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ABSTRACT. In this paper, firstly we obtain characterization for bounded-
ness of the weighted differentiation composition operator from Qg (p, q)
space into weighted Zygmund space. Then we give an estimation for the
essential norm of such an operator on the mentioned spaces. As an ap-
plication, we present a characterization for the compactness of the above
operator.
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1. Introduction

Let D be unit disk {z € C: [2[ < 1} and H(D) be the space of all analytic
functions on D. The class of all f € H(D) N C(D) such that
|f (eO+1) 4+ f (e10=M)) — 2f (¢i9)|

h

where the supremum is taken over all e’ € 9D and h > 0, is denoted by Z and
called Zygmund space. The Closed Graph Theorem together [4, Theorem 5.3]
implies that f € Z if and only if

sup (1 — |2]?) | f”(2)] < oco.
zeD

If]l = sup < o0,

The space Z is a Banach space with the following norm
Ifllz = [£(0)[ + |£'(0)] +sup (1= 1) [ ()]

Let p be a weight, which means that a positive continuous function on ID. The
weighted Zygmund space Z,, is defined as the space of all analytic functions f
on D for which sup,cp p(2)|f”(2)| < oo and the norm on this space is

Ifllze = £ O]+ 1 O)] + u(2) ] (2)].
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When u(z) = (1—2]?)%, a > 0, we have Z% which is known as Zygmund type
space and in the special case if & = 1 then Z! = Z. For more information on
these spaces and operators on them see for instance [7,10-12,17,18,26,27], and
the related references therein.

Let p >0, ¢ > —2 and K : [0,00) — [0, 00) be a nondecreasing continuous
function. The space Qk (p, q) consists of all f € H(D) such that

191 = £ O]+ 0 p [ 17 (1= 1sR)" Kg(z.€) dAG:) < .

where dA is the normalized Lebesgue area measure in D, g(z,&) = log m,

and @e(z) = 15__52. For p > 1, Qk(p,q) with the norm || f[/g, (p,q) becomes a

Banach space, see [14-16, 20, 22], for more details regarding Q(p, q) spaces.
Following [20], we assume that the following condition holds

1
/ (1= K(~log r)r dr < o,
0

since otherwise Qx (p, ¢) consists only of constant functions.

With different choices on K, p,q, many classical functions spaces such as
Bloch space, Hardy space, BMOA, @, and Qk can be obtained, see [2,3,6,
19,21,23]. If K(z) = 2, s > 0, we get F(p,q, s) spaces. About Bloch spaces,

2
there is a useful discussion. If f € Qk(p,q) then f € B%" and

11l jaz2 < Clliflow

where B, o > 0, denotes the Bloch type space (or a-Bloch space), see [20].
We need for the following fact about the functions in B (see [24]):

(1) 1fllBe ~ Zlf(” )| +sup(l = |22) | f D (2),

where n € N. Moreover Qg (p,q) = B if and only if

1
(2) /0 (1 —7?)"2K(—logr)rdr < cc.

A function h with derivative |h/(2)[P = |1 — 2|7972 represents an extremal
2
growth in B%" and by Lemma 2.7 [9], there exist parameters p,q and K such
2

that h € Qk(p,q) S B, Also taking K(t) =t°,0<s<land ¢ > —s—1
imply that Qk (p,q) coincides with the non-trivial F'(p, ¢, s) space.

For an analytic self-mapping ¢ on D, the composition operator C,, is defined
as follows

Co(f)(2) = fle(2),  feHD).
The weighted composition operator is defined by uCy, f(2) = u(z) f(¢(2)), u €
H(DD), which is a combination of composition and multiplication operators. For
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m € N, the weighted differentiation composition operator D", is as follows

Dyt f(2) = u(2) f"™ (p(2))-

This kind of operator includes some classical operators like D, DC,, C,D
and so on. The above operator has been investigated by many authors, see,
e.g. [5,7,11,17,18,22,25-27].

Boundedness and compactness of integral-type operator from Q (p, q) spaces
to a-Bloch space and Zygmund-type spaces investigated in [15] and [16], respec-
tively. The essential norm of generalized weighted composition operators from
the Bloch-type spaces to the weighted Zygmund spaces estimated in [1]. Also
essential norm of Stevic-Sharma operator from Qx(p,q) space to Zygmund-
type space approximated in [8]. Recently Manavi et al., found an estimation
for the essential norm of generalized integral type operator from Qg (p,q) to
Zygmund Spaces, see [13]. The motivation of the paper is to continue the
line of finding an approximation for the essential norm of the operators. The
application of the results is to find necessary and sufficient conditions for the
compactness of the operator.

