/@@ Journal of Mahani Mathematical Research
Shahid Bahonar

University of Kerman

Print ISSN: 2251-7952 Online ISSN: 2645-4505

NEIGHBORHOOD VERSION OF THIRD ZAGREB INDEX OF
TREES

N. DEHGARDI ~ &

Article type: Research Article
(Received: 26 December 2023, Received in revised form 14 May 2024)

(Accepted: 12 July 2024, Published Online: 19 July 2024)

ABSTRACT. For a graph G, the third neighborhood degree index of G is
defined as:

ND3(G) = > 86(a)éa(®)(3c(a) +5a)),
abeE(G)

where dg(a) represents the sum of degrees of all neighboring vertices of
vertex a. In this short paper, we establish a new lower bound on the third
neighborhood degree index of trees and characterize the extremal trees
achieving this bound.
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1. Introduction

Let G be an undirected simple connected graph whose vertex and edge sets
are V(G) and E(G), respectively. For a vertex a € V(G), the open neighbor-
hood of a is written as Ng(a) = {b € V(G) | ab € E(G)}. The degree of a
vertex a in G is the cardinality of N¢(a), and will be denoted by degs(a). Let
A(G) = A be the maximum degree of G. The distance between two vertices a
and b in V(G), denoted by d(a,b), is the length of the shortest (a,b)-path in
G.

Graph invariants have been a prolific thread in graph theory due to their wide
applications and connections in different areas of mathematics and sciences.
The Zagreb indices are one of the most prominent and widely studied vertex-
degree-based graph invariants. The Zagreb indices were introduced in the 1970s
[7,8]. The wide range of theoretical and applicable fields, mostly in chemistry,
can be found in the surveys [2,6]. In the last two decades, several modifications
of the Zagreb indices have been put forward. They include Zagreb coindices
[5,23], entire Zagreb indices [1,11], multiplicative Zagreb indices [10,26], leap
Zagreb indices [3,20,22,24], Lanzhou index [4,25], reformulated Zagreb indices
[9,12], etc.
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Among them, Mondal et al. introduced several new indices [13,14] based on
neighborhood degree sum of vertices, which received increasing research atten-
tion. Here, we consider a variant of these indices named the third neighborhood
degree index. The third neighborhood degree index defined in [15] as:

NDy(G) = Y dal@)a()(dc(a) + s (b)),
)

abeE(G

where 6 (a) = 3 pe v (a) €8¢ (D). For more information see [16-19, 21].

In this short paper, we present a new lower bound on the third neighborhood
degree index of trees with n vertices and given maximum degree. We further
determine the extremal trees achieve this bound.

2. Trees

A tree together with a special vertex chosen as the root of the tree is a rooted
tree. A vertex of a tree of degree one is said to be a leaf. A branching vertex of
a tree is each vertex of degree greater than two.

A tree with exactly one branching vertex is called a spider. The branching
vertex of a spider T is its center. A leg of a spider is a path from its center to
a leaf. A star is a spider whose all legs have length one. Also, a path can be
considered to be a spider with one or two legs.

A spanning tree of an undirected connected graph G is a subgraph that is a
tree which includes all of the vertices of G.

In this section, we let T be a rooted tree with root a where deg(a) = A and
Nr(a) = {a1,a2,...,aa}. Let T(n,A), be the set of all trees with n vertices
and maximum degree A.

Lemma 2.1. Let T € T(n,A) and let b be a branching vertex of T with
mazximum distance to a. If vertex b is adjacent to at least two leaves, then

there is a tree Ty € T (n, A) such that ND3(Ty) < ND3(T).

Proof. Assume that degr(b) = p and Np(b) = {b1,...,b,}, where b, lies on
the path from b to a. By our assumption, for 1 < i < p — 1, degy(b;) = 1
or degr(b;) = 2. Since b is adjacent to at least two leaves, we let b; and bo
be leaves. Let T7 be the tree obtained from T by removing the edge bb; and
adding the edge b1bs. If 3 < i < p, then

O, (b;) =degr, (b) + Y degp (x)
ZL’GNTl(bi)f{b}

=deg,(b) — 1+ Z degr(x) = o7 (b;) — 1.
ZENT(bi)—{b}



Neighborhood version of third Zagreb index of trees — JMMR Vol. 13, No. 2 (2024) 549

Therefore,
QZ:5 (b)57(b:) 57 (b) + J7 (b Zaﬂ )7, (bi)[67, (b) + 07, (b))
{p;a (8)62(b0)[50(0) + 5201
- iéT(b)(éT(bi) DB (b) + br(b) — 1] > 0.

