
—~ . —0.342
- 0.6058 — 0.3425

1—0.3425
The fuzzy similarity measure is medium.

= 0.4005.

Domestic Violence vs Sexual Violence Against Teens

Here n = 35.
405

S=1———-=1-0.3214 = 0.6786.

1260
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TABLE 2. Violence and Homicide (continued)

State DV vs FH | DV vs SVAT | FH vs SVAT
Montana 24 / 29 17/ 24 19/ 22
Nebraska 41 / 40 29 / 25 28 / 23
Nevada 2/3 2/8 3/8
New Hampshire | 35 /4 25 /21 4/19
New Jersey 30 / 42 20 / 28 29 / 26
New Mexico 22 /2 14 / 18 2 /17
New York 46 / 35 33 /12 24 /12
North Carolina 32 /27 22 /22 18 / 20
North Dakota 47 ] 37 34 /9 25/9
Ohio 19/6
Oklahoma 11/8 8 /23 6 /21
Oregon 13/ 23
Pennsylvania 25 / 39 18 / 27 27 /25
Rhode Island 45 / 26
South Carolina 6/6 5/17 5/ 16
South Dakota 48 / 19 35/ 16 14 / 15
Tennessee 15/ 10
Texas 12 /20 9 /10 15 / 10
Utah 42 / 33 30 / 33 23 / 31
Vermont 18 / 13
Virginia 43 / 14 31/3 9/3
Washington 9 /22
West Virginia | 16 / 17 11/ 26 12/ 24
Wisconsin 27 / 21
Wyoming 40 / 43
The smallest S can be is
1 1
Smallest S = 5 + 235) 0.5143.
s 0.6786 — 0.5143
S = ~T_o5143 0.3383.
Now S 0.6786
M=5"5= 3 o6 -0
The smallest M can be is
0.5143
Smallest M = 505143 — 0.346 2.
Thus 162
- 0.5136 — 0.346 — 0.9560.

1 —0.3462

485
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The fuzzy similarity measure is low.

Female Homicide vs Sexual Violence Against Teens
Here n = 33.

402
S=1- 1125 = 1 —0.3583 = 0.6417.
The smallest S can be is
1 1
llest S = = + ——— = 0.5152.
Smallest S 2+2(33) 0.515
Thus 0.6417 — 0.5152
Now S 0.6417
M = = : - 4 24.
2—5 2-0.6417 0-47
The smallest M can be is
0.5152
Thus 0.4724 — 0.3470
M=-—""20 0 0.1920.

1—10.3470
The fuzzy similarity measure is low.

3. Best States for a Woman to Live

In [6], rankings of states in U.S. with respect to the best place for women
were provided. It is stated in [1] that their comprehensive measure of women’s
well-being, rights, and opportunities in the United states reveals vast differ-
ences across the United States. the Index is structured around three basic
dimensions: inclusion (economic, social, political), justice (formal laws and in-
formal discrimination), and security (at the individual discrimination levels).
The index and its 12 indicators, grouped into these three dimensions, provide
a standardized, quantitative, and transparent measuring for the ranking of all
states. We provide the ranking in the following table and then we find the
fuzzy similarity measures of this with domestic violence, female homicide, and
sexual violence against teens.

Domestic Violence vs Best State

Here n = 50. 1042
=1———= =1-0.4086 = 0.5914.
S 5550 0.4086 = 0.59
The smallest S can be is
2+1 2
Smallest 5 = "/2F1 _ 26 _ 5008,
n+1 51

Thus 0.5914 — 0.5098
G 07 UOY90 91665,
S =T _os008 1665
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TABLE 3. Best State to Live vs Violence