In this paper, firstly we investigate boundedness of the weighted differen-
tiation composition operator D', m € N from Q (p,q) into Z,. Then we
obtain an estimate for the essential norm of such operators. As an applica-
tion we present a characterization for the compactness of the operator Dy}, on
mentioned spaces.

For any bounded operator T between two Banach spaces X and Y, the
essential norm of T is denoted by ||T||e,x—y and is defined by

IT|le.x—y = inf{]|T — S| : S is a compact operator from X to Y}.

The operator is compact if and only if ||T||,.x—y = 0.

If m = 0 then we have uC, where properties of it between Qg (p,q) and
Z,, are proved, among other general results, in [8]. This result is that uC, :
Ok (p,q) — 2, is bounded if and only if

1) g+2>p o

sup )
T

p(2)[20/ (2)¢' (2) + u(2)9"(2)]

p(2)u(z)¢" (2)]

su iz < 00, sup pEY

z€D (I —lp(=)?) 7 €D (1 — |p(2)[2) > F
(2) ¢+2=p, sup.cpu()u’(2)|In = SzE < oo

sup p(z)|2u (2)¢'(2) + zi(i)@”(Z)l < oo, sup u(Z)IU(Z)so’ig)l .
€D (1= lp(2)2) 7 26D (1 — |p(2)[2) 7 *!
(3) g+2<p,ucZ,

sup p(2)2u' (2)¢' (2) + tg)w”(:/r)l < oo,sup u(Z)Iu(Z)so’i(;)l1

=€D (1 —lp(2)?) > €D (1 —|p(2)2) > *
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The author of [8] also presented some necessary and sufficient conditions for
the compactness.
Throughout this paper, we assume that the following condition holds

1 —_— 1 x-1(q)
/ K(—logr)(1 — pymint=ta} (log . ) rdr < oo,
0

where xo () is the characteristic function of the set O. For simplifying calcu-
lations, we set o = qJ;fQ and

o MG
Al @) = T o)
p(a)u2)

Bl r) = I A= TeP)

All positive constants will be denoted by C which may vary from one occurrence
to another. By A 2 B we mean there exists a constant C such that A > CB
and A ~ B means that A 2 B 2 A.

The following two theorems are our main results.

Theorem A. Let p > 0, ¢ > —2, K : [0,00) — [0,00) be a nondecreasing
continuous function, ¢ be an analytic self-map of D and u be an analytic
function on D. Then Dy, : Qk (p,q) — 2, is bounded if and only if

A", 0, a+m—1) < oo, A(2u'¢’ +uy”, 0, at+m) < 0o, A(up?, ¢, a+m+1) < oo,

where oo = %ﬁ.

Theorem B. Let p > 0, ¢ > —2, K : [0,00) — [0,00) be a nondecreasing
continuous function, ¢ be an analytic self-map of D and u be an analytic
function on D. If D', : Qk (p,q) — Z, be bounded, then

D3
max { B(u”, p,a +m — 1), B(2u'¢' + ugp”, o, a + m), Bup?, o, a + m+ 1)},

e =~

where o = %F.

2. Proof of Main results

If f € Qk(p,q) then using (1), we have (recall that o = %)
AR

(3) |f(k)(z)‘ < CW7

zeD, keN.

Lemma 2.1. Let p > 0, ¢ > —2 and o = £2,

belongs to Qk (p, q),

Then the following function

1— al?

fa(z) = m,

a,z € D.
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Proof.
/D PP~ 2K (g(2,€)) dA(2)

alP(1 — |al?)P
- /D ||1|—(1az2|‘*‘1|7+)‘1(1 — =)7K (9(=,€)) dA(2)
(1— 21

<or [ LT EELL
- D|1—6Z|2+q

K(g(z,€)) dA(2).
Applying Lemma 2.7 [9], we obtain
1fall§y i () = 1/a(0)] +Sup/ [fa(2)IP(1 = [2]*) K (9(2,€)) dA(2) < C
¢eb Jp

where C' is a positive constant independent of p, q, K. O

The proof of the following lemma is similar to the proof of Lemma 2.2 of [13],
S0 it is omitted.

