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ABSTRACT. In this paper, the authors study and introduce some new inte-
gral forms of Hermite-Hadamard inequalities in the form of harmonically
convex functions known as exponential type harmonically (e, s)p-convex
function. Additionally, several special characteristics of this class of func-
tions are examined. More precisely, the authors provide some properties
and characteristics related to the Hermite-Hdamard inequality for har-
monically (e, s)p-convex function, applications of this work with certain
examples are made to establish results obtained.
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1. Introduction

Convex functions because of their fundamental applications in several branches
of mathematics, has been studied by different researchers and generalized in dif-
ferent forms to Hermite-Hadamard inequalities. Their contributions to knowl-
edge cannot be understated. A function f: I C R — R is considered convex
if and only if

(1) fAz+ (1 =Ny)) < Af(z) + 1 =N f(y)

For every point z, y € I, and A € [0, 1],

Concave function, is a version of (1) that is reversed. Convex function is an im-
portant aspect of mathematics, especially to functional analysis and optimiza-
tion. Numerous scholars have examined convexity theory in different forms and
has been seen to have some significant connections with the theory of inequali-
ties (see, [6 - 12]), few of the related inequalities to this are Hermite-Hadamard
inequality, Hardy’s inequality and Jensen’s inequality. Hermite Hadamard in-
equality remains crucial and useful in studying convexity, this is stated as:
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Let f: I C R — R be a convex function defined on the interval I of all real
numbers and m,n € I with m < n, then

oty [ i < L0

holds. Applications of Hermite Hadamard inequality is known in several new
classes of convex functions, this has generated different achievements of Hermite
Hadamard’s inequalities in various forms. For instance, Ozcan and Butt intro-
duced Hermite-Hadamard type inequalities for multiplicatively harmonic con-
vex functions[10], Hermite-Hadamard inequalities for exponential type multi-
plicatively convex functions was established by Ozcan[11], Muhammad et al.[6]
came up with some Hermite-Hadamard integral inequalities in multiplicative
calculus, while Iscan[l] discovered the class of harmonically convex functions
in which Hermite-Hadamard type inequalities for this class of functions are
studied. Recently, convex functions was introduced to exponential functions
by Mahir and Iscan[5] and this is called exponential type convexity and some
related inequalities.

Based on the existing literature, we noted that exponential convex function
is yet to be introduced to harmonically convex functions, hence, the questions:
will all properties and theorems proved on all classess of exponential convex
functions be satisfied by exponential harmonically convex function, can we get
a new class of harmonically convex function that generalize all other classess of
exponential functions? Therefore, this paper aimed at introducing a new class
of exponential convex function called exponential type harmonically («, s),—
convex function and established certain properties on some integral inequalities
for this class of function as an answer to the raised questions. In order to show
the existence of exponential functions on harmonically convex function, we re-
lated our results with existing results in literature. With the results obtained,
we showed exponential type harmonically (a, s),— convex functions to possess
all properties established by other classes of convex functions including expo-
nential convex function. Necessary areas where this can be applied are equally
given with example. The new concept of exponential function introduced can
be linked to some areas under metric fixed point, the results obtained improved
and generalized existing ones in literature.

(2) I

We considered few basic concepts and results of harmonically convex func-
tions necessary to this work.

Definition 1.1([1]) : Suppose I C (0,00) to be a real interval, then the func-
tion f: I — R is called harmonically convex function if

(3) I, SN W+ -Ni@
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for all x,y € I and X € [0, 1].

Definition 1.2([2]): The function f : I C (0,00) — R is called harmonically
s-convex function in second sense, if

4 Gy S V0 +0 -0 @)

and s € (0,1], for all z,y € I and X € [0, 1].

Definition 1.3(]9]): The function f : I C (0,00) — R is called harmonically
s-convex function in first sense, if

(5) Gy S AW+ (-5

given s € [0,1] and for all z,y € I with A € [0, 1].

Definition 1.4([3]): The function f : (0,2*] — R, is called harmonically
(o, m)-convex function, if
mxy A
< f(+
Y Y

(@f(m )7H <A () +m(l— A f(x)

for all z,y € (0,2*], with z* > 0 and X € [0,1]. Where m € (0,1],a € [0,1]
and A € [0, 1].

1—A
mx

Note that if m = 1 and a = s in Definition 1.4, the inequality (6) results
to the definition of harmonically s-convex function in first sense.

Definition 1.5([4]): The function f : I C (0,00) — R is called harmonically
(a, s)-convex function, if
Ty A 1=A 4 . .
7 [ — o - < Aaé 1 _ )\a S
() gy = 1+ 57 < A f@) + (1= A £
such that for all z,y € (0,b*], with b* < 0, A € [0,1] and « € [0,1].