Since p > 3, we have

ND;3(T) — ND3(Ty) >a + d7(b)d7r(b1)[67(b) + 61(b1)]
+ 67(b)d7(b2)[67(b) + 7 (b2)]
= 61y (b1)01, (b2)[07, (b1) + I, (b2)]
— 61, (0)1, (b2)[01, (b) + 01, (b2)]
=a + 2p57(b)[07(b) + p] — 2p(p + 2) — pd7(b)[07(D) + p]
>pdr (b)[67(b) + p] — 2p(p +2) > 0.

Lemma 2.2. Let T € T(n,A) and let b be a branching vertex of T with
mazimum distance to a. If verter b is adjacent to a leaf, then there is a tree

Ty € T(n,A) such that ND3(Th) < NDs(T).

Proof. Assume that degp(b) = p and Np(b) = {b1,...,b,}, where b, lies on the
path from b to a. Then, we let by be a leaf and degp(b;) =2 for 2 <i<p—1.
Let bcy ... be a path in T with by = ¢; and [ > 2. Let T be the tree derived
from T by removing the edge bb; and adding the edge ¢;b;. Then

=" r(b)dr(b:)[dr(b) + or (b Zéﬂ o1, (b:) (07, (b) + I, (b))
= 5r(0)or ()67 (b) + 57 (b:)]
=3

- Z(5T(b) = 1)(67(b;) — 1)[67(b) + 67(b;) — 2] > 0.

=3
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If | = 2, then

ND3(T) — ND3(Th) >+ 67(b)or(b1) [07(b) + 67 (b1)]

+ 67(b)dr(c1)[07(b) + dr(c1)]
+ 07 (c1)or(c2)[0r(c1) + o7 (c2)]
= 07, (b1)67, (€2)[01, (b1) + O (c2)]
— o7, (e1)d7, (c2)[01, (1) + Oy (c2)]
— 61, (b)dr (€1)[07, (b) + 07 (€1))]

=a + pdr(b)[p + ()] + (p + 1)o7 (b)[p + 07 (b) + 1]
+2(p+1)(p+3)—30—-3(p+1)(p+4)
= (p+1)(0r(b) = D[p + 67(b)]

>[pdr(b) + p+1][p + 07 (b)] + (p + 1)o7 (b)
—p2—Tp—36>0.

If | = 3, then

ND3(T) — ND3(T1) >a + o7(b)dr (b1)[67 (D) + 67(b1)]
+ 07(b)ér(c1)[o7 (D) + d7(c1)]

+ 0r(c1)dr(c2)[dr(c1) + dr(c2)]

+ 07 ()07 (c3)[0r(c2) + o7 (c3)]

)éry (c1) [0, (b) 21

1)07, (¢3)[07, (b1) + 07, (€3)]

3)01, (c2)[0r, (c3) + 61, (c2)]

— 07, (€2)d7, (1)[07, (c2)01, (€1)]

=a + por(b)[p+ o7 (b)] +30+3(p+ 2)(p+ 5)

+ (p+2)57(b)[p + 67(b) + 2] — 30 — 84
—4(p+1)(p+5) = (p+1)(67(b) — 1)[p + 67(b)]
>[pd7(b) + 67(b) + p + 1][p + 57 (b)] + 2(p + 2)d7 (D)

—p?—3p—84>0.

- 5T1( + 5T1( )]
— o7, (b
(c

—op,
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Now if [ > 3, then

NDs3(T) — NDs(Ty) >a + 07(b)dr(b1)[07 (D) + d7(b1)]
+ 07 (b)or(c1)[d7(b) + dr(c1)]
+ or(c1)or(ci-1)[07(cr) + dr(ci-1)]
+ or(c1-1)o7(c1—2)[0r(c1-1) + 7 (c1-2)]
= 61y (b1)0r, (c2) 67, (b1) + 67y ()]
= 61, (b)dr, (c1)[01, (b) + 01, (€1))]
— o7, ()0, (c1—1)[07, (1) + 07, (ci1—1)]
— 07, (c1-1)07, (c1—2)[0T, (c1-1)d7, (C1-2)]
=a + pdr(b)[p + o7 (b)] + 30 + 84
+ (p+2)or(b)[p+ dr(b) + 2]
—30—84—128 — (p+ 1)(67(b) — 1)[p+ 67(b)]
>[pdr(b) + p + 67 (b) + 1][p + 07(b)] + 207 (b) — 128 > 0.

