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ABSTRACT. Hypergroups that have at least one identity element and
where each element has at least one inverse are called regular hyper-
group. In this regards, for a regular hypergroup H, it is shown that there
exists a correspondence between the set of all strongly regular relations
on H and the set of all normal subhypergroups of H containing Sz. More
precisely, it has been proven that for every strongly regular relation p
on H, there exists a unique normal subhypergroup of H containing Sg,
such that its quotient is a group, isomorphic to H/p. Furthermore, this
correspondence is extended to a lattice isomorphism between them.
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1. Introduction

The hyperstructure theory, born in 1934 with Marty’s paper at the viii Con-
gress of Scandinavian Mathematicians, was subsequently developed around the
40s with the contribution of various authors especially in France and in the
United States [15]. Marty showed that the characteristics of hypergroups can
be used in solving some problems of groups, algebraic functions, and ratio-
nal functions. Surveys of the theory can be found in [7,8]. A special type
of equivalence relations which is called fundamental relations play important
roles in the theory of algebraic hyperstructures. The fundamental relations are
one of the most important and interesting concepts in algebraic hyperstructures
that ordinary algebraic structures are derived from algebraic hyperstructures by
them. The fundamental relation 5* on hypergroups was defined by Koskas [14],
Corsini [6], Ferni [10, 11], and Vogiouklis [16]. Then D. Ferni introduced the
fundamental relation «* which is the transitive closure of v and is the smallest
relation such that H/v* is an abelian group. Subsequently, fundamental rela-
tions were gradually introduced on other algebraic hyperstructures. R. Ameri
et al. introduced and studied the congruence relations on multialgebras, as a
general case of algebraic hyperstructures, such as hypergroups, hyperrings and
etc. in [2].
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T. Vogiouklis generalized the fundamental relations in [16] to use on hyperrings
and then R. Ameri et al., reformulated it based on polynomials [3]. In [1], it has
been demonstrated that relations * and v* are related together in the form of
v*= §x5*, where ¢ is the congruence relation with respect to the commutator
subgroup.

A. Connes and C. Consani introduced hyperrings corresponding to adele classes
and studied algebraic geometry based on hyperrings [4]. Then, they utilized
hyperrings to prove certain propositions in number theory [5]. J. Jun investi-
gated tropical varieties on hyperrings [13], also in his doctoral thesis, he studied
algebraic geometry on hyperstructures and proved important propositions in
the field of algebraic geometry on hyperfields [12].

In the theory of algebraic hyperstructures, particularly in research related to
algebraic geometry based on hyperstructural concepts, one of the most crucial
question is whether the fundamental relations transfer the derived concepts
back to their classical form?

On the other hand, fundamental relations usually have long and intricate for-
mulas, posing challenges in the investigation of such issues. Since working with
congruence relations is significantly easier, our goal is to examine conditions
under which we can view fundamental relations as congruence relations. Now
in this paper, we follow [2], to established an isomorphism between the lattices
of all strongly regular relations on a hypergroups and its subhypergroups.
One of the most important applications of the results obtained in this arti-
cle is that they enable us to establish a one-to-one correspondence between
strongly regular relations on hyperrings and suitable hyperideals of hyperrings.
Additionally, we aim to investigate similar results concerning hypermodules.

2. Preliminaries

Let (H,o) be a semi-hypergroup. An equivalence relation p is called a
1- Regular on the right (resp. on the left), if for all x € H, from apb, it follows
that (aox)p(box) (resp. (zoa)p(xob));
2- Strongly regular on the right (resp. on the left), if for all z € H, from apb, it
follows that (aox)p(box) (resp. (xoa)p(xobd));
3- Regular (resp. strongly regular), if it is regular (resp. strongly regular) on
the right and on the left.

Theorem 2.1 ( [6]). Let (H, o) be a semi-hypergroup and p be an equivalence
relation on H.

If p is regular, then H/p = {p(h); h € H} is a semi-hypergroup with respect to
the hyperoperation p(x)®p(y) = {p(z); z € zoy}.

Furthermore, if the above hyperoperation is well defined on H/p, then p is
regular.