Lemma 2.2. Let p > 0, ¢ > —2, K : [0,00) — [0,00) be a nondecreas-
ing continuous function, @ be an analytic self-map of D and u be an analytic
function on D. If |l¢llee < 1 and Dy}, : Qk (p,q) — 2, be bounded, then
Dy, Qk (p,q) = 2, is compact.

Now we are ready to prove Theorem A.
Proof of Theorem A. Suppose that f € Qk(p,¢). Then (3) implies that

n@IDi )" ()] = w2l (2) 7 (p(2) + (2u' (2)¢' (2) + ul2)e” (2)) S (0(2))
+u(2)p?(2) f" D (p(2)]

()l (2) u(2) 20 (2)¢/ () + u(2)g” (2)
ST epr e g T e e
u(D)u(z)e” ()
T A Ryarmr 1 e
w2l (2) ()20 ()¢ () + u(z)g"(2)
Sigg (1 — [p(z)2)otm—1 1flQx (p.a) + SUP (1 — [p(z)2)o+m 1ok w.a)

p(2)|u(z) " (2)]
U ) pyat T 1 llQx p.a)-

On the other hand

(D200 = WO (GO < Tl

and

(D FY (0)] < [u(0)] [u(0)¢ (0)]

(1 — |p(0)[2)atm—1 ”f”QK(WI) + (1 — |p(0)[2)atm Hf”QK(p,q)'
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In view of the above equations and using the definition of norm in Qg (p,q)
spaces, if

A, a+m—1) < oo, A2u'¢'+up”, o, a+m) < oo, Alup?, o, a+m+1) < oo

then Dy, - Qk (p,q) — 2, is bounded. Now suppose that the operator is
bounded. Applying the operator on the function f(z) = z™ we obtain

(4) sup p(z)[u” (2)] < oo,
zeD

m—+1 m—+2

and also applying on the functions z and z respectively and using

triangle inequality, we have

(5) iggu(@l%’(zw’(@ +u(2)¢" (2)] < oo, iggu(Z)IU(Z)soQ(Z)I < oo.

For 0 # a € D, set

AP, (A -faP)? -
fa(z) = 1—a2)™ ha(2) = (1— az)a-i-lv a(2) = (1— az)a+27 S
and define
©)  Fae)=(a+mt2)fa(s) - CEEIEI o) alOd )

Then F, € Qk(p,q) and sup,ep [|Fullgy (p.q) < C where C is a positive con-
stant, Lemma 2.1. Also, Fim (a) = Fémw)(a) =0 and

malat1)fa+m—1)
—a .

(1 _ |a‘2)a+m
Since D', : Qk (p,q) — Z,, is bounded then
C Z||D$¢Fap(a) HZ“ > SZBM('Z”(D:ngFLp(a))H(Z”
z

Zﬂ(a)l(D:Z@Fap(a))H(a”
et a(e+1)---(a+m—1)]2u'(a)¢'(a) + u(a)”(a)|
(1= [e(a)?)atm '

F{™(a) =

=p(a)le(a)
Fix r € (0,1). Then
p(a)|2u’(a)¢'(a) + u(a)p”(a)|

(7)

le(a)|>r (1 - |¢(a)|2)a+m
(@)™ u(a)]2e (a)¢!(a) + u(a)g” (a)
v A—lp@perm =

On the other hand,
p(a)|2w'(a)y’(a) + u(a)¢” (a)
sup 2\a+m
Jp(a)|<r (1= fe(a)?)

< s Wu(a)lw(a)@’(@ + u(a)g" (a)] < oo,
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Last inequality and (7) yield that A(2u'¢" + up”, p,a +m) < co. To get the
other conditions, the proof is similar. Use instead of F,, the test functions
defined below

Ga(2) = (@ +m+1)(a+m+2)fa(2) = 2a(a +m + 2)ha(2) + ala + 1)ga(2),

Ho(e) = Jule) = ) 4 e sn(2),

with the derivatives G{™ ™ (a) = G (a) = 0 and

a+l)---(a+m-—1)
(T~ Pyt

_a+m

GO (q) = 2qm &L

and H{™ (a) = H(Smﬂ)(a) =0 and

(a4+1)---(a+m-—1)

m—+2 _ 7m+2a
Hm2)(g) = 2a (1= ap)ermt

The proof of Theorem A is completed.

The proof of Theorem B is divided into two parts and we assume that
lllloo = 1, otherwise is true by Lemma 2.2.