Lemma 2.3. Let T € T(n,A) and let b be a branching vertex of T with maz-
imum distance to a. Then there is a tree Ty € T (n,A) such that NDs(Ty) <
NDs(T).

Proof. Assume that degp(b) = p and Np(b) = {b1,...,b,}, where b, lies on the
path from b to a. By Lemmas 2.1 and 2.2, we may assume that degp(b;) = 2
for 1 <i<p—1. Let bcy...c; and bdy ...ds, [,s > 2, be two paths in T with
by = ¢ and be = dy. Let T} be the tree derived from T — {bb;} by attaching
the path dsb;. Then

o] = Z 5T(b)5T(bz + §T Z 6T1 6T1 5T1( ) + 6T1 (bl)]
= 07(b)or(b;)[07(b) + o7 (b:)]
i=3

= > (67(b) = 2)(3r(bi) = 1)[Er(b) + 67(bi) — 3] > 0,

=3
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and

5
I
=

s
/|
N

67 (b)o7 (b;)[07(b) + 67 (bs)] — Z o1, (b)7, (b3)[67, (b) + 67, (b3)]

o (b)or (bi)[67(b) + 07 (bs)]

-

I
)

i
p

— Z(éT(b) —2) (07 (b;) — 1)[07(b) + d7(b;) — 3] > 0.

=2

If | = s =2, then

NDs(T) — NDs(Ty) >ay + 67(b)or(c1)[07(b) + 07 (c1)]
+ 0r(c1)dr(c2)[dr(c1) + dr(c2)]
+ 07 (b)or (d1)[07(b) + d7(d1)]
+ 67(d1)d7(de)[07(d1) + d7(d2)]
)01, (e1)[0r, (c2) + 61y (c1)]
)01, (d2)[07, (1) + 0y (d2)]
d2)0r, (d1)[67y (d1) + 07, (d2)]
— 07, (b)d7, (d1)[07, (b) + o7, (d1)]
=a1 +4(p+ 1)(p+3) +2(p+ 1)or(d)[p+ 1 + 57(b)]
—30—84—4(p+1)(p+5)
= (p+1)(0r(b) — 2)[p + o7 (b) — 1]
>4(p+1)(p+3)+2(p+1)[p+ dr(b) — 1] — 114 > 0.

— (ST1 Co
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If | =2 and s = 3, then

NDs(T) — NDs(T1) >aq + o7(b)dr(c1)[07(b) + d7(c1))

+ 0r(c1)dr(c2)[r(c1) + dr(c2)]
+ o7 (b)or(d1)[07 () + d7(d1)]
+ 07 (d1)d7(d2)[07(d1) + d7(d2)]
+ 0r(d2)dr(ds)[0r(d2) + 67 (d3)]
= 01, (e2)07, (€1)[01, (c2) + Iy (c1)]
= 67y (c1)0r, (d3)[07, (c1) + 67y (d3)]
— 0, (d3)é1, (d2)[0r, (d3) + 67, (d2)]
— 01, (d2) b, (d1)[67, (d2) + O, (d1)]
— 07y (b)or, (d1) [0, (b) + 07, (da)]

=a1+2(p+1)(p+3)+ (p+ 1)dr(b)[p+ 1 + 67(D)]
+30+3(p+2)(p+5) + (p+2)dr(b)[p + 2+ 67 (b)]
—30—84—-128—4(p+1)(p+5)
= (p+1)(67(b) — 2)[p + 67(b) — 1]

>6p% + 21p% + 17p — 220 > 0.