Corollary 2.2 ( [6]). If (H,o) is a hypergroup and p is an equivalence relation
on H, then p is regular (resp. strongly regular) if and only if (H/p,®) is a
hypergroup (resp. group).
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Theorem 2.3 ( [6]). Let (H,o) be a semi-hypergroup and p be an equivalence
relation on H.

If p is strongly regular, then H/p is a semi-group with respect to the operation
p(x)@p(y) = p(z), for all z € xoy.

Furthermore, if the above operation is well defined on H/p, then p is strongly
reqular.

Definition 2.4 ( [9]). For all n > 1, we define the relations 3, and ~, on a
semi-hypergroup H, as follows:

afpb <= Ix1,x2,....2,) € H" : {a,b} C sz

i=1
n n

aypb <= I(z1,29,....,2,) E H",0 €S, : a € Hml , be Hya(i)
i=1 i=1

and 8 = J,;5 Bn and v = U,,>1 7» where 1 =1 = {(z,x);2 € H}. Let f*be
the transitive closure of 8 and 7* be the transitive closure of 7.

If H is a hypergroup then v = ~* and 8 = *. Also, 8* is the smallest
strongly regular relation on H and ~v* is the smallest strongly regular relation
on H such that the quotient H/~* is a commutative group [9)].

Definition 2.5 ( [6]). S* is called the fundamental equivalence relation on H
and H/B* is called the fundamental group.

Let p be a strongly regular relation on a hypergroup H, and o be a congru-
ence relation on group H/p, then consider:

(a,b) € oxp <> (p(a), p(b)) € 0.

If § is a congruence relation on H/p corresponding to the commutator subgroup
of H/p, then dxp is the smallest strongly regular relation containing p on H,
such that H/(d%p) is a commutative group. In particular, v = §*53 [1].

Definition 2.6 ( [9]). Let (H,o) be a hypergroup and (K, o) be a subhyper-
group of it. We say that K is:

(i) closed on the left (on the right) if for all kq, ke of K and x of H, from
k1 € x o ko (k1 € kg o x, respectively), it follows that x € K;

(ii) invertible on the left (on the right) if for all z, y of H, from z € Koy
(x € yo K), it follows that y € K ox (y € x o K, respectively);

(iii) conjugable on the left if it is closed on the left and for all x € H, there
exists ©' € H such that x o2’ € K. Similarly, we can define the notion of
conjugable on the right.

We say that K is closed (invertible, conjugable) if it is closed (invertible, con-
jugable) on the left and on the right.

It is proved that, each conjugable subhypergroup is invertible and each in-
vertible subhypergroup is closed [9].
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3. Correspondence

For a hypergroup H, denote the set of all strongly regular relations on H by
SR(H). Letting S(H) = {S,;p € SR(H)}, where S, := {s € H; p(s) = en/,}-
Since H/p is a group, then there exists h € H such that p(h) = ep/,. Hence,
S, # 0. Also, denote the set of all subhypergroups of H containing Sz by
(Sp), and the set of all normal subhypergroups of H containing Sg by N(Ss).
Clearly, if H is a group then Sg = {e} and S(H) = N(Sg), because on groups,
the set of strongly regular relations becomes to the set of regular relations
(congruence relations) that is in one to one correspondence with the set of
normal subgroups.

Theorem 3.1. If H is a hypergroup, then S(H) C N(Sg).

Proof. Let S, € S(H) and z € S,. Then x 0S5, C S, and S,ox C S,,.
If s € S,, since Hox = x0H = H, then there exist h,h’ € H such that
s€hoxnNwoh' and ey, = p(s) = p(hox) = p(h)®p(x) = p(h) = p(h').
So h,h' € S, and S C x0S,NS, ox. Therefore S, is a subhypergroup of
H. Now consider p € SR(H) and « € H. So there is an 2’ € H such that
p(z o) = p(x)®p(z') = epy,. Since p(S,) = e/, then x oS, 0z’ C S, and
therefore z 0 S, 02’ oz C S,0x. But 2’ oz C S, and hence z 0.5, C S, 0.
Similarly, it can be proved that S,oxz C z0S, and therefore the equality holds.