Lower bound of Theorem B. Let {z;},cn be a sequence in D such that
lo(z;)] — 1. Let F; = Fy(.,) be functions are defined in (6). Then {F}} is a
bounded sequence in Qg (p, q) which converges uniformly to zero on compact

subsets of D, Fj(m)(ap(zj)) = Fj(erz)(go(zj)) =0 and

(a4+1)---(a+m—1)
(1 = [e(z) )™

FI" D (o(2)) = —o(z5) T 2

Let C1 = supjey [|Fj[ @k (p,g)- Then

CilIDi |l > Timsup || D}, Fj | 2,
Jj—>o0
> limsup pu(z) (20 ()’ (23) + =)@ () E™ P (0(27)
Jj—>o0
— limsup u(z;)|u” (2;) F{™ (¢(27))]
Jj—ro0
. 2 (m+2)
—Timsup u(z) ()¢ () Fy " (0(z))|
Jj—>o0
_ limsup ala+1)(a+m-— 1)|<P(Zj)|"+12|2u’+(2j)<ﬁ'(2j) + u(z;)¢" (%)
Joseo (1=l )t
1)... _12/‘/. N A A
i sup M@ D (e m = 1) u(?)i(zg)Jru(Zj)@ (=)
i (1= ozt
Hence,

€W (2:)0 (2 NA (.
B2u'¢' + uy”, o, 0 +m) = limsup |20/ (2;)" (25) + u(z;)9" (25)]

<D™ |l..
j—00 (1 — |sp(zj)‘2)a+m ~ ” u,cp”
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To prove
B(ug,¢,a+m+1) SIDylle,  B(u",,a+m—1) S|ID]le

use the functions G = G,y and H; = H,(.,) respectively. Indeed {G;} and
{H;} are bounded sequences in Qg (p7 ) which converge to zero uniformly on

compact subsets of D and G§m+1)(g0(zj)) G(m+2)( (2j)) =0 and

ala+1)---(a+m—1)

M) (o(2:)) = 20(2;)
Gj (0(25)) = 2¢(z5) (1= Jp(z;)[2)etm—T

and H{™ (p(z)) = H{™ ((z;)) = 0 and

——m+2a(a+1)---(a+m—1)
(1= ToG) Frmot

We omit the rest of the proof due to the similarity. So, we get

H" () = 20(z;)

1Dy
max {B u’ o, a+m— 1), B(2u'y +up”, o, a+m), Bup®, p,a+m+1)}.

The upper bound of Theorem B. Suppose that {r;} be a sequence in
(0,1) such that lim;.or; = 1. Since Dy, : Qk (p,q) — 2, is bounded, then
it can be easily proved that D" : Qk (p,q) — Z, is bounded. Also, since

u,Tj P
Ti¢llec < 1, then using Lemma 22 DM _: Qk(p,q — Z, is a compact
J UN 1% f
operator for any j. So

IDZlle < I1Ddp = Diirypll = sup (Dl = Do) fllz, G EN
1FlQx .oy <1

Fix 6 € (0,1). For any f with || f|lg. (p.q) < 1 we have

(D3 = Dy ) fllz, = 1D, = Dt ) H) O] + (D, = D) £)' (0)]
+sup u(2)|((Diy DZ”Lw)f)"(Z)I

<[u(0) £ (2(0)) — w(0) ST (rjp(0)] + [u' (0) (f ™ (12(0)) — f"™) (r;0(0)))]
+ [u(0)' (0) (£ D (0(0)) = i f " (r50(0)))|

(8)

+sup () (D, — D7 )" ()]

If j — oo, then
[u(0) ™ (2(0)) = w(0) £ (r60(0))] = 0,
[/ (0)(f ™ ((0)) = ™ (r50(0)))| = O,
[u(0)¢" (0)(f " ((0)) = 7 f" V) (150(0)))| — 0.
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On the other hand
sup pu(2)|((Dy, = Dt ) ) (2)] < ilelgu(Z)\u”(Z)IIf(m)(w(Z)) — [ (rje(2))]

zeD
T u(2)|2u' (2)¢' (2) + u(2)e" ()| SV (p(2) = i fU D (rjp(2))]

+sup (Nu( NI () = 1D o))