If I =2 and s > 3, then

ND3(T) — ND3(T1) Zaz + 07 (b)dr(c1)[0r(b) + o7 (c1)]
+ 67 (c1)dr(c2)[0r(c1) + 0r(c2)]
+ 67 (ds)or(ds—1)[07(ds) + 67 (ds—1)]
+ 6r(ds—1)dr(ds—2)[07(ds—1) + 07 (ds—2)]
— 01y (¢2)0r, (€1)[01, (c2) + d1y (c1)]
— 01y (€1)0m, (ds) [0y (1) + 67 ()]
= 01y (ds—1)0r, (ds) [0, (ds) + 01, (ds—1)]
— 07y (ds—1)07, (ds—2)[07, (ds—1) + O, (ds—2)]
= +2(p+1)(p+3)+ (p+ 1)or(b)[p+ 1+ d7(b)]
30 484 + (p+2)07(b)[p + 2 + 57(b)]
—30—84 — 128 — 128
= (p+1)(0r(b) = 2)[p + 67(b) — 1]
>6p° + 10p* + 10p — 250 > 0.

If | = s =3, then
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NDs(T) — ND3(T1) >as + 07 (b)dr(c1)[0r(b) + dr(cr)]
+ 07 (c1)dr(c2)[0r(c1) + 67 (c2)]
+ 0r(c2)dr(c3)[dr(c2) + dr(cs)]
+ 07 (d1)d7(d2)[07(d1) + 07 (d2)]
+ 07 (d2)dr(ds)[0r(ds) + 61 (ds)]

o1y (c2)[0ry (c3) + 0ry (c2)]

or, (c1)[o7, (c1) + 7, (c2)]

o1, (d3)[0r, (c1) + 0, (d3)]

o, (d2)[01, (d3) + o7, (d2)]
— 61y (d2)d7, (d1)[07, (d2) + O7, (d1)]
=as + 60+ 6(p+2)(p+5) + (p+2)67(b)[p + 2 + o7 (b)]
—30—84—-128—-128—4(p+1)(p+5)
>6p° 4 22p + 26p — 260 > 0.

=
e
e e N
o
R
s 2

If I =3 and s > 3, then

ND3(T> NDg(Tl) > + 5T(b)6 (Cl)[éT(b) + 5T<Cl)]
+ dr(c1

+
>
!
Q
N
— — —
=7
S
—~
Q
w

I
(=%
=
U
®
(=9
=
U
C/J
,_.
~—
=2
=
/—\
\_/
_|_
(=%
=

dsfl)]
—0py (ds—1)01, (ds—2)[5Tl (ds—l) + 61, (ds—2)]

=as+30+3(p+2)(p+5)
+ (p+2)or(b)[p+ 2+ r(b)] + 30+ 84
—30—84—128 — 128 — 128

>6p° + 21p% 4+ 29p — 294 > 0.

~—
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If I, s > 3, then

NDs(T) — ND3(T1) >as + o7(b)dr(c1)[07(b) + d7(c1))
+ 0r(c1)dr(c2)[dr(c1) + dr(c2)]
+ 07 (ds)dr(ds—1)[07(ds) + 67 (ds—1)]
+ 07 (ds—1)07(ds—2)[07(ds—1) + 07(ds—2)]
— 01, (e2)07, (€1)[0r, (€1) + 07y (c2)]
= 01, (€1)07, (ds) 67, (1) + 07, (ds)]
— 01, (ds) o, (ds—1)[07, (ds) + 07, (ds—1)]
— 07, (ds—1)07, (ds—2) [0, (ds—1) + 0, (ds—2)]
=az +4(p+2)(p +6)
+ (p+2)or(d)[p+ 2+ 07 (b)] + 30 + 84
— 128 — 128 — 128 — 128
>6p° 4+ 20p% 4 40p — 350 > 0.

O

Proposition 2.4. Let T € T(n,A) be a spider with A > 3 such that T has
two legs of length more than one. Then there exists a spider Ty € T (n, A) with
ND3(Ty) < ND3(T).