Also, since 8 C p then Sg C 5,. O
Example 3.2. Consider the hypergroup (H, o), where H = {0,1} and

o| 0 1

010 1

111 H

Hence Sg,, = H and S(H) = {H}. Now consider K = S3 x H, then S(S3) =
{{e}, As, S3}, Sa, ={e} x H and (Ss,) = {{e} x H, (1) x H, (12) x H, (73) X
H, A3 x H,S3 x H}, N(Sg,) = {{e} x H,As x H,Ss x H}. It is easy to verify
that the congruence relation modulo of each element of N(Sg,) is strongly
regular relation on K. Hence N(Sg,) C S(K) and N(Ss,) = S(K).

Proposition 3.3. If H is a hypergroup and S, € S(H), then S, is conjugable.

Proof. Let s1,s0 € S, and h € H such that s; € hosy. Then ey, = p(s1) =
p(hosy) = p(h)®p(s2) = p(h), and hence h € S,. If h € H, then there
exists an element such as p(k) in group H/p which p(h)®p(k) = epy,. Thus
hokCS,. O

Let (H,o) be a hypergroup and Eyy = {e € H; x € eoxNzoe,Vr € H}.
For every v € H, set Cy(z) = {y € H; EgN(yoxNzoy) # P} If
Cr(x)={y€e H; EgnNyox # 0} and Cr(z) ={y € H; EgNzoy # (0}, then
Cr(zr) = Cr(z) N Cr(z). Also y € Cr(z) if and only if x € Cr(y), and it is
clear that Eg C S, for every p € SR(H).
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Definition 3.4. A hypergroup H is called a regular hypergroup if Fy # 0
and Cy(z) # 0 for every x € H. A regular hypregroup H is called a strongly
regular hypergroup, if O (z) = {271} for every z € H.

If H is a strongly regular hypergroup, then |Fy| = 1. Because for every
e1,e2 € Ep;e; Eesoe and ex € ea0es. So e1,e9 € C(es) and e = es.

Lemma 3.5. Let H be a regular hypregroup. Then p(x) = x oS, for every
S,€S(H) andx € H.

Proof. If z € p(z), then 271 o2 C S, and z € zo(z ' oz) C zoS, So,
p(x) Cz oS, Conversely, if z € x0S,, then z € z o h, for some h € S,, such
that p(z) = p(z) and z € p(x), then z 0 .S, C p(x). O

Consider a subhypergroup K of a regular hypergroup H, and S3 C K. Let
a,b € K and h € H such that a« € hob. Then B(a) = B(z) for each z € ho b,
and by Lemma 3.5, a0 S3 = hobo Sg. ThusaoSgoK = hoboSgoK
and K = ho K. Since H is a regular hypergroup then Ex # () and since
Exg C Sg C K then there exists e € Iy such that h € hoe C ho K C K.
Therefore h € K. Also, there is a element such as S(h') in group H/S such
that B(h)®B(h') = B(2) = enyp for each z € hoh'/. Hence hoh' C S C K.
Thus K is conjugable on the left (resp. invertible on the left). Similarly it is
proved that K is conjugable on the right and therefore conjugable.

Also, if (#1,...,x,) € H" such that [}, 2, N K # 0 and a € [[\-, 2; N K then
B(a) = B(I1;_, z;). Therefore, a0 Sg = ([[;—, xi) o Ss, and

aoSgo K = ([[iL1zi) o Spo K = K = ([[;[_y7:) o K.
Let x € H?:lx,-, then there are y1,y2 € K such that y; € z oys. Since K is
conjugable, then it is closed and therefore € K. Thus [[!,2; C K and K is
complete part.

If S € N(Sp) then {(z,y) € H? xz0oS = yo S} is called the congruence
relation modulo S and, the following theorem can be stated about the elements
of N(Sg).

Theorem 3.6. If H is a regular hypregroup, then the congruence relation
modulo of each element of N(Sg) is strongly regular.

Proof. Let z,y,z € Hand S € N(Sg). If zoS = yoS, then (zozx)oS = (zoy)oS
and since Sg C S then (z02) 083085 = (z0y)oSz0S5. By Lemma 3.5, for
every r € zox and t € zoy, one has zoxoSg=roSgand zoyoSz =to0S;.
So, roS =to.S and the congruence relation modulo of S is strongly regular on
the left. Since S is normal, from x0.S = yo § it concludes xoz0S =yozoS.
Similarly it is proved that the congruence relation modulo of S is strongly
regular on the right. O

Theorem 3.7. If H is a regular hypregroup, then SR(H) =2 N(Sg) = S(H).
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Proof. Consider the maps f : SR(H) — N(Sg) and g : N(Sg) — SR(H),
defined by f(p) =S, and g(S) = p, = {(z,y); zoS =yoS}. f and g are well
defined by Theorem 3.1 and Theorem 3.6, respectively. Since Ey C Sg C S
then h € S if and only if ho S =S, for every h € H. Hence

fog(8)=f({(z.y); oS =yoS})
={he€H; (x0S)(hoS)=x08, Vx € H}
={he€H; xohoS=2x0S5, Vo€ H}.

