/@@ Journal of Mahani Mathematical Research
Shahid Bahonar

University of Kerman

Print ISSN: 2251-7952 Online ISSN: 2645-4505

CHARACTERIZATION OF n-JORDAN MULTIPLIERS ON
RINGS

A. Z1vaRI-KAZEMPOUR =~ %

Article type: Research Article
(Received: 21 April 2024, Received in revised form 17 August 2024)
(Accepted: 27 September 2024, Published Online: 30 September 2024)

ABSTRACT. Our main result states that every Jordan multiplier 7' from
a commutative ring R into a faithful R-bimodule M with characteristic
different from 2, is a multiplier. We also generalize this result for alln > 2
with a suitable condition. Furthermore, we investigate some illuminating
properties of such maps.
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1. Introduction

Let R be a ring, M be an R-bimodule and let n > 2 be an integer. The
additive map T : R — M is called a right n-multiplier (left n—multiplier) if
for all ay,as,...,an € R,

T(araz...an) = a1 T(az...an), (T(alag...an) = T(alag...an_l)an),

and T is called an n-multiplier if it is both a left and right n-multiplier.
Moreover, T is called a right n-Jordan multiplier (left n-Jordan multiplier)
if
T(a") = aT(a" 1), (T(a”) = T(a”fl)a),

for all @ € R. If T is a left and right n-Jordan multiplier, then it is natural to
call T an n-Jordan multiplier.

The concepts of n-multiplier and n-Jordan multiplier were introduced and
studied for Banach algebras in [6] and [1], respectively. In particular, if n = 2
then T is called simply a multiplier or Jordan multiplier.

It should be pointed out that the term multiplier was introduced by Hel-
gason in [3]. Even nowadays some authors use the term centralizer instead of
multiplier. This terminology was introduced by Wendel in [10], who character-
ized multipliers on group algebras L(G). The general theory of (centralizers)
multipliers on Banach algebras has been developed by Johnson [5].
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Clearly, every left (right) n-multiplier is a left (right) n-Jordan multiplier,
but in general, the converse is not true, (see Example 2.1 below). For char-
acterization of the n-Jordan multiplier on rings and Banach algebras, we refer
the reader to [2,11-14] and the references therein.

Let n > 2 be an integer. We say that an R-bimodule M is of characteristic
not n (char(M) # n) if na = 0 implies a = 0 for every a € M, and M is of
characteristic greater than n (char(M) > n), if nla = 0 implies a = 0 for every
a€ M.

A ring R is called a prime ring if for every a,b € R, aRb = {0} implies that
a=0or b=0, and it is semiprme if a = 0, whenever aRa = {0}.

A classical result due to Zalar [11] asserts that every right (left) Jordan mul-
tiplier on a 2-torsion free semiprime ring is a right (left) multiplier.

Another approach of Zalar’s result obtained by Vukman as follows.

Theorem 1.1 ( [8, Theorem 1]). Let R be a 2-torsion free semiprime ring and
T : R — R be such an additive mapping that 2T (a?) = T(a)a + aT'(a) holds
for all a € R. In this case, T is a left and right multiplier.

It is shown [9, Theorem 1] that if R is a 2-torsion free semiprime ring and
T : R — R is an additive mapping that T'(aba) = aT'(b)a holds for all a, b € R,
then T is a multiplier. See also [14] for it generalization. Molnar in [7] proves
that if R is a 2-torsion free prime ring and 7' : R — R is an additive mapping
that T'(aba) = T(a)ba holds for all a,b € R, then T is a left multiplier.

The purpose of this paper is to show that every n-Jordan multiplier T from
commutative ring R into R-bimodule M with the property that char(M) > n
and aT'(b) = bT'(a) for all a,b € R, is an n-multiplier.

In this note, we will focus just on the right n-Jordan multipliers, the left
versions can be proved analogously.

Throughout the paper, R is a ring, M is an R-bimodule and for a,b € R,
[a, b] stands the commutator ab — ba.