We divide each of three suprema on the right hand side of the above into two
parts, one in |p(z)| < § which is a compact set and therefore using (4) and (5),
we obtain

limsup sup pu(2)[u” (2)[|f"™ ((2)) = fO) (rjp(2))| = 0,

=0 e(2)|<8

limsup sup pu(2)[2u'(2)¢ (2) +u(2)@" (2)[| STV (p(2)) =1 f D (rj0(2)) 1 = 0,
J=o0 Jp(2)]<s

limsup sup  pu(z)|u(2)@” (2)[| "2 ((2)) = 72 (rje(2)] = 0.
J=o0 p(2)|<8

Now we compute the other part. Applying (3), we have

sup  p(2)[u (2)|1 /7 (p(2) = fT (rj0(2))]

5<lp(z)]<1
< sup p W @I (@E)+  sup p(2)|u (2)][ £ (rye(2))]
I<]p(2)<1 d<]p(z)I<1
p(2)|u”(z)| p(2)|u" (2)]
<C sup +C sup
s<lp(z)<1 (1= lp(z)[2)otm—1 s<lo(z)l<1 (1 = |rjp(z)[2)etm=1

)
()" ()]
<2C sup ’
§<|(z)]<1 (1 — |@(Z)|2)a+m—1

In a same way one can see that

LS AR R () + @ DI ()~ (2)

(10)
Wy MERE ()P (2) +ul2)¢"(2)]
<20 sl <1 1= |p(z)R)atm
and
5<\S]:I;|<1 () |u(2)@2 ()| Fm D (p(2)) — 12 £ (ryo(2))|
(11) <2C  sup 1(2)|u(z)(2)|

s<le(z))<1 (1= lp(z)[2)atmt1
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From (8), (9), (10) and (11), we get
p(2) " (2)|

|| m

le< sup (D, — Do) fllz, <2C  sup

e 1£1lQ e (o) <1 T s<)o(z)|<1 (1= lp(z)[2)atm—1
/ / 1
+20 sup p(z)[2u' (2) ¢’ (2) ;F:J(QSD (2)]
5<]p(2)|<1 (1—le(2)?)
/2
2wy MR

s<lo(z)l<1 (1 = |p(z)[2)atm+1’
Finally letting § — 1 implies that
1D,
max {B u o, a+m— 1), B(2u'¢ +up”, o, a+m), Bup, p,a+m+1)}.

Corollary 2.3. Letp > 0, ¢ > =2, K : [0,00) — [0,00) be a nondecreas-
ing continuous function, ¢ be an analytic self-map of D and g be an analytic
function on D. Then D', : Qk (p,q) = 2, is compact if and only if

. n(2)|u"(2)]
lim sup
lo(z)|—1 (1= [p(2)[2)xtm—t

207

e R () + ()]
e ()P 0
lim sup ( )u(z|) ( )| =0.

()1 (1= [p(z)[2)etmtT

Remark 2.4. With different choices on p,q and K we can obtain some corol-
laries for the compactness and boundedness of the operators mentioned in the
introduction.

By using Theorem A and Corollary 2.3, we get the following example.

Example 2.5. Let m =1, u =1 and ¢(z) = z. Then D,, ,: Qx (1,0) = Z is
not bounded. Since o = q%z =2, AU, p,a+m—1) = A2u' ¢ +up”, p,a+
m) =0 and
2 1

Also when 8 > 4, then the operator D}Ma : Qg (1,0) — 2P is bounded, because
A" p,a+m—1) = AQ2u'¢' +up”, p,a+m) =0 and A(up?, o, a+m+1) =
supep(l —[2*)P~* = 1.

Similarly B(u" | @, a+m—1) = B(2u'¢'+ue”, o, at+m) = 0 and B(up'?, o, a+
m+ 1) = lim;1 (1 — |2]?)?~%. So, D), : Qk (1,0) = Z* is not compact and
fory >4, D], ,: Qg (1,0) = Z7 is compact.
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3. Conclusion

By using test functions we presented equivalence condition for bounded-
ness and compactness of operator Dy, : Qk (p,q) — Z,. Also an estima-
tion for the essential norm of the operator has been found in the paper. It
is worthwhile mentioned that the results can be stated for some well-known
operators included in the weighted differentiation composition operator. By
comparing Theorems 2.4 and 3.2 of [1] with Theorem A and Theorem B re-
spectively, the operator Dy, : Qk (p,q) — Z, is bounded (compact) if and
only if D7’ : B% — Z,, is bounded (compact). By setting pu(z) = (1—|z[?)?,
similar results will be obtained for the operator Dy, from Qk (p,q) into Zyg-
mund type space. A future work on this subject can be replacing the weighted
Zygmund space by n-th weighted type space.
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