Since S is complete part and Ey C Sz C S then (z7'oxz)NS # 0 and
xlox CS. SoifrohoS=x0Sthenz lozohoS=z"1toxoS and
hoS =S. Therefore fog(S)={h€ H; hoS=_S5}=5. By Lemma 3.5

go f(p) =9(S,) ={(z,y); oS, =yoS,} ={(z,9); plx)=p(y)} =p.
0

Theorem 3.8. Let p € SR(H) and H/S, :={hoS,; h € H}. Then H/p =
H/S, is a group isomorphism.

Proof. Since Sz C S,, then z0 S, . yoS, = (xoy)oS, = z05, for every
z € zoy. Thus the hyperopration on hypergroup H/S, reduces to an opration,
and hence H/S, is a group. Therefore, H/p — H/S, by p(z) — x oS, is
isomorphism because p(x) = x o S, for every x € H. O

Proposition 3.9. If H is a (resp. strongly) regular hypregroup and S € (Sg)
then S is conjugable and (resp. strongly) regular.

Proof. Consider s1,s2 € S and h € H such that s; € hosy. Then B(s1) =
B(hosg) and by Lemma 3.5, s105g085 = (hosy)oSg0S, and hence S = hoS.
Also, from Eyx C Sz C S it concluded that h € S. Also, there exisrs hteH
such that Ey Nhoh ™t # (0. Sohoh 1 C S5 C S.
Since By C S then Ey C Es and if x € S, then there exists 2’ € H such that
Egn(zoz')#0. So, e € xox’ for some e € Eg, and because S is conjugable
then 2’/ € S. Therefore, Cg(z) # 0.

O

Remark 3.10. The converses of Propositions 3.3 and 3.9 are not correct, because
if H is a strongly regular hypergroup, then S = {e} x H is a conjugable and
strongly regular subhypergroup of H x H but S ¢ S(H x H).

Let S € (S,) and = € H. Then there exists 2’ € H such that v(z)®vy(z’) =
7(y) = v(2) = enyy for each y € x o’ and 2z € 2’ o x. Hence for every s € S
one has

(xosoa’)oS,=(2'osox)oS, = (soxoa')oS,=s085,.
Thus (zosoax’)oS,05 = (2'0sox)oS,05 =s0S5,05 = §. Since S is regular
and Fy C Sthenzosoz’ Uz’ osox CS. So,z0So0x’ Uz’ 0oSox C S and
sincexox’Ux'onSng, then oS C Sox and Sox C z0S. Therefore:
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(S5) = N(S,) € N(S).

4. Lattice perspective

From now on, all hypergroups are strongly regular hypergroups unless oth-
erwise stated. For a hypergroup H, (S(H),C) and (SR(H ), C) are posets and
S(H) = {Syp; 0c¢SR(H)} = N(Sg), SR(H) = {0s; SEN(Sz)}, where g is the
congruence relation modulo S.

Let Ay = {(h,h);h€H} and Vi = H?. Then Vy,By € SR(H). For ev-
ery p,o € SR(H) put pVo = p U (poo) U (pogop) U (pogopos) U ... where
poo = {(z,y)€H?; 32z€H > (z,2)€p, (2,y)€c}. Also, pNo € SR(H) and
ﬂpGSR(H) p=PBu.

If L is a lattice and a € L, then I(a) := {b€L; b < a} is the principal ideal
generated by a and F(a) := {b€L; a < b} is the filter generated by a.

Lemma 4.1. If p,o € SR(H), then pVo € SR(H).