State BS vs DV | BS vs FH | BS vs SVAT
Alabama 47 ) 24 33 /20
Alaska 27 /3 27 /1 17 /29
Arizona 30 /4 29 /11 20 / 31
Arkansas 48 / 10 46 /9 34 / 32
California 14 / 35 14 / 28 8 /34
Colorado 13 /28 13 /12
Connecticut 2/21 2 /41
Delaware 21 /22 21/ 38 13/1
Florida 29 / 20 19/ 14
Georgia 36 /25 35/ 31 25 /13
Hawaii 9 /36 9 /48 5/6
Idaho 38 / 46 37/ 32 26 / 35
Tllinois 12/8 | 12/4 7/ 19
Indiana 33/5 32 /30
Towa 22 /33 | 22/47 14 /7
Kansas 25 /39 25/ 16 15 /15
Kentucky 46 /1 | 45/25 32 /2
Louisiana 50 / 31 48 /' 5
Maine 8 /17 8/ 34
Maryland 6 /38 6/24 3/5
Massachusetts | 1 /40 1/ 46 1/4
Michigan 20/30 | 20/ 15 12 / 30
Minnesota 11 /41 11 / 45
Mississippi 49 / 14 47 / 18 35/ 11
Missouri 37 /7 36 /7
Montana 31/ 26 30 /29 21 /24
Now S 0.5914
M=5"5= 3 05012 "%
The smallest M can be is
0.5098
Smallest M = 5 05008 0.3421.
Thus 0.4199 — 0.3421
Al-—-AAifijf;§Z§Igg——-0.1183.
The fuzzy similarity measure is very low.
Female Homicide vs Best State
Here n = 48. 4
S=1- 940 _ 1 —0.3997 = 0.6003.

2352

487
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TABLE 4. Best State to Live vs Violence (Continued)

State BS vs DV | BS vs FH | BS vs SVAT
Nebraska 18 /43 | 18/40 10/ 25
Nevada 34/2 | 33/3 23/ 8
New Hampshire | 5 / 37 5/4 2/21
New Jersey 10 / 32 10 / 42 6/ 28
New Mexico 39 /23 38 /2 27 / 18
New York 7/ 48 7/35 4/12
North Carolina | 32 /34 | 31/27 | 22/22
North Dakota 19 /49 19 / 37 11/9
Ohio 24 /19 | 24/ 36

Oklahoma 41 /11 40 / 8 29 / 23
Oregon 17 / 13 17 / 23
Pennsylvania 16 / 27 16 / 39 9 /27
Rhode Island 4 /47 4 /26

South Carolina 43 /6 42 /6 30/ 17
South Dakota 28 / 50 28 /19 18 / 16
Tennessee 44 /15 43 / 10

Texas 40/12 | 39/20 | 28/10
Utah 35 /44 | 34/33 | 24/33
Vermont 3/18 3/13

Virginia 2% /45 | 26 /14 16 / 3
Washington 23/9 23 / 22

West Virginia 45 / 16 44 /17 31 /26
Wisconsin 15/20 | 15/21

Wyoming 42 / 42 41 / 43

The smallest S can be is

Smallest § = 2L _ 2 _ g 5100,
n+1 49
Thus 0.6003 — 0.5102
Now S 0.6003
2— S 2 — 0.6003 0.4289
The smallest M can be is
0.5102
llest M = ——— = 0.3425.
Smalles 5 0.5102 0.3425
Thus 0.4289 — 0.3425
M= "0 00 1314,

1—10.3425
The fuzzy similarity measure is very low.
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Sexual Violence Against Teens vs Best State

Here n = 35. 376
=1— ——=1-0.2984 = 0.7016.
S 1260 0.298 0.7016
The smallest S can be is
1 1
Smallest S = - + ——— = 0.5143.
malles 5 + 2(35)
Thus 0.7016 — 0.5143
Now S 0.7016
M = = : — U. 4 4
2—S 2-0.7016 0-540
The smallest M can be is
0.5143
llest M = ————— = (0.3462.
Smallest 5 05143 0.346
Thus 0.5404 — 0.3462
M=""""_"""""2 — (.2970.

1—10.3462
The fuzzy similarity measure is low.

The low fuzzy similarity measures found above are to be expected. A small
number in the ranking for Best State (BS) means the state is high with respect
to a place to live, while a small number for DV, FH, and SVAT means the state
is high with respect to these negative issues. In the following table, we consider
the fuzzy similarity measure for the reverse ranking BS* of BS.