Proof. Assume that a is the center of T" and ab; ... b; and acy . .. cs are two legs
of length more than one in 7. Let T} be the tree deduced from T — {b1b2} by
attaching the path cgsbs. If | = s = 2, then
ND3(T) — ND3(Ty) >67(a)dr(b1)[6r(a) + 67 (b1)]
+ d7(b1) 07 (b2)[07(b1) + 67 (b2)]
+ 67 (a)dr(cr)[dr(a) + dr(c)]
+ 61 (c1)dr(c2)[0r(c1) + 0r(c2)]
= 01, (a)dr, (b1)[07, (a) + 61, (b1)]
— 01y (b2)07, (c2)[07, (b2) + 613 (€2)]
(c2)d1, (c1)[01, (e1) + 01, (c2)]
(a)ér, (c1)[0r, (a) + 01, (c1)]
3) 4+ 2(A 4+ 1)or(a)[A 4+ 1+ dr(a)]
(A +5)
= A(dr(a) = 1)[A + 6r(a) — 1]
—(A+2)(6r(a) — 1)[A + 07(a) + 1]
>3A2 + 6A67(a) + 607 (a) — 3A — 46 > 0.

— o,
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Ifl =2 and s = 3, then

ND3(T) — ND3(T1) >6r(a)dr(br)[or(a) + d7(b1)]
+ 67 (b1)07(b2)[07(b1) + 67(b2)]
+ 67 (a)é7(c1)[0r(a) + b7 (c1)]
+ 0r(c1)dr(c2)[dr(c1) + dr(c2)]
+ 07 ()07 (c3)[0r(c2) + o7 (cs)]
— 61y (a)0r, (b1)[07, (@) + b7, (b1)]
— o7, (b2)d7, (c3)[07, (b2) + 1, (€3)]
— b7, (e2)é7, (c1)[01, (1) + Oy (c2)]
— o7, (a)ér, (c1)[0r, (@) + 67y (c1)]
— o1y (¢2)0r, (€3)[01, (02) + 67, (c3)]
=2(A+1)(A+3)+ ( +1)dr(a)[A + 1+ ér(a)]
+304+3(A+2)(A+5)
+ (A+2)dr(a)[A+ 2+ dr(a)]
—30—-84—4(A+2)(A+6)
— A(dr(a) — D[A + dr(a) — 1]
—(A+2)(6r(a) — 1)[A + 6r(a) + 1]
>3A2 + TASr(a) + 62(a) + 567 (a) — A — 94 > 0.

If I =2 and s > 3, then

NDs3(T) — ND3(T1) >0 (a)dr(b1)[dr(a) + 67 (b1)]
+ 07 (b1)67 (b2)[67 (1) + d7(b2)]

+ 07 (cs)dr(cs—1)[0r(cs) + o7 (cs—1)]
+ 07 (cs—1)07(cs—2)[07(cs—1) + 07 (cs—2)]
— o1y (a)0r, (b1)[07, (a) + b7, (b1)]
— 67, (b2)dy (c5)[67, (b2) + 017, (C5)]

= 01, (€5)07, (cs-1) [0y (c5) + b7, (€5-1)]

— 01, (cs—1)01, (cs—2)[07, (cs—1) + 67, (c5-2)]
=2(A+1)(A+3)+30+84

+ (A4 1D)or(a)[A+ 1+ 0r(a)]

—30—84—128 — A(d7(a) — D[A + 67(a) — 1]
>3A% + 4A67(a) + 62(a) + dr(a) + TA — 122 > 0.
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If | = s =3, then

NDg(T) — NDg(Tl) >6T(a)5T bl) 5T((I) + 5T(bl)]

+ 07, (c3)]
=30+ 3(A +2)(A+5)+ (A+2)dr(a)[A+2+ dr(a)]
430+ 3(A +2)(A+5) — 30 — 84 — 128
—4(A +2)(A +6) — A(0r(a) — 1)[A + 67(a) — 1]
>3A% + 8Adr(a) + 26%.(a) + 467(a) + 9A — 166 > 0.