Proof. Clearly, pVo is the smallest equivalence relation containing p and o. Let
(z,y) € pVo and z € H. Then there are n € N and 21, ..., 2z, € H such that
21 =%, zn =y and (24, 2i41) € pU o, for every 1 < i <n — 1. Without loss of
generality assume that (z,22) € p, (22,23) € 0,..., (zn—1,y) € p. So

ZOL PZOZ 0 2023 ... 202, 1P Z0Y.

Hence for every t; € zox and t, € z oy there are ts,...,t,_1 € H, where
ty pta oty ... ty_1 pty and t € z 0 2, for every 2 < k < n — 1. Thus
(t1,tn) € pVo and zox pVo zoy. Similarly, one can prove that zoz pVo yoz. O

Theorem 4.2. Let (H,0) be a hypergroup. Then S(H) and SR(H) are com-
plete lattices.

Proof. Let A C SR(H) then by Lemma 4.1;

Vp eSRH), () p=p €SRH).

pEA PESR(H)
If S,T € S(H), then S oT is the smallest normal subhypergroup of H such
that SUT CSoT. So SVT =SoT. Also (Ngegmy S =955 € S(H). O

Proposition 4.3. The lattices S(H) and SR(H) are isomorph.

Proof. Consider the function f introduced in Theorem 3.7 and suppose p,o €
SR(H) and S,T € S(H) where p C 0 and S C T. Hence f(p) =S, C Sy =
f(o) and if (z,y) € H? be such that z0S =yoSthenzoSoT =yoSoT.
Therefore, xoT =yoT and f~1(S) C f~HT). O

Therefore S,05, = Syve, SpNSe = Sy, 0sVOr = Osor and OsNbr = Ogar.
Where $,7 € S(H), p,o € SR(H) and 0s = {(x,y) € H* z0S§ =yoS}. Also
\/peSR(H) p=Vu, ﬂpGSR(H) p =B, \/SGS(H) S = H and ﬂSGS(H) S = Sg.
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Theorem 4.4. Let f : H — K be a good homomorphism of strongly regular
hypergroups and p € SR(H), such that S, C Kerf. Then there is a unique good
homomorphism f : H/p — K where f(p(h)) = f(h) such that Kerf = p(Kerf)
and Imf = Imf. Moreover, f is isomorphism if and only if f is onto and
S, = Kerf.

Proof. If z,y € H and p(x) = p(y), then x oy™! C S, C Kerf. Therefore,

flwoy™) = f()f(y)™' = ex and f(z) = f(y). Clearly, Imf = Imf,
Kerf = {p(x); zeKerf} = p(Kerf) and f is unique. Thus f(p(z)®p(y)) =

flplzoy)) = flxoy) = f(x)f(y) and f is one to one if and only if kerf =
p(Kerf)={S,} if and only if Kerf =5,.
O

Corollary 4.5. Let f : H — K be a good homomorphism of strongly reqular
hypergroups and p € SR(H), 0 € SR(K) such that f(S,) < So. Then there is
a unique homomorphism f : H/p — K/o where f(p(h)) = o(f(h)). Moreover,
f is a isomorphism if and only if ImfV S, = K and f~1(S,) C S,.

Proof. 1f p(x) = p(y), then (f(z), f(y)) € f(p) € o and o(f(z)) = o(f(y)).
Thus f is welldefined. Also f(p(z)®p(y)) = f(p(zoy)) = o(f(zoy)) =

o(f(@)f(y)) = o(f(x))@a(f(y)) = f(p(x))f(p(y)). Let f be an isomorphism,
then f is onto and Imf Vv S, = K. Since Kerf = S, then {p(z); f(p(z)) =
So} ={p(z); o(f(x)) = Ss} = {208, f(x)€S,} =S,. Thus, f~'(S,) C S
If f71(S,) € S, and Imf Vv S, = K, then Kerf = S, and S, C Imf.
Therefore, Imf = K and f is onto. O

If H is a strongly regular hypergroup and A, B, X and Y are lattices of
subhypergroups of H, normal subhypergroups of H, equivalence relations on
H and strongly regular relations on H, respectively, then A =2 X and B2 Y.