2. n-Jordan Multipliers on rings

The following example which obtained by the author in [12, Example 1.3],
provided that we cannot assert that n-Jordan multipliers of rings are always
n-multipliers.

Example 2.1. Let

a,bc,x,yeC

b
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and define T : R — R wvia

0 a = ¢ 0 a y c
T 0 0 b y|| (00 b =z
0 0 0 a 0 0 0 a
0 0 0 O 0 0 0 O

Then, for all A € R, T(A%) = A? and T(A3) = A3. Therefore, T is a 3-Jordan
multiplier, but T is not 3-multiplier.
For all a,b,c € R, we set
Aq(a,b) = aT(b) = bT(a), and As(a,b,c)=aT(bc)—bT(ac).
An R-bimodule M is called left (right) faithful if the condition am = 0

(ma = 0) for m € M implies that m = 0. If R is unital with unit e and M is
unitary, i.e., em = m = me, then M is faithful.

Theorem 2.2. Let n € {2,3} be fired and R be a commutative ring. Suppose
that M is faithful and characteristic of M different from 2 and 3. Then every
right n-Jordan multiplier T : R — M s a right n-multiplier.

Proof. First assume that n = 2 and we intend to prove that Aj(a,b) = 0 for
all a,b € R. By our assumption

T(a*) = aT(a), acR.
Replacing a by a + b we get

(1) 2T (ab) = aT'(b) + 0T (a), a,beR.
Interchanging b by be in (1), we obtain

(2) 2T (abc) = aT'(be) + bcT (a).

Plugging (1) into (2) to get

(3) 4T (abc) = abT () + acT(b) 4+ 2bcT (a).
Similarly,

(4) 4T (abe) = 4T (bac) = baT(c) + beT(a) 4+ 2acT(b).

Comparing (3) and (4), we arrive at
c¢Aqi(a,b) =0, a,b,c € R.
Since M is faithful, Aj(a,b) = 0 for all a,b € R. As char(M) > 2 it follows
from (1) that T'(ab) = aT'(b) for all a,b € R and hence T is a right multiplier.
Now let n = 3 and T(a®) = aT'(a?) for all @ € R. Replacing a by a + b we
arrive at
(5) 3T (a*b + ab®) = 2(a + b)T(ab) + aT(b*) + bT(a?).
Switching b by —b in (5) and plus the result by (5), we obtain
(6) 3T (ab®) = 26T (ab) + aT(b?).
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Replacing b by b+ ¢ in (6) and simplifying the result to get
(7) 3T (abc) = aT'(be) 4+ bT (ac) 4 cT'(ab),
for all a,b,c € R. Interchanging ¢ by zy in (7), we have
(8) 3T (abzry) = aT (bxy) + T (axy) + xyT (ab).
It follows from (7) and (8) that
9T (abzy) = abT (zy) + azT'(by) + ayT' (bx)

+ baT (zy) + bxT (ay) + byT (ax)

+ 3zyT (ab).
Similarly,

9T (bxya) = baT (ya) + byT (xa) + baT (zy)

+ zyT (ba) + zaT (by) + xbT (ya)

+ 3yaT (bx).
Comparing the above two equalities, we arrive at
9) 2xyT (ab) + abT (zy) = 2yaT (bx) + x0T (ya).
Replacing b by y in (9), we obtain

yAz(z,a,y) =0,
for all a,z,y € R. Since M is faithful, we get
As(z,a,y) =0, a,r,y €R.

Consequently, by (7), T'(abc) = aT'(bc) for all a,b,c € R and so T is a right
3-multiplier. (|

The next corollary follows immediately from Theorem 2.2.

Corollary 2.3. Let n € {2,3} be fized, R be a commutative faithful ring and
characteristic of R different from 2 and 3. Then each right n-Jordan multiplier
T:R — R is a right n-multiplier.

Theorem 2.2 leads to the following conjecture:

Let R be a commutative ring, M be a faithful R-bimodule with char(M) > n.
Then every n-Jordan multiplier T : R — M is an n-multiplier, for all n € N.