Domestic Violence vs Best State*

Here n = 50. 649
=1———=1-0.2518 = (0.74R2.
S 9550 0.2518 = 0.748
The smallest S can be is
Smallest § = "/2F1 _ 26 _ 5008,
n+1 51
Thus 0.7482 — 0.5098
Now S 0.7482
M = = - =0. .
2—-8 2 —0.7482 0.5977
The smallest M can be is
0.5098
Thus 0.5977 — 0.3421
M= "0 0 ().3885.

1—0.3421
The fuzzy similarity measure is low.
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TABLE 5. Best States vs Violence and Homicide

State BS* / DV | BS* / FI | BS* / SVAT
Alabama 4/24 3/20
Alaska 24 /3 22 /1 19/ 29
Arizona 21 /4 | 20/ 11 16 / 31
Arkansas 3/10 3/9 2/ 32
California 37/ 35 35/ 28 28 /34
Colorado 38 /28 36 /12

Connecticut 49 / 21 47 /41

Delaware 30/ 22 28 / 38 23 /1
Florida 22 / 20 17/ 14
Georgia 15 /25 14 / 31 11 /13
Hawaii 42 /36 | 40/ 48 31/6
Idaho 13/46 | 12/32 10 / 35
Tllinois 30/8 | 37/44 29 /19
Indiana 18 /5 17 / 30

Towa 29 /33 | 27 /47 22 /7
Kansas 26 / 39 24 / 16 21 /15
Kentucky 5/1 4 /25 4/2
Louisiana 1/31 1/5

Maine 43 / 17 41 / 34

Maryland 45 / 38 43 / 24 33/5
Massachusetts | 50 / 40 48 / 46 35 /4
Michigan 31/30 | 20/15 24 / 30
Minnesota 40/41 38 /45

Mississippi 2/ 14 2/ 18 1/11
Missouri 14 /7 13/7

Montana 20 / 26 19 /29 15 / 24

We have S(DV, BS*) — §(DV, BS) = 0.4863 — 0.1665 = 0.3198. Thus the
effect of DV on is positive, but low.

Female Homicide vs Best State*

Here n = 48.
566
=1— ——=1-0.2406 = 0.7594.
S 535 0.2406 = 0.759
The smallest S can be is
Smallest 5 = "2F1 _ 25 _ 5100

n+1 49

Thus
~ 0.7594 — 0.5102
R T T R
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Now

Thus

TABLE 6. Best States vs Violence and Homicide (Continued)

State BS* / DV | BS* / FII | BS* / SVAT
textNebraska 33 /43 31 /40 26 / 25
Nevada 17 /2 16 / 3 13/ 8
New Hampshire | 46 / 37 44 / 4 34 /21
New Jersey 41 / 32 39 / 42 30 / 28
New Mexico 12 /23 11/2 9/18
New York 44 /48 | 42/35 32 /12
North Carolina | 19 /34 | 18 /27 14 / 22
North Dakota 32 /49 30/ 37 25 /9
Ohio 27 /19 | 25/36

Oklahoma 10 / 11 9/8 7/23
Oregon 34 /13 32 /23
Pennsylvania 35 /27 33 /39 27 /27
Rhode Island 47 ] 47 45 / 26

South Carolina 8/6 7/6 6/ 17
South Dakota 23 / 50 21 /19 18 / 16
Tennessee 7/ 15 6/ 10

Texas 11/12 | 10/ 20 8 /10
Utah 16 /44 | 15/33 12/ 33
Vermont 48 / 18 46 / 13

Virginia 95 /45 | 23 /14 20 /3
Washington 28 /9 26 / 22

West Virginia 6/ 16 5/ 17 5/ 26
Wisconsin 36/29 | 34/21

Wyoming 9 /42 8 /43

S 0.7594
M=5"5 =2 oo 0012
The smallest M can be is
0.5102
Smallest M = 505100 0.3425.
= 0.6121 — 0.3425 — 0.4100.

1—0.3425

The fuzzy similarity measure is medium.

491

We have S(FH, BS*) — S(FH, BS) = 0.5088 — 0.1840 = 0.3248. This sug-
gests that F'H has a low effect on BS.