Definition 1.6([4]): The function f : I C (0,00) — R is called harmonically
P-function, if
®) VRS (COR1()
N+ (1-Ny = Y
for all z,y € I and X € [0, 1].

The following theorems and lemma are needed for our main results.

Theorem 1.7([1]) Suppose f : I C (0,00) — R to be harmonically con-
vex and m,n € I, where a < n. If f € L[m,n|, then we have the following
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inequalities to be satisfied:

©) £ 2mn)< mn /”f(ac)dng(m)—f-f(n).

m+n’ " n—m 2 2

m

Theorem 1.8([1]) Suppose f : I C (0,00) — R to be a differentiable function
on I°,m,n € I such that m < n and f' € L{m,n] . If | f |7 is harmonically
convex on [m,n] for ¢ > 1, then we have

|f(m)+f(n) __mn_gn f)(x)

. el M dz|
(10) 1 1
< M&l L&l f ()7 + &1 ()] ),
where
1 2 (m +n)?
ST %_(n_m)Ql( dmn )
(11)
- 1 3m+n (m +n)?
D R O KR T
and
n+m m+n)”
(12) £ = ! 4—3+ (Jr))'

1
m(n—m) (n—m)3 a dmn
Theorem 1.9([1]). Suppose f : I C (0,00) — R to be a differentiable
function defined on 1° a,b € I such that m < n and f’ € Lim,n]. If |f'|?
is harmonically convex on [m,n] for all p,q > 1 and ];4— p = 1. Then the

following hold:
|f(m) +f(n)  mn " f(z)

2 n—m’m™ x2 da|

(13) 1 1

< mntn = m) <pi )P (il (m)] + £/ (0)]) 2,
where

_ M40 (0 — m) (1~ 2q) —m)]

(14) moo= 2(n —m)2(1 - ¢)(1 - 2q)
and
(15) gy P = m)(1— 29) )

2(n —m)*(1 = q)(1 - 2q)
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Definition 1.10([13]). Assume f and g are two functions, if

(16) (f(@) = F(¥))(g(z) —9(y)) = 0

is satisfied for all z,y € R, then we called f and g similarly ordered functions.

Definition 1.11([14]). The function f: I C R — R is called (a, s)-convex if
for all x,y € I, we have

(17) fOz+ (1= XNy) <A f(z) + (1= A")f(y)
and A € (0,1), where s € [-1,1] and « € (0, 1].

Lemma 1.12([1]). Suppose f : I C (0,00) — R to be a differentiable func-
tion on I and m,n € I with m <n , if f' € L|m,n]. Then

fm)+ f(n)  mn " f(z)

2 n—m-° ™ x2 du
18) ( ) 1-2)\
ab(n —m) .n — , mn
== 5 n (An+ (1 —A)m)Qf Sy (1 —/\)m)dA'

2. Main Results

In this section, we relate harmonically convex function to exponential type
harmonically («, s)j-convex function, we examined the questions raised above
by proving some integral inequalities on the newly introduced class of expo-
nential convex functions.

Definition 2.1. A nonnegative function f : I — R is said to be expo-
nential type harmonically (¢, s),-convex function, if

Wy p A 1Ay

f()\y+(1—)\)x x Yy

(19)
< (eP=A — 1) f(a) + (P = 1) f(y).

where (a,s) € (0,1] , for all z,y € T and h(-) > 0,A € (0,1). If definition
(19) is reverse, then f is called exponential type harmonically (o, s)p-concave
functions.

Some noted remarks are :
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"
Ay + (11— XNz

A > A2, A% < X which implies h(\) = A\, @ = s = 1 in inequality (19), then it
becomes exponential type-convex function[5].

On the condition <Az + (1 =Ny and if h = I giving that

If (P02 —1) =1, ("™ —1) = 1 and @ = s = 1 in equation (19), it
result to the definition of harmonically P-convex function[4].

If ") = h(-) + 1, which implies """ — 1 = A(A*)® in inequality (19),
then it gives the definition of harmonically («, s)-convex function[12].

The following proposition is useful :

Proposition 2.2. Let f : I C [0,00) — R be a mapping and I be the
real interval,

(i) If f is (v, s)-convex or harmonically (a, s)-convex function, then f is expo-
nential type harmonically («, s),-convex function.

(i) If f is exponential type harmonically (o, s)p-convex and non increasing
function, then f is harmonically (¢, s)-convex and («, s)-convex function.

Proof . For all A € [0,1] and z,y € I , we have

(20) h(=2)h(N)(z—y)* _ 1 > 0.
The following inequality holds:

Ty h(N)z+h(1—X\)y
21 — < —1
(21) WA (1—Nz = ¢

with the stated inequality in (21) the proof is complete.

Remark 2.3. Every non decreasing harmonically («, s)-convex function and
non decreasing convex function is also exponential type harmonically (a, s)p-
convex function.