Unfortunately, we were unable to prove this conjecture for n > 3, but we
prove that if the faithfully of M replaced by Aj(a,b) =0 for all a,b € R, then
the result follows.

The following lemma which was appeared in [4, Lemma 1], is useful for
characterization of n-Jordan multipliers.
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Lemma 2.4. Let ¢(aq,as,...,a,) be multi-additive from R™ into M and let
o(a,a,...,a) =0 for alla € R. Then

(i)
Z (A (1)5 Ao (2)5 - Qo (n)) = 0,

gESy
where S, is the set of permutations on {1,2,...,n}.
(ii) If char(M) > mn —1, then

d(a,b,....b) + o(b,a,....b) + ... + ¢(b,b, ...,a) = 0,
for all a,b € R.
Our first main theorem is the following.

Theorem 2.5. Let n > 2 be an integer. Suppose that R is a commutative ring,
char(M) >n and T : R — M is a right n-Jordan multiplier. If Ai(a,b) =0
for all a,b € R, then T is a right n-multiplier.

Proof. Define the map ¢ : R™ — M by

olay, ag,...,an) = T(araz...a,) — a1 T (az...an),

for all aj,as,...,a, € R. Then ¢ is multi-additive and ¢(a,a, ...,a) = 0 for all
a € R. It follows from Lemma 2.4, that

Z (rb(ao(l)a A (2)y s ao(n)) =0.

€Sy
Since R is commutative the above equation yields that
n!T(aras...an,) = (n—1)la1T(azaz...a,)
(10) + (n—1DlaT(ar1a3...an) + ... + (n — D0, T(ara2...a4n—1),
for all ay,as,...,a, € R. On the other hand, by our assumption
a1T(azas...an) = (agas...an)T (a1) = (as...an)azT(ar)
= (az...an)a1T(az)
= (a1as...a,)T(a2) = asT(aras...a,).
Hence
a1T(azas...an) = a2T(aras...ap).
Similarly,
a1T(asgasz...a,) = asT(aras...a,) = ... = apT(a1as...a5,-1).
Now it follows from (10) that
n!T(araz...a,) = n(n — DNla1 T (azas...a,).
Since char(M) > n, we obtain
T(araz...an) = a1T(aza3...a,),

for every aj,as,...,a, € R. Consequently, T" is a right n-multiplier. O
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It is shown in [12, Theorem 2.8] that every (n + 1)-Jordan multiplier from
unital Banach algebra A into unitary A-bimodule X is an n-Jordan multiplier.
Here by using Lemma 2.4 we give an alternative proof for the mentioned result.

Theorem 2.6. Let R be an unital ring with unit e, M be unitary R-bimodule
and char(M) > (n+1). Then each right (n+1)-Jordan multiplier T : R — M
s a right n-Jordan multiplier.

Proof. Define the map ¢ : R*"*! — M by

o(ar,ag, ..., an, any1) = T(aras...anani1) — a1 T(as...anan41),
for all a1, as,...,ay,a,11 € R. It follows from Lemma 2.4, that
Z D (Ao (1), Qo(2)s s Qo(n) Go(ni1)) =0,
0€Sn+1
where S, 11 is the set of permutations on {1,2,...,n,n+1}. Let z,y € R. Then
by taking a; = = and as = a3 = ... = a,, = an4+1 = ¥ in the above summation,
we get
T (xy" + yry™ '+ ... +y"x) = n!(zT(y") + yT(zy™ ) + ... + yT(y"_lx)).
Interchanging x by e to get
nl(n+ 1T (y") = nl(n + DyT(y" ).
Since char(M) > (n + 1), the above equality forces T'(y™) = yT'(y"~ 1) for all
y € R and so T is a right n-Jordan multiplier. ]

