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ABSTRACT. The aim of the present paper is to define the prime spectrum
of a BCl-algebra as a generalization of prime spectrum BCK-algebras
with respect to prime ideals. The notions of prime spectrum BCI-algebras
using prime ideals, and some properties of these concepts are studied. Fi-
nally, we attempt to generalize some useful theorems about prime spectra
in BCl-algebras instead of commutative BCK-algebras.
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1. Introduction

The class of BCI-algebras was introduced by Imai and Iséki as algebraic se-
mantics for non-classical logic having only implication in 1966 [5]. Iséki, intro-
duced the concept of prime ideal in commutative BCK-algebras and Palasinski,
generalized this definition for any lower BCK-semilattices [7, 11]. Many au-
thors have studied the properties of this ideal in lower BCK-semilattices (see
[7, 8,9, 10]).

M. Palasinski [11] and C. S. Hoo and P. V. Murty introduced topologies on the
set of all prime ideals of a commutative BCK-algebra in different way, respec-
tively [8]. M. Aslam, E. Y. Deeba and A. B. Thaheem developed this theory
and applied it to investigate some properties of commutative BCK-algebras [1].
R. A. Borzooei and O. Zahiri generalized the concept of prime ideals for BCI-
algebras. They verified some properties of these ideals in BCI-algebras such
as the relationship between prime and maximal ideals [2]. After that, the
present authors used this notion to define a prime BCI-algebra and considered
semiprime BCl-algebras using semiprime ideals [12].

In this paper, we focus on the prime BCI-algebras, denoted pBCI, which has
ties to many other algebraic structures including MV-algebras, lattice ordered,
Abelian groups, commutative integral residuated lattices, and others.

Now, we give a definition of a topology on BCI-algebras and consider properties
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of prime BCl-algebra from the point of view of this topology. Finally, we at-
tempt to generalize some useful theorems about prime spectra in BCI-algebras
instead of commutative BCK-algebras.

2. Preliminaries

By a BCl-algebra, we mean an algebra (X, x,0) of type (2,0) satisfies the
following axioms, for all z,y,z € X [4,5],
(BCIL) ((x*y)*(z*x2))*(zxy) =0,
(BCI2) (zx*(zxy))*xy =0,
(BCI3) z*xxz =0,
(BCI4) zxy=yx*x =0 implies z = y.
Recall that given a BCl-algebra X, the BCl-ordering < on X is defined by
x <y if and only if x xy = 0 for any z,y € X. The set {x € X : 0%z = 0}
is called BCK-part of BCI-algebra X and is denoted by B(X). If X = B(X),
then we say X is a BCK-algebra. A BCK-algebra X is called to be a BCK
chain if x <y or y < z for any z,y € X. A BCK-algebra X is said to be a
lower BCK-semilattice if X is a lower semilattice with respect to BCK-order
<. A BCl-algebra X has the following properties for all z,y, z € X,
(BCI5) z*0 =z,
(BCI6) (zxy)*z=(zx2)xy,
(BCI7) 0% (z*xy) = (0%z)* (0xy),
(BCI8) zx* (z+ (x*y)) =z *y.
An ideal T of X is a subset of X such that (i) 0 € I and (i9) x,y xx € I imply
y € I for any z,y € X. We say that an ideal I is proper if I # X. Sometimes,
{0} is called the zero ideal of X, denoted by O in brevity. A subalgebra Y of X
is a nonempty subset of X such that Y is closed under the BCI-operation * on
X. If A is both an ideal and a subalgebra of X, we call it a closed ideal of X.
An ideal I is called a maximal ideal of X if I is a proper ideal of X and it is not
a proper subset of any proper ideal of X. Let I be an ideal of a BClI-algebra X,
then the relation 6 defined by (z,y) € 6 if and only if xxy € [ and y+xx € [ is a
congruence relation on X. We usually denote /I for [x] = {y € X : (x,y) € 6}.
Moreover, 0/I is a closed ideal of BCI-algebra X. In fact, it is the greatest
closed ideal contained in I. Let (X, *,0) and (Y, .,0) be two BClI-algebras, the
map f : X — Y is called a homomorphism, if f(x xy) = f(x).f(y) for all
xz,y € X. A BCK/BCl-algebra X is said to be simple if it has no non-zero
proper ideal. A BCl-algebra X is called commutative BCl-algebra if x < y
implies = x Ay, where z Ay = y * (y * z). A BCK-algebra X is said to be
implicative if z * (y x x) = x for all z,y € X. Let S be a subset of BCI-algebra
X. We call the least ideal of X, containing .S, the generated ideal of X by .5,
denoted by (S]. ( see [4, 6, 7, 10])
Note: From now on, in this paper, we let (X,*,0) or simply X be a BCI-
algebra, unless otherwise specified.
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Definition 2.1. [2,7] i) A proper ideal I of X is called an irreducible ideal if
ANB =1 implies A= 1 or B =1, for any ideals A and B of X.
ii) A proper ideal P of X is called prime if AN B C P implies A C P or
B C P for all ideals A and B of X. If X is a lower BCK-semilattice, then this
definition is equivalent with z Ay € P implying x € P or y € P.
iii) If M is a maximal ideal of BCK-algebra X, then M is a prime ideal of X.