Sexual Violence Against Teens vs Best State*
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Here n = 35. 136
=1— —— =1-0.3460 = 0.6540.
S 1260 0.3460 = 0.6540
The smallest S can be is
1 1
llest S = = + ——— = 0.5143.
Smallest S 2+2(35) 0.5143
Thus 0.6540 — 0.5143
G OFT T VO (9.9876.
5 1—-0.5143 0-2876
Now g .
M = 0-6540 = 0.4859.

2-S5  2-0.6540
The smallest M can be is
0.5143

Hhns 0.4859 — 0.3462
M= 2P Veonha

1 —0.3462
The fuzzy similarity measure is low.

We have S(SV AT, BS*)—S(SV AT, BS) = 0.2876—0.3856 = —0.0980. This
suggests that SV AT has no effect on BS.
Other papers dealing with violence are [2] and [5].

= 0.2137.

4. Theory

In this section, we develop theoretical results to compare the fuzzy similarity
measure of two rankings with the fuzzy similarity measure of one of the rankings
and the reverse ranking of the other.

Let A and B be rankings of X. Throughout, we assume B satisfies, for all
xzeX, either (1) or (2) holds, where
(1) pa(z) < pp(x) < pa- () and
(2) pa(z) > pp(@) > pa- (o).
Let
E ={xeX | A(z) = B(x) = A*(x)}
and
X; ={zeX | x ¢ F and (i) holds},
1 =1,2. Let n; denote the cardinality of X;, i =1, 2.
Note that
EnNnX, :Q, EQXQZ(Z), XiNnX,=0.
Now
> wex [1a(@) — ()
Y aex (a(r) + pp(z)

S(ia i) =1 )'
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and

Y wex I a(®) — pp(w)|
Y owex (ax(x) + pp(x))

S(N“A*,/*LB) =1-

Theorem 4.1. Suppose that A, A*, and B satisfy (1) and (2). Then

S(pa,pe)—S(pa-, pg) = : <n1 —no + — === 2upla)+ Y 2#3(%)) :

n+1
+ reX reXo

Proof. Now

1_ Dzex lpa(z) — pp ()] (1__ §:x6x|M*A(I)/$B(I)|>
D zex (Ba(x) + pp(w)) Yzex (as(z) + pp(2))

Dopex e a(@) —pp(@)]  Yiex [pal) — pp(2)]

Dwex (mas(z )+uB(x)) C Yex(uale )+MB(93))

Ppex la(®) —pp(@)| Y x[palz) — pp(o)]

ZreX Hax ([IJ) + ZmEX B (ZC) ZmeX KA ([IJ) + ZmEX KB (ZC)
Dwex e a(@) — pp()| Y iex Imal@) — pp(2)|

S(ua,pp) — S(pa-, 1p)

1 1 1 1
oy 2l EpE
_ 2aex|ea(@) —pp(@)]  Yiex [nal@) — pp(r)
n+1 n+1
e ea@) — pp(@)] — Sy l1a@) — ()]
n+1

Next we evaluate, ¥,y [1-a(@) — 15 (@)| — ey l1ale) — ps(e)].
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We have that

> lpas (@) = pp(@) = > lpalz) — pp()]
zreX zreX
= Y |pa-(@) = pp@) + Y |pa-(@) = pp(@)| + Y |pa-(2) — pp(@)]
zeE reX reXo
=Y lpalz) — pp(@)| = Y palz) — pp(@)| - Y palz) — pp()|
xeE reX reXo

= 04 > (ua-(@) — pp(@)) + Y (up(z) — pa-(z))
reXq reXo
—0— > (uB(@) — pa(@) = Y (na(e) — pp(2))
zeXy reXo
= > (pa-(@) — (@) + D (np(x) — pas(2)) = Y (np(z) — pa(e)) -
xeXq zreXo reXq reXo
= D (par@) +pa@) = D (pa- (@) +pa@) =2 Y pple) +2 Y us()
reXq reXo reXq reXo
= Z(1+%—MA($)+MA(1‘))— Z(H%—m( )+ pa(@) =2 pple
xreXy xreXo reXy
= Y+~ Z(1+3>—2Zu3<x>+zzu3<x>
reXq reXo reX reXo
= n1(1+1)7n21+ fQZuB +2Zu3(x)
zeX1 zeXo
= (n1—n2)(1+ 5) -2 pp(@)+2 ) pp@)
zeX1 zeXo
Hence,
St S~ ot )t e
_ (nl _n2)(1+%)_22m5X1 MB(x)+QerX2 MB(QE)
n+1
= n—1|—1 ((m —ng)(l—l-%)—? Z pp(z) +2 Z up(x
reXq reXo
(|

Theorem 4.2. Let | X| =n and A, A*, B are rankings of X satisfying (1) and
(2). Then the following assertions hold.