Lemma 2.7. Let T : R — M be a right Jordan multiplier, char(M) > 2 and
let f(a,b) = T'(ab) — aT'(b). Then for all a,b,c,z € R,
(i) T'(aba) = abT(a),
(ii) T'(abc + cba) = abT'(c) + cbT'(a),
(iii) [a,0]f(a,b) =0,
(iv) [a, b f(a,b) = 0.
Proof. (i) Suppose that T'(a?) = aT'(a) for all a € R. Replacing a by a + b we
get

(11) T(ab+ ba) = aT(b) + T (a), a,bER.
Replacing b by ab + ba in (11), we arrive at
(12) T(a?b + 2aba + ba*) = aT(ab + ba) + (ab + ba)T(a).

Using (11) and (12), we obtain
T(a®b + ba®) + 2T (aba) = aT(ab + ba) + (ab + ba)T(a)
= a(aT(b) + bT(a)) + abT(a) + b(aT(a))
= a*T(b) + 2abT (a) + bT(a?)
= (a®T(b) 4+ bT(a®)) + 2abT (a).



Characterization of n-Jordan multipliers on rings — JMMR Vol. 14, No. 1 (2025)

Since char(M) > 2, hence we have T'(aba) = abT'(a) for every a,b € R.

(ii) The equality in (ii) follows from (i) by replacing a by a + c.
(iii) It follows from (ii) that

T(abab + ba*b) = abaT (b) + baT(ab), a,b < R.
Thus, it follows from (i) and the equation above that
[a,b]f(a,b) = abT(ab) + ba*T(b) — abaT (b) — baT (ab)
= T((ab)?) + T (ba®b) — abaT(b) — baT (ab)
= T((ab)?) 4+ T (bab) — T(abab + ba?b)
= T (abab + ba*b — abab — ba’b)
=T(0) =0.
(iv) From (11), we get
fla,b) + f(bya) =0, a,beR.
By using (ii), we conclude that
0 =T ((ab)z(ba) + (ba)z(ab)) — T (a(bxb)a + b(aza)b)
= abzT (ba) + bazxT (ab) — abxbT (a) — bazaT (b)
= abz f(b,a) + bax f(a,b)
= —abzxf(a,b) + bazx f(a,b)
= [a, bz f(a,b).
Consequently, [a,b]zf(a,b) =0 for all a,b,z € R.

r={ls o] swech.

We make M = C an R-bimodule by defining
aA=0, da=Xz, AeC, aeR.
Define T': R — M via

Example 2.8. Let

T([g %}]):w.

69

Then T'(a?) = T'(a)a for all a € R and hence T is a left Jordan multiplier. Now

it is easy to check that
T(aba) = T(a)ba, a,beR.

Therefore the condition (i) of Lemma 2.7 is satisfied. Similarly, the conditions

(ii), (iii) and (iv) are fulfilled.

Lemma 2.9. Let G1 and Go be groups, char(R) > 2 and ¢,v) : G1 x Gy — R

be bi-additive maps. Suppose that
(1) (b((l, b)w(a’v b) =0, or
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(i) (a,b)¢(a,b) =0,
for all a € G1, b € Go. If there exists a non-zero diwvisor ¥(x,y) for some
x € G1 and y € G, then ¢(a,b) =0 for all (a,b) € Gy X Gs.

Proof. Suppose that (i) holds and ¢ (z,y) is a non-zero divisor for some z € G
and y € Go. Therefore ¢(z,y) = 0. Replacing a by a + x, we get

(13) ¢(a, b)Y (x,b) + d(x, b)Y (a,b) = 0.
Replacing b by b+ y in (13), and simplifying the result, we arrive at
(14)  ¢(a,b)¢(z,y) + ¢(a,y)¢(x,b) + ¢(z, b)Y (a,y) + ¢(x,y)¥(a,b) = 0.