The set of all ideals of X is denoted by Id(X), the set of all prime ideals of
X is denoted by Spec(X), called the spectrum of X [1].
As lattices, Id(X) = Con(X), where Con(X) is the set of all congruence of
a BCK-algebra X [13]. Let X be a nonempty set. A topology 7 for X is a
collection of subsets of X such that (), X € 7, and 7 is closed under arbitrary
unions and finite intersections. We say (X, 7) is a topological space. Members
of 7 are called open sets. A topological space fulfilling the Ty-Space if for any
two points z,y in X, there is an open set U such that « € U and y ¢ U or
y €U and x ¢ U. A ring of sets is a nonempty set R of subsets of a set S such
that if A, B € R, then AUB € Rand AN B € R. Let (X, 7) be a topological
space and V be a subset of X, then a point x € X, is said to be an exterior
point of V' if there exists an open set U, such that x € U € V¢, the set of all
exterior points of V' is said to be the exterior of V and is denoted by Ext(V).
V' is said to be a dense subset of X if for every x € X every neighborhood U
of z, UNV # 0. (see [3]).

Definition 2.2. [12] X is said to be a prime BCI-algebra if the zero ideal is
a prime ideal, that is, I N J = O implies that I = O or J = O, for all proper
ideals I and J of X.

Example 2.3. Let X = {0,a,b,¢} (Y = {0,a,b,¢,d}) be a BCI-algebra in
which x operation is defined by the following table, respectively.

*‘Oabc 10 a b ¢ d
0/0 0 O 0 O
0/0 0 b b

ala 0 0 a O
ala 0 b b b | b 0 b 0

bbb 0 0 ¢
b a 0 clec ¢ ¢ 0 ¢
ele dld d d d 0

By routine calculations, it was observed that Id(X) = {{0},{0,a}, X}. So, for
ideals I, J of X if we have INJ = {0}, then I = {0} or J = {0}. Hence X is a
prime BCI-algebra. Also Id(Y') = {{0},{0, c},{0,qa,b},{0,a,b,c},{0,a,b,d}, X }.
For ideals T = {0,a,b} and J = {0,c}, note that I N J = {0} but I # {0} and
J #{0}. HenceY is not a prime BCI-algebra.

Proposition 2.4. [2] Every simple BCI-algebra X is a prime BCI-algebra.

Proposition 2.5. [2] Let X be a BCK-algebra. Then the following assertions
hold:
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i) Any proper ideal I of X can be expressed as the intersection of all prime
ideals of X containing I.

it) If M is a mazimal ideal of X, then M is a prime ideal of X.

iii) Let f : X — Y be a BCI-homomorphism of BCI-algebras, such that f(X)
is an ideal of Y. If I is a prime ideal of Y and f=*(I) # X, then f=1(I) is
the prime ideal of X .