If l =3 and s > 3, then

ND3(T) — ND3(Ty) >6r(a)dr(br)[or(a) + d7(b1)]
+ 67 (b1)07(b2)[07(b1) + 7 (b2)]
+ 67 (b2)d7 (b3)[07(b2) + 7 (b3)]
+ 07 (cs)dr(cs—1)[07(cs) + o7 (cs—1)]
+ 5T(Cs 1)5T(C€ )[5T(Cs 1) + 5T(Cs 2)]
— 0p, (a)or, (b1)[07, (@) + 07, (b1)]
— 61y (b2)01, (b3)[67, (b2) + I (b3)]
— 67, (b2)d7, (c5)[67, (b2) + O, (C5))]
— 07, (€5) 01y (c5-1) [0y (€5) + b7 (€5-1)]
— 07, (cs—1)07, (cs—2)[07, (cs—1) + 07, (Cs—2)]
=30+ 3(A +2)(A+5)
+ (A +2)07(a)[A+ 2+ dr(a)] + 30 + 84
—30—84 — 128 — 128
— A(07(a) = D[A + é7(a) — 1]
S4A? 4 8AS7r(a) + 262(a)
+ 457 (a) + 20A — 196 > 0.
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Ifl,s > 3, then
ND3(T) — ND3(Ty) >6r(a)dr(by)[or(a) + d7(b1)]
+ 07(b1)07(b2)[07(b1) + o7 (b2)]
+ 07 (€s)0r(cs—1)[07(cs) + 0r(cs—1)]
+ 07 (cs—1)07(cs—2)[07(cs—1) + 07 (cs—2)]
a)dr, (b1)[0r, (a) + 01, (b1)]
b2)0r, (¢s)[07, (b2) + b1y ()]
Cs)0r, (cs—1)[07, (€s) + 07y (€5-1)]
Cs—1)01, (cs—2)[07, (cs—1) 4 01, (cs—2)]
=4(A+2)(A+6) + (A +2)o7(a)[A + 2+ 07(a)]
+ 30+ 84 — 128 — 128 — 128
— A(6r(a) — 1)[A + d7r(a) — 1]
>5A% + 6Ad7(a) + 267 (a) + 467 (a) + 31A — 222 > 0.

— b,
— o,

_ 6T1

~ o~ —~

— o,

This completes the proof. O

Theorem 2.5. If T € T(n,A), then
NDs3(T) = 2A%,

when A =n —1,

ND3(T) =2(A 4+ 1)(A+3) +2(A +1)° + (A% — A)(2A + 1),
when A =n — 2,

ND3(T) > (A +2)(2A% + 8A + 18) + (A® — A)(2A + 1) + 30,
when A =n — 3, and
ND3(T) > 128(n — A) + (A + 2)(2A% + 9A +27) + (A% — A)(2A + 1) — 398,

when A < n — 3. The equality holds if and only if T is a spider with at most
one leg of length more than one.

Proof. Assume that T* € T(n,A) with NDs(T*) < ND3(T) for all T €
T (n,A). Rooted T* at a such that degp.(a) = A. First let A = 2. Hence
T* is a path and the result is immediate. Now let A > 3. Then by Lemmas
2.1, 2.2 and 2.3, T is a spider with center a and by Proposition 2.4, T has at
most one leg of length more than one. If T* is a star, then ND3(T*) = 2A%.
Hence, assume that 7™ is not a star and 7™ has only one leg of length more
than one. If A =n — 2, then

ND3(T*) = 2(A+ 1)(A+3) +2(A +1)* + (A% — A)(2A + 1),
now if A =n — 3, then

ND3(T*) = (A +2)(2A% + 8A + 18) + (A — A)(2A + 1) + 30.
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Finally, let A < n — 3. Then
ND3(T*) =A(A — 1)(A+1)(2A + 1) + (A + 1)(A + 2)(2A + 3)
+4(A+2)(A+6)+128(n — A —4)+84+30
=128(n — A) + (A +2)(2A% +9A +27) + (A% — A)(2A + 1) — 398.
Then the proof is complete. O
Corollary 2.6. For every tree T' with n vertices, NDs(T) > NDs(P,).

Proof. 1t is easy to see that for path graph P,,

2, ifn =2
32, ifn=3
NDs(P,) ={ 114, ifn =4
298, ifn=>5
128n — 412, ifn > 6.

If A > 2, then 2A* > 32 = ND3(P3),
2(A+1)(A+3)+2(A+1)°+ (A% = A)(2A + 1) > 114 = ND3(P,),
and
(A +2)(2A% +8A +18) + (A% — A)(2A + 1) + 30 > 228 = N D3(Ps).
Also if A > 2 and n > 5,
128(n — A) + (A + 2)(2A% + 9A +27) + (A® — A)(2A + 1) — 398
> 128n — 412 = NDs(P,).
Therefore by Theorem 2.5, the result is obtained. 0

The following observation is immediately achieved from the definition of
N D3 index.