5. Examples

Example 5.1. Let G = {p,q, 21, %2, T3,24,75} and consider (G,o) as the fol-
lowing table

© p q Ty T2 T3 Ty Z5

p [ {p.a} {pad {&} {22} {as} {za} {25}
q | {pa}y {p,a} {1} A{w2} {ws} {za} {zs}
oy | {zi} Az} {pqb {wa}  {zs}  {z2} {3}
ro | {wa}  A{z2} A{ws} {p,q} {wa} A{zs} {m}
w3 | {zs}  A{xzs}  A{za} A{zs} {p,a} {m:} {22}
za | {za}  A{za} A{zs} {z} A{z2} A{zs} {p, ¢}
w5 | {zs}  {xs}  {ze}  A{zs} {z} {p.a} {z4}

It is routine to see that f = Ag U {(p,q),(q,p)} and G/B = S3. Since § is
the smallest strongly regqular relation and, also strongly reqular relations and
reqular relations are the same on groups. Then SR(H) = {8,v,V¢g}, where
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v =pU {(a:i,:rj); 1,7 € {1,2,3},i # ]} U {(xr,xs); r,s € {4,5},r # 5},
G/y = Zy. Also Sg = {p,q} and Sy = {p,q,x4,25}.

va G
B Sp

Now consider the hypergroup H = G x G. Then ((hy,h2), (k1,k2)) € Bu if
and only if (h1, k1), (he, ko) € Ba, similarly for yu. Also Sy, = Syo X Sy, and

Ssu = {(p,1), (4:9), (0, 9); (¢,0) }-

VH H=GxG
(Vasva) (vg:Va) S(Vc.wc) S(WG,VG)
TH=0(Gg:7q) Sy
Ba>v6) (v Ba) SBae) Stvg.6a)
Bu=0Bg,Bag) SHH

Example 5.2. In Example 3.2 we have the following correspondence:

V53><VH S3xH
YXV g Az x H
Bsg XV H {e}xH

Example 5.3. Let H = ZyxZyXxZo and o be the following hyperoperation:

o e p q T s t U v
e=(0,0,0) | {e} Afep} {gt Aer}d {s}  A{st}  {u} {uv}
p=(0,0,1) | {e;py  {p}  Aary  {r} {s;t} {t}  {uv} {v}
¢=(1,0,0) | {q¢t {gr} {et Aept {u} {wop {s} {st}
r=001 {gr} {r} Aepy {p} A{uwov} {v}  {s;t} {8}
s=(0,L,0) | {s} A{s;t} {u} AHww} A{ef Afepr {g¢ {gr1}
t=(0,1,1) | {s;t}  {t} Awo} {fo} Aept {p} A{¢r} {r}
u=(LLO0) | {u}  Auwop s} st} {a} {or} {e}  {ep}
v=(L11 [{w,o} {o}  Ast} {t} Aery o Aery  {p}

Since H is commutative,
6 == AU {(eap)a (pv 6)7 (Q7r)7 (Ta Q)v (Svt)? (tv 5)3 (uﬂ ’U), (Uvu)}

and Sy = Sg = {e,p}. Let Si = {e,p,q,r}, So = {e,p,r,s} and S3 =
{e,p,u,v}, so H/Sg = Vy and H/S1 = H/Sy = H/S3 = Zs.
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Sg

Example 5.4. Let H = {e,a,b,c} and o be the following hyperoperation:
‘ e a b c

{e,b} {a,c} {e b} {a,c}

{a,c} {e,b} {a,c} {e b}

{e.b} {a,c} {e,b} {a,c}

{a,c} {eb} {a,c} {e b}

Since H is commutative, § = v = AU {(e,b), (b,e), (a,c),(c,a)} and S, =
Sg ={e,b}. Also H/ = Zs and

O TR 00

T

6. Conclusions

In this paper we considered hypergroups, as a generalization of groups. In

this paper we study the lattices of strong regular relations on a fixed hyper-
group H, and has been proved there is a lattice isomorphisms between strong
regular congruences relations of H and its normal subhypergroups. This paper
was provided a good introduction for study the relationship between strong
congruence relations and subhyperstructures, for othere classes of hyperstruc-
tures such as hyperrings and hypermodules.
Our next goal will be to generalize the one-to-one correspondence presented in
this article to arbitrary hypergroups. Additionally, we aim to examine the cor-
respondence between the strongly regular relations whose quotient is a cyclic,
nilpotent or idempotent group and the corresponding normal subhypergroups,
from the perspective of lattice theory.
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