3. Spectrum of a prime BCI-algebra

In this section, we consider the spectra of the prime BCl-algebras. In the last
years, Palasinski first explored a topological representation for commutative
BCK-algebras in [11], the next, Hoo and Murty defined the spectrum of a
bounded commutative BCK-algebra in [8], the topological space they define
is not the same as Palasinski’s. The spectrum defined by Hoo and Murty
was used as the standard. Later, Meng and Jun proved that the spectrum of
a bounded commutative BCK-algebra is a spectral space. Aslam, Deeba, and
Thaheem studied spectra of commutative BCK-algebras both with and without
the assumption boundedness in [1]. The present work should be introduced as
a generalization and continuation of these several works.

Definition 3.1. Let S be a subset of X, we define
o(S) = {P € Spec(X) : S ¢ P}.

Suppose that X is a prime BCl-algebra. Since O = {0} C I, for all ideals I
of X, 0(0) ={P € Spec(X): O ¢ P} =0 and o(X) = {P € Spec(X) : X ¢
P} = Spec(X). For short denote o(a) instead of o({a}). Also o(I) = o((1])
and, in particular, o(a) = o((a]), for a € X.

Lemma 3.2. Suppose A and B are subsets of X and I,J are two ideals of X.
i) If AC B, then o(A) C o(B).
i) o(INJ)=0c(l)Na(J).
iii) c(IUJ) =0o(I)Ua(J).
Proof. i) Let AC B and P € 0(A). Then A¢ P. As AC B, B¢ P. Hence
P € o(B). Therefore o(A) C o(B).
i)
Peo(I)no(J)<=Peco(I)NPco(J)
<—=IZ¢PANJELP
—InJ¢P
<—Peco(InlJ)
The third relation, as P is a prime ideal is obtained.
iii) Since I CIUJ and J CITUJ, o(I) Co(IUJ) and o(J) C o(IUJ). Hence
oI)Uo(J) C o(IUJ). Now, if P € o(IUJ), then TUJ ¢ P. So at least

occurs one of the two states I ¢ Por J ¢ P. If I ¢ P, then P € o(I) and if
J ¢ P, then P € o(J). Therefore P € o(I)Uc(J). O
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Theorem 3.3. Let I be an ideal of X, then

i) If X is a BCK-algebra, then o(I) = Spec(X) if and only if I = X.
it) o(I) = Ugero(a).

Moreover, if X is a prime BCI-algebra

iii) o(I) =0 iff I = O.

Proof. 1) Suppose that o(I) = Spec(X). Then {P € Spec(X) : I ¢ P} =
Spec(X). Therefore, for every P € Spec(X), we have I ¢ P. Since any
maximal ideal of a BCK-algebra is a prime ideal, I = X.
Conversely, if I = X, then o(I) = o(X) = {P € Spec(X) : X ¢ P} =
Spec(X).
ii) Let P € o(I). Then I ¢ P. Therefore there exists a € I such that a ¢ P.
That means P € o(a) and so P € Ugero(a).
Conversely, if P € Uyero(a), then P € o(a) for some a € I. Then a ¢ P and
hence I ¢ P. Therefore P € o(I).
iii) Suppose that o(I) = 0. Then {P € Spec(X): I ¢ P} = (. Hence I C P for
all P € Spec(X). Since X is prime, O € Spec(X). Whence, I C O. Therefore
1=0.
Conversely, if I = O, then o(I) = 0(0) = {P € Spec(X) : O € P} = 0. O
Proposition 3.4. The family

T(X)={c(I): I €ld(X)}
satisfies the following conditions:
i) T(X) is a ring of sets.
For a prime BCI-algebra X

it) T(X) forms a topology on Spec(X).
iii) T(X) forms a lattice.