(i) E # 0 if and only if n is odd. Moreover, if E # (), then |E| = 1.

(ii) Let x € X. Then x € X5 if and only if there exists y € X such that
Yy € XQ.

> (pa() - pp(2))

)+2 ) up(x)

reXo

).
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(iti) | X1| = | Xz

(i) Let X = {x1, x2, ..., xn} be such that A(z;) =i for alli=1,2, ... n.
Then B(z;) = A(z;) =1 or B(z;) = A*(z;)) =n+1—1i foralli=1,2, ... ,n.
Moreover, if B(x;) = A(x;) = i, then B(xpy1—:) = A*(z;)) =n+1—14, and if
B(z;) = A(z;) =n+1—1, then B(xp41-i) = A*(x;) =i for alli =1,2, ... n.

Proof. (i) Suppose E # (). Let z € E. Then

pa(@) = pp(@)=pa-(x)
pa(z) = pa-(z)
Aw@) _ A')
Afx) = A(x)
Alz) = (n+1)— A=)
2A(z) = n+1
n = 2A(z)-1.

This implies that n is odd.
Conversely suppose n is odd. Since n is odd, n + 1 is even and so 2L €

2
{1,2,...,n}. Since A is onto {1,2,...,n}, there exists x € X such that
n+1
A(x) = .
()= "2
Then
n+l n+1

A (z)=(n+1)— A=) =(n+1)— _

This implies that
pa(@) = pa- (@),
Since (1) and (2) hold, it follows that
pa(z) = pp(z) = pa-(x).
Thus, z € E. Hence, E # ().

Next we show that |E| = 1. Since x € E, |E| > 1.
Suppose u € X and u € E. Then

pa(u) = pp(u) = pa-(u)
pa(u) = pa-(u)
Aw) = A*(u)
Aw) = (n+1)— A(u)
2A(u) = n+1
Alu) = n;—l:A(m).

Since A is one-to-one, A(u) = A(z) implies that u = z. It now follows that
E ={z} and so |F| = 1.
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(ii) Suppose z € X;. Let us write A(x) = a. Since = ¢ E, either pa(z) #
pp(z) or pa-(x) # pp(x). Suppose pa(z) # pp(z). Then

pal) < pple) < pa- (@)
pa(z) < pas(z)
Alx) < A"(x)=n+1-A(x)
a < (n+1)—a.

Now b= (n+1)—ae€ {1,2,...,n} and A is onto {1,2,...,n}. Thus there
exists y € X such that A(y) = b. Now,

A*(y)=(n+1)—Aly)=n+1)—b=n+1)—(n+1) —a) =a.
Hence
Aly)=b=(n+1)—a>a=A*(y).
Since A(y) > A*(y) and (1) and (2) are satisfied, it follows that
A(y) = B(y) > A%(y) or A(y) > B(y) = A™(y).

This implies that y € X5. Similarly, if pa«(x) # pp(x), then there exists y € X
such that y € Xo.

Conversely, in a similar manner, we can show that if y € X5, then there
exists € X such that x € X;.

(iii) This follows from (ii).

(iv) First we suppose n is even. Then n = 2m for some integer m. Thus,
X = {:171’ T2y ooy Tm—15 Tmy Tm+41y Tm+2, - - 'a‘er}-

First we consider B(z,,). Now,

A(z,,) =m and A" () =2m+1—-—m=m+ 1.
Since (1) and (2) holds and m < m + 1, it follows that
m=A(xy) < B(xy) < A (z,) =m+ 1.
Also,
m+1=A@m+1) > B@mi1) > A (@me1) =2m+1—(m+1) =m.