Observation 2.7. Let G be a graph and e ¢ E(G). Then ND3(G +¢e) >
ND3(G).

Corollary 2.8. If G is a simple connected graph with n vertices and mazximum
degree A, then
ND3(G) > 2A%,
when A =n —1,
ND3(G) > 2(A+1)(A+3) +2(A+1)% + (A® — A)(2A + 1),
when A =n — 2,
ND3(T) > (A +2)(2A% + 8A + 18) + (A% — A)(2A + 1) + 30,
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when A =n — 3, and
ND3(G) > 128(n — A) + (A +2)(2A% + 9A + 27) + (A® — A)(2A + 1) — 398,

when A < n — 3. The equality holds if and only if G is a spider with at most
one leg of length more than one.

Proof. By our assumption, G is a simple connected graph with n vertices and
maximum degree A. It is a well known fact that, there is a spanning tree T
of G with n vertices and maximum degree A. Since E(T) C E(G), then by
Observation 2.7, ND3(G) > NDs(T) and by Theorem 2.5,

ND3(G) > 2A%,

when A =n—1,

ND3(G) > 2(A+1)(A+3) +2(A+1)% + (A3 — A)(2A + 1),
when A =n — 2,

ND3(T) > (A +2)(2A% +8A +18) + (A% — A)(2A + 1) + 30,
when A =n — 3, and
ND3(G) >128(n — A) + (A +2)(2A% + 9A +27) + (A® — A)(2A + 1) — 398,
when A < n — 3. By Observation 2.7, if G is not a tree, then the equality does

not hold. Therefore by Theorem 2.5, the equality holds if and only if G is a
spider with at most one leg of length more than one. O

3. Data Availability Statement

The paper does not include or use any datasets.

4. Conflict of interest

The authors declare no conflict of interest.

References

[1] Alwardi, A., Algesmah, A., Rangarajan, R., & Cangul, I.N. (2018). Entire Zagreb in-
dices of graphs. Discrete Math. Algorithm. Appl., 10(3), Article ID 1850037, 16 pages.
https://doi.org/10.1142/S1793830918500374

[2] Borovi¢anin, B., Das, K. C., Furtula, B., & Gutman, I. (2017). Bounds for Zagreb
indices. MATCH Commun. Math. Comput. Chem., 78(1), 17-100.

[3] Dehgardi, N., & Aram, H. (2021). Bounds on the first leap Zagreb index of trees.
Carpathian Math. Publ., 13(2), 377-385. https://doi.org/10.15330/cmp.13.2.377-385

[4] Dehgardi, N., & Liu, J-B. (2021). Lanzhou index of trees with fixed maximum degree.
MATCH Commun. Math. Comput. Chem., 86(1), 3—-10.

[5] Gutman, I., Furtula, B., Vukicevié, k., & Popivoda, G. (2015). On Zagreb indices and
coindices. MATCH Commun. Math. Comput. Chem., 74, 5-16.

[6] Gutman, I., Milovanovié, E., & Milovanovié, I. (2020). Beyond the Zagreb indices. AKCE
Int. J. Graphs Comb., 17(1), 74-85. https://doi.org/10.1016/j.akcej.2018.05.002



[7]

(11]

(12]
(13]
(14]

(15]

(16]

(17]

(18]

(19]
20]

(21]

(22]

23]

(24]

25]

Neighborhood version of third Zagreb index of trees — JMMR Vol. 13, No. 2 (2024) 561

Gutman, I., Rusc¢i¢, B., Trinajsti¢, N., & Wilcox, C. F. (1975). Graph theory
and molecular orbitals. XII. acyclic polyenes. J. Chem. Phys., 62(9), 3399-3405.
https://doi.org/10.1063/1.430994

Gutman, I., & Trinajsti¢, N. (1972). Graph theory and molecular orbitals. total
m-electron energy of alternant hydrocarbons. Chem. Phys. Lett., 17(4), 535-538.
https://doi.org/10.1016/0009-2614(72)85099-1

1li¢, A., & Zhou, B. (2012). On reformulated Zagreb indices. Discrete Appl. Math.,
160(3), 204-209. https://doi.org/10.1016/j.dam.2011.09.021

Ismail, R., Azeem, M., Shang, Y., Imran, M., & Ahmad, A. (2023). A unified ap-
proach for extremal general exponential multiplicative Zagreb indices. Axioms, 12, 675.
https://doi.org/10.3390/axioms12070675

Luo, L., Dehgardi, N., & Fahad, A. (2020). Lower bounds on the entire Za-
greb indices of trees. Discrete Dyn. Nat. Soc., 2020, Article ID 8616725, 8 pages.
https://doi.org/10.1155/2020/8616725

Milicevié, A., Nikoli¢, S., & Trinajsti¢, N. (2004). On reformulated Zagreb indices. Mol.
Divers., 8(4), 393-399.