Proof. 1) It is obvious from Lemma 3.2 parts (ii) and (iii).

ii) Empty set and Spec(X) itself belong to T(X). By Lemma 3.2 part (ii)
the intersection of any finite number of members of T(X) belongs to T'(X).
Further, for any family (0(Aq))acq, we obtain

Uaeo(Aq)) ={P € Spec(X) : Ja € Q A, € P}

={P € Spec(X) : Upe Ao ¢ P}

={P € Spec(X) :< UpenAs > P}

:U(< UaEQAa >)
which implies that Uaeqo(Aq) € T(X). So the ordered pair (Spec(X),T(X))
is a topological space of X.
In the above proof, the third equality is obtained as follows:
It can be clearly seen that {P € Spec(X) : UpcnAa € P} C {P € Spec(X) :<
UacnAa >Z P}. Now, if {P € Spec(X) :< UpeqAda >Z P} ¢ {P € Spec(X) :
UaenAa € P}, then there exists P € Spec(X) such that P € {P € Spec(X) :<
UaenAa >Z P} but P ¢ {P € Spec(X) : UpenAa € P}. Hence UpeqAdn C P
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and so < UpeqAq >C P. This is a contradiction.
i) It is straightforward by Lemma 3.2 parts (ii) and (iii). O

The topological space (Spec(X),T(X)) is called the spectral space of X. Tt
is easy to see that for any ideal I of prime BCl-algebras X, o(I) = Uscro(a),
therefore {o(a) : a € X} forms a base for T'(X).

In the following, we provide a few examples of the spectrum for finite and
infinite BClI-algebras.

Example 3.5. i) Let X = {0, a,b,c,d} be a BCI-algebra in which x is defined
by the following table

*x|10 a b ¢ d
00 0 0 ¢ ¢
ala 0 0 ¢ c
blb b 0 d c
clc ¢ ¢ 0 O
dld d ¢ b 0

Routin calculations shows that O, I = {0,a}, J = {0,a,b}, K = {0, a,c} are all
proper ideals of X. The ideals O, J, K are prime ideals. Therefore, Spec(X) =
{0, J, K} and the associated topology T(X) = {c(0),0(I),0(J),o(K),0(X)} =
{0,{0},{0,J},{0,K},{0, J, K} = Spec(X)}.

i1) Suppose that X1, Xs, ..., X, be chains. Let

X1 :{O,xll,x12, vy Ly }

XQ :{0,x21,x22, ...,.Tgk, }

X ={0, Zpny s Tongs ooy Tonps o }

Where 0 < x4, < Tiy, < Xy < ... <, < ...andi=1,2,....,m and fori+# j we
have X; N X; = {0}. Also every pair of nonzero elements of distinct chains is

incomparable.
We put X = ﬂ;il X, and for any x,y € X define

0 ifx<y
TRy = z;,_, ify<xandx=x,y=xj
T otherwise

By simple calculations we can show that X is an infinite BCIl-algebra and
X; is an ideal of X for any i = 1,2,....,m. We claim that X; are only
proper ideals of X. Let I be an ideal of X which is different from X; for
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each 1 < i < m. Suppose that I N X; # {0}, for some i. We may as-
sume that x;, is the least of all elements of X; that belong to I, as X; is a
chain. Since Ti,_, < i, v;, € I. Hence x;,_, € I, that is a contradiction.
So X; are only proper ideals of X such that are prime ideal, because X; are
mazximal ideals. Hence Spec(X) = {X1, Xa, ..., Xm} and the associated topol-
ogy T(X) is T(X) = {o(X1), ..., 0(Xm),0(X)} = {Spec(X) — X1, Spec(X) —
Xa, ..., Spec(X) — X, Spec(X)}.

Lemma 3.6. Spec(X) is a Ty space.

Proof. Suppose that P, P, € Spec(X) such that Py # P,. Without loss of
generality let Py ¢ P,, then there is some a € P; such that a ¢ P». Then
P, ¢ o(a) and P; € o(a), so o(a) is an open set separating P, and Ps. O

Corollary 3.7. If X is a simple BCI-algebra, then Spec(X) is a Ty space.
Proposition 3.8. For a BCK-algebra X, T(X) = Id(X).