It now follows that B(x,,) =m or m + 1 and B(%,+1) = m or m + 1. Since B
is one-to-one, if B(x,,) = m, then B(z;,+1) = m+ 1 and if B(x,,) = m + 1,
then B(xy,4+1) = m. That is, if B(x,,) = A(zy), then B(zp41) = A*(me1)
and if B(z,,) = A*(m+1), then B(xmt1) = A(xm,).

It also follows that mym+1€{1,2,...,m—1,m,m+1, m+2,...,2m}
have been assigned preimages in X.

Suppose that if B(z;) = A(z;), then B(zomt1—j) = A*(Tom+1—;) and if
B(IJ) = A*(l‘gm,_’_l_j), then B(I27n+1_j) = A(ij) for ] =1+ 1, ey, M — 17 m.

We now consider B(z;), where i < m. Now A(x;) = ¢ and A*(x;) = 2m+1—1.
It is easy to see that i < 2m + 1 — 4, i.e., A(x;) < A*(z;) and so since (1) and
(2) hold

A(z;) < B(z;) < A"(x;), ie, i < B(x;) <2m+1—i.
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Now by our assumption, i+1,...,m—1,m,m+1, ..., 2m—1i € I, have been
assigned their preimages. Hence, it now follows that

B(z;) =ior B(z;) =2m+1—1. (*)
We have
A(zami1-i) = 2m+1—i, A" (Xomi1-i) = 2m+1—(2m~+1—i) =i and 2m+1—i > 3.
Thus,
A(T2mt1-i) = A% (T2mt1-i)-
Since (1) and (2) holds, it follows that

A(xomt1-i) = B(womy1—i) = A" (Tams1-i),
i.e., 2m+1—14 2 B<x2m+17i) Z 7.
Since B is one-to-one and i+ 1, ..., m—1, m, m+1, ..., 2m —i € I, have
been assigned their preimages, it follows that
B(x2m+1,7;) =4 or B($2m+1fi) =2m+1—1. (**)

From (*), (**), and since B is one-to-one, it follows that if B(z;) =i = A(z;),
then B(x2m+1—i) =2m+1—-i= A*(I2m+1_i), and if B(Iz) =2m+1—1=
A*(ZEZ), then B(iﬂgm_;,_l_i) == A*((ﬂgm_;,_l_i).

We can continue this process assign value to B as follows: if B(x;) = A(z;) =

i, then B(xp41—;) = A*(x;) =n+1—14, and if B(x;) = A(z;) =n+1—14, then

B(zp41—i) = A%(z;) =i foralli=1,2, ..., n.

Now suppose n is odd. Then n = 2m + 1 for some integer m. Consider
B(zm+1). Now A(zpmy1) = m+1land A*(zpq1) =n+1—(m+1)=2m+1+
1—(m+1)=m+1. Thus, A(@m41) = A*(Tm+1)- Since (1) and (2) hold, it
follows that

A@mt1) = B(xmi1) = A (Tmqr) =m+ 1.

Fori=1,2,....,n=2m+1,7# m+ 1, value to B (z;) is assigned as in the
case when n is even.

O

Corollary 4.3. Suppose that A, A*, and B satisfy (1) and (2). Then

S(as i) — Sliasspg) = — <2 > ppl@) =23 MB($)> :

n+1
+ zeXo reX1
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Proof. By Theorem 4.2 (iii), | X1| = | X3|, i.e., n; = no. Hence by Theorem 4.1,

S(pa, ) — S(pa-, 1s)

l _QZ

zeX,

THED>

reXq

<
<
e

= ((m —na)(

TL1—711

QZHB

reXq reXo

ZMB

reXo reX

Example 4.4. Let X = {z; | i =1,2,..,
Then pa(w;) = g,i=1,2,...
4, B(xs) = 2, B(xg) = 1. It follows that

6}. Let A(x;) = i,

1

/’LA*(‘/EZ') =1- /'(‘A(xl) + gal = 1a27"'76'
Thus
1
> lpa(z) — pp(@)| = GO+3+0+0+3+5)=
zreX
1
> pas (@) — pp(x)| = GOH0+1+140+0)=
reX
161 42 — 16 26
Slwacps) = 1=G7=—F @
21 42 — 2 40
S(pas,pp) = 1_6? 12 42
Hence
26 40 14 1
S(pa,pp) — S(pa, pp) = @_E T2 3

)+2 > pp(x)
) —2 Z pp(x

pup(z) +2 Z wp(x
zeXo
pp(z) +2 Z pB(w
zreXo
) +2 Z ,LLB(I)>
reXo
)
g

i=1,2,..,6.