Taking a = x in (14) and using ¢(z,y) = 0 we get 2¢(z, b)) (x,y) = 0. Noticing
that char(R) > 2 and v (z,y) is non-zero divisor, so ¢(z,b) = 0 for all b € Go
and hence from (13), ¢(a,b)ip(x,b) = 0. If we take b = y in the last equality,
then we obtain ¢(a,y) = 0 for all a € G;. Now it follows from (14) that
¢(a,b) = 0 for all a € G; and b € G3. The result follows in a similar way, if
(ii) holds. O

Corollary 2.10. Let R’ be a ring with char(R') > 2. Let T : R — R’ be a
right Jordan multiplier. If there exist x,y € R such that [z,y] is a non-zero
divisor, then T is a right multiplier.

Proof. By Lemma 2.7 (iii), we have [a, b] f(a,b) = 0 for every a,b € R. Suppose
that [z, y] is a non-zero divisor for some z,y € R. Then f(z,y) = 0. Now define

w(av b) = [CL, b] and ¢(a7b) = f(aa b)a

for every a,b € R. Then it follows from Lemma 2.9 that ¢(a,b) = 0 for all
a,b € R and hence we reach the desired result. O

Theorem 2.11. Suppose that T : R — M is a right Jordan multiplier and
char(M) > 2. Then for all a,b,c € R,

(15) cf(a,b) = [b,a]T(c) + T([a, blc),
where f(a,b) = T(ab) — aT'(b).
Proof. By Lemma 2.7 (ii), we have
cf(a,b) = cT'(ab) — caT(b)
) ) (cab + bac)
= cT'(ab) + baT (c) — T (c(ab) + (ab)c) + T'((ab — ba)c)
= cT'(ab) + baT'(c) — (cT'(ab) + abT(c)) + T([a, b]c)
) )

as required. O
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As a consequence of Theorem 2.11, we get the next result which is Theorem
2.2 for the case n = 2.

Corollary 2.12. Let R be a commutative ring and M be a faithful R-bimodule
with char(M) > 2. Then every right Jordan multiplier T : R — M is a right
multiplier.

Proposition 2.13. Let R be an unital ring with unit e, M be an R-bimodule
with char(M) > 2 and T : R — M be a right Jordan multiplier. Then the
following conditions are equivalent.

(i) T'(a) = aT(e), for alla € R.

(ii) T s a right Jordan multiplier.
Moreover, if M is unitary and char(M) > n—1, then (i) and (ii) are equivalent
with

(iii) T is a right n-Jordan multiplier.

(iv) T is a right n-multiplier.

Proof. (i) = (ii) is clear. Assume that (ii) holds. Then by Lemma 2.7,
T(aba) = abT'(a) for all a,b € R. Taking a = e, we get T'(b) = bT(e), for all
beR.

(11) = (4i7) is [12, Lemma 2.1].

(#4t1) = (i). Suppose that M is unitary and T is a right n-Jordan multiplier.
Define the map ¢ : R — M by

olay, ag,...,an) = T(araz...a,) — a1 T(az...ay),

for all aq,as,...,a, € R. Then ¢ is multi-additive and ¢(a,a, ...,a) = 0 for all
a € R. It follows from Lemma 2.4, that

¢(a,b,....,0) + ¢(b,a,....,b) + ...+ ¢(b,b,....,a) =0, a,beR.

If we take b = e in the above equality, then we conclude that T'(a) = aT'(e) for
alla € R.
(i) = (iv) and (iv) = (#ii) are obvious. O

3. Conclusion

The study of Jordan multipliers and their characterization on rings goes
back to Zalar. He proved that each Jordan multiplier on semiprime ring R with
characteristic different from 2, is exact a multiplier [11]. Vukman [8] improved
this result by proving that every additive mapping 7' : R — R on 2-torsion
free semiprime ring R that satisfies in 2T'(a?) = T'(a)a+aT (a) for alla € R is a
multiplier. In this note we gave a new characterization of n-Jordan multipliers
from a commutative ring R into a faithful R-bimodule M with characteristic
different from 2 and 3. We also proved that any (n+ 1)-Jordan multiplier from
unital ring R into unitary R-bimodule M is an n-Jordan multiplier.
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