Mondal, S., De, N., & Pal, A. (2021). On neighborhood Zagreb index of product graphs.
J. Mol. Struct., 1223, 129210. https://doi.org/10.1016/j.molstruc.2020.129210

Mondal, S., De, N., & Pal, A. (2019). On some new neighborhood degree based indices.
Acta Chemica lasi., 27, 31-46. DOI: 10.2478 /achi-2019-0003

Mondal, S., Dey, A., De, N., & Pal, A. (2021). QSPR analysis of some novel neigh-
bourhood degree-based topological descriptors. Complex Intell. Syst., 7, 977-996.
https://doi.org/10.1007/s40747-020-00262-0

Mondal, S., De, N.,; & Pal, A. (2021). Neighborhood degree sum-based molecular
descriptors of fractal and cayley tree dendrimers. Eur. Phys. J. Plus, 136, 1-37.
https://doi.org/10.1140/epjp/s13360-021-01292-4

Mondal, S., De, N., Pal, A., & Gao, W. (2021). Molecular descriptors of
some chemicals that prevent covid-19. Curr. Org. Synth., 18, 729-741. DOI:
10.2174/1570179417666201208114509

Mondal, S., Imran, M., De, N., & Pal, A. (2021). Neighborhood
m-polynomial of titanium compounds. Arab. J. Chem.,, 14, 103244.
https://doi.org/10.1016/j.arabjc.2021.103244

Mondal, S., Some, B., Pal, A., & Das, K.C. (2022). On neighborhood inverse sum indeg
energy of molecular graphs. Symmetry, 14, 2147. https://doi.org/10.3390/sym14102147
Naji, A.M., Soner, N.D., & Gutman, I. (2017). On leap Zagreb indices of graphs. Com-
mun. Comb. Optim., 2(2), 99-117. DOI: 10.22049/cco0.2017.25949.1059

Ramane, H.S., Pisea, K.S., Jummannaverb, R.B., & Patila, D.D. (2021). Applications of
neighbors degree sum of a vertex on zagreb indices. MATCH Commun. Math. Comput.
Chem., 85, 329-348.

Raza, Z., Akhter, S., & Shang, Y. (2023). Expected value of first Zagreb connection
index in random cyclooctatetraene chain, random polyphenyls chain, and random chain
network. Front. Chem., 10, 1067874. https://doi.org/10.3389/fchem.2022.1067874
Rasi, R., Sheikholeslami, S. M., & Behmaram, A. (2017). An upper bound on the
first Zagreb index and coindex in trees. Iranian J. Math. Chem., 8, 71-82. DOI:
10.22052/1jmc.2017.42995

Shao, Z., Gutman, I., Li, Z., Wang, S., & Wu, P., (2018). Leap Zagreb in-
dices of trees and unicyclic graphs. Commun. Comb. Optim., 3(2), 179-194. DOI:
10.22049/CC0.2018.26285.1092

Vukicevié, D., Li, Q., Sedlar, J., & Dosli¢, T. (2018). Lanzhou Index. MATCH Commun.
Math. Comput. Chem., 80(3), 863-876.



562 N. Dehgardi

[26] Xu, K., & Hua, H. (2012). A unified approach to extremal multiplicative Zagreb indices
for trees, unicyclic and bicyclic graphs. MATCH Commun. Math. Comput. Chem., 68(1),
241-256.

NASRIN DEHGARDI
ORCID NUMBER: 0000-0001-8214-6000
DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
SIRJAN UNIVERSITY OF TECHNOLOGY
SIRJAN, I.LR. IRAN
Email address: n.dehgardi@sirjantech.ac.ir



	1. Introduction
	2. Trees
	3. Data Availability Statement
	4. Conflict of interest
	References