,6. Let B(x1) =6, B(x2) =5, B(x3) = 3, B(x4)

16
6 )
2
6

)
)
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Using Corollary 4.3,we get
S(pa, pup) — S(pa-, pg)

= il (22:/@(33)—22#3(33))

n
zeXo zeX
1 1
11 1
= 27— 14)= =,
7 6 7 ) 3

5. Conclusion

We determined the fuzzy similarity measures of rankings of U. S. states
with respect to domestic violence, female homicide, and sexual violence against
teens. We found that these measures were low. We then determined the fuzzy
similarity measures of the best place for women to live and the above issues
concerning violence We found the fuzzy similarity measures to be medium. We
then developed theoretical results to compare the fuzzy similarity measure of
two rankings with the fuzzy similarity measure of one of the rankings and the
reverse ranking of the other.
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10. Appendix A

TABLE 7. Violence

State questic Ferga}e Sexual Violence
Violence Homicide Against Teens

Alabama 24 20
Alaska 3 1 29
Arizona 4 11 31
Arkansas 10 9 32
California 35 28 34
Colorado 28 12

Connecticut 21 41

Delaware 22 38 1
Florida 20 14
Georgia 25 31 13
Hawaii 36 48 6
Idaho 46 32 35
Illinois 8 44 19
Indiana 5 30

Towa, 33 47 7
Kansas 39 16 15
Kentucky 1 25 2
Louisiana 31 5

Maine 17 34

Maryland 38 24 5
Massachusetts 40 46 4
Michigan 30 15 30
Minnesota 41 45

Mississippi 14 18 11
Missouri 7 7




Domestic violence and homicide: fuzzy similarity measures — JMMR Vol. 13, No. 2 (2024) 501

TABLE 8. Violence(Continued)

State Domestic Female Sexual Violence
Violence Homicide Against Teens

Montana 26 29 24
Nebraska 43 40 25
Nevada 2 3 8
New Hampshire 37 4 21
New Jersey 32 42 28
New Mexico 23 2 18
New York 48 35 12
North Carolina 34 27 22
North Dakota 49 37 9
Ohio 19 36

Oklahoma 11 8 23
Oregon 13 23

Pennsylvania 27 39 27
Rhode Island 47 26

South Carolina 6 6 17
South Dakota 50 19 16
Tennessee 15 10

Texas 12 20 10
Utah 44 33 33
Vermont 18 13

Virginia 45 14 3
Washington 9 22

West Virginia 16 17 26
Wisconsin 29 21

Wyoming 42 43
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TABLE 9. Best state to live

State Rank | State Rank
Alabama 47 | Montana 31
Alaska 27 | Nebraska 18
Arizona, 30 | Nevada 34
Arkansas 48 | New Hampshire 5
California 14 | New Jersey 10
Colorado 13 | New Mexico 39
Connecticut 2 New York 7
Delaware 21 | North Carolina 32
Florida 29 | North Dakota 19
Georgia 36 | Ohio 24
Hawaii 9 Oklahoma 41
Idaho 38 | Oregon 17
Illinois 12 | Pennsylvania 16
Indiana 33 | Rhode Island 4
Towa 22 | South Carolina 43
Kansas 25 | South Dakota 28
Kentucky 46 | Tennessee 44
Louisiana 50 | Texas 40
Maine 8 Utah 35
Maryland 6 Vermont 3
Massachusetts 1 Virginia 26
Michigan 20 | Washington 23
Minnesota 11 | West Virginia 45
Mississippi 49 | Wisconsin 15
Missouri 37 | Wyoming 42
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