Proof. We define the mapping f : Id(X) — T(X) given by f(I) = o(I),
for an ideal I of X and we show that f is a lattice isomorphism. f is a
homomorphism by Lemma 3.2 parts (i) and (iii). Obvious, f is well defined
and onto by definition. We only show that f is one-to-one. Let f(I) = f(J)
for any I,J € Id(X). Then o(I) = o(J) and hence (o(I))¢ = (o(J))°, where
(o(I))° = Spec(X) — o(I). That means {P € Spec(X) : I C P} = {P ¢
Spec(X) : J C P}. So ({P € Spec(X) : I C P} = {P € Spec(X) : J C
P}. But (\{P € Spec(X) : I C P} = I whence it follows that I = J and
consequently f is one-to-one. O

Corollary 3.9. T(X) = Con(X), where Con(X) is the set of all congruence
of a BCK-algebra X .

Proof. By Proposition 3.8 we saw T'(X) = Id(X). Also, in any BCK-algebra X
we have Id(X) = Con(X) [13]. By transitivity of = we get T(X) = Con(X).
O

Lemma 3.10. For prime BCl-algebras X andY every isomorphism f: X —
Y induces an isomorphism f* : Spec(Y) — Spec(X) between the correspond-
ing prime spectra which is given by f*(P) = f~1(P).

Proof. Let f: X — Y be an isomorphism from prime BCI-algebras X and Y.
Suppose that P € Spec(Y), then P # Y and hence f~1(P) # f~1(Y). That
is f~1(P) # X. From Proposition 2.5 part (iii) we deduce f*(P) = f~1(P) €
Spec(X). Now, let P; and P, be elements of Spec(Y), then f*(P, N Py) =
fUPINP) = f~YP)NfYHP) = f*(P1)N f*(P). In the same way, we can
show that f*(PLUPy) = f*(P;)Uf*(P,). So f* is a homomorphism. Obviously,
f is well defined and onto by definition. Since f(O) = O, Ker(f*) = {P €
Spec(Y) : f*(P) = O} = {P € Spec(Y) : f~1(P) = O} = {P € Spec(Y) :
f(O) = P} = {O}. Therefore f* is one to one. Hence f* is an isomorphism. O
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The following proposition describes the exterior of a subset of Spec(X).

Proposition 3.11. For any V' C Spec(X), o((\pey P) = Ext(V), the exterior
of V.

Proof. Let P € o(Npey P)- Therefore pey, P € P'. Hence there is an
element z € [,y P such that x ¢ P'. In this case we claim o(z) NV = @.
For proof of these claim, we let € ()pcy, P. Then x € P, for every P € V.
Hence P ¢ o(z), for all P € V and so o(z) NV = @. Now, since = ¢ P,
P e o(z). Consequently, we have an open set o(z) that contains P’ and
o(2) NV = @ which implies P' € Ext(V). So o(\pey P) € Ext(V).

Conversely, let P € Ext(V). Then there exists a basic open set o(z) such
that P' € o(z) and o(z) NV = @. Now, if z ¢ Npey P, then z ¢ Py for some
Py € V. That is Py € o(x) and so Py € o(x) NV. It is a contradiction. So
z € Npey P. Thus we deduce pey P € P'. Hence P e o(Npey P). This
shows that Ext(V) C o((\pey P). Therefore Ext(V) = o((\pey P)- O

Proposition 3.12. : V C Spec(X) is dense if and only if (\pey, P = {0}.

Proof. V is dense iff V = spec(X). Since V = Spec(X)—Ezt(V), V = Spec(X)
iff Ext(V) = @ iff o(N,ev P) = 2, iff N,y P = {0}. O

4. Conclusions

In the present paper, we have introduced the concepts of the prime spectrum
of a BCl-algebra as a generalization of prime spectrum commutative BCK-
algebras with respect to prime ideals and investigated some of their properties.
To develop the theory of BCI-algebras, one of the most encouraging ideas could
be investigating the prime spectrum and finding a relation diagram between
subclasses of BCl-algebras. For instance, the set 7'(X) for BCK-algebra X
is strictly isomorphism with Con(X). Therefore, we think that the results
presented in this paper and the forthcoming works can pave the way for a
bright future of the theory of the BCI-algebras.
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