Example 2.4. The function f : (0,00) — R, f(x) = z is a non decreasing-
convex function and also harmonically «, s-convex function for « = 1 = s,
giving ") — 1 = p(A¥)*.

Proposition 2.5. Suppose f and g are exponential type harmonically («, s)-
convex functions. If f and g are similarly ordered functions and
AT THRA=ATT <1 with ") — 1 >0, ™) 4 ") > 2 then the product
fg is also exponential type harmonically («, s),-convex function.
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Proof. Let f and g be exponential type harmonically («, s)p-convex functions.

Then

P LS vy v

i )

< [ = 1) f(m) + ("ADT —1) f(n)]

x[(e"A)" —1)g(a) + ("1 — 1)g(n)]
(22) = ("7 = 1)(e"X" = 1)(f(m)g(m))]

H (DT —1)(eh1 A5 — 1)[f(m)g(n)]

H (AT 1) (PO — 1)[f(n)g(m)]

H(MIAT 1) (AT —1)[f(n)g(n)]

and so
ST a ! Sara =
< (MDY —1)[f(m)g(m)]

(23) Oy (mg(n)]

H(EMIAEOND —1)[f(n)g(m)]
(DT —D[f(n)g(n)].

Taking common terms in the second and third term of inequalities (22) gives

mn mn (eh(/\zu)s

i Snra—m) = — D)lf(m)g(m)]

+e — 1)[f(m)g(m)]
(ARO[ f(n)g(n)]
(A 1) [F(n)g(n)]
= ("0 —1)[f(m)gl
+( h(1—-X%)* 1)
_’_(eh(l—/\“)S _ 1)

I

h(A%)® s(h(1=X%))*
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This gives ;
I

prrgr ey vl UG oy vt B CRAR M GOYZCD)

H(EITDT 1) (f(m)g(n)))-
Hence the proof.
1

—] — R
m

)

S|

Proposition 2.6. Suppose f : [m,n] C (0,00) — R and g : |

—~

1
are defined as g(x) = — then f is exponential type harmonically («, s)p-convex
x

]

cally (o, s)-convex on |

)

on [m,n], where o« € (0,1], h(-) > 0,s € [0,1] if and only if g is harmoni-
1
n

1
m

Proof : Tauking:zrzlandy:l
q p
we have
1 1
f—F—) = [ )
A i) Mot
q p q p
AL (A=A
= f((q » )7

= (M@ + A =Nf(p)

f giving as exponential type harmonically (¢, s),-convex function, implies

1 ays ays
(24) f(m) < (PO =D () + (T = 1) f(p).
¢ p
Following suitable composition of f and g, results to
s =) = O = Dlag)) + (0~ 1(foq) )
-+
q p

11
for all z,y € [—,—] , A €[0,1] , where ¢,p € [m,n] .
n’'m
This justified the necessary condition , to validate the sufficient condition;

for all z,y € [m,n] and X € [0,1] , we have,

(26) Ay 02

S+ T = ey + (1= )3)
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Since f is exponential type harmonically (a, s),-convex, inequality (26) results
to;

0 G+ B = @O ) + (@0 1))

hence the proof is complete.
Now we consider the following:

Theorem 2 7 Suppose f : I — R is exponential harmonically («, s)p-convex

with a € ( ] If 0 <m < oo and f € L[m,n], where h(-) > 0. Then
/ f (m ";f(n)) [/ (eh()\“)S _ 1) + (eh(lf)\"‘)S _ 1)]d)\
Proof.

Since f is exponential type harmonically («, s),-convex, we have for all z,y, € I

(29 F (g S @07 = DA + (O =) (n)
and
_mn h(A*)* _ h(1=x*)" _

(30) fl= = A)n) < (e 1f(n) + (e 1) f(m)
for all A € [0,1], by addition of inequalities (29) and (30), we obtain;
mn mn

1) LS vy v e A v sy y )

< [F(m) + F())("O)T — 1) 4 (h1=2)" _ 1)
integrating inequality (31) on [0, 1], gives;
mn o
/0 (f(m%l)\ + f(m)d)\

< [f(m) + f(n)] /n[(eh(”)s S 1) (PO )]

m

this further implies;
n 1
327;”1 / f(f)dm < f(m) + f(n) / (O 1) 4 (P02 1)]dn
-m ), 2 0

This gives the require results.

Remark 2.8
(1) If @ = s = 1 and (""" — 1) = h(A*)® in Theorem 2.7, inequality (28)
then gives the right hand side of inequality (2);

(2) If s =0 in Theorem 2.7, inequality(28) then yields the following results
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(3) If ™) = h(m) + 1, which implies e?**)" — 1 = h(A*)* in Theorem 2.8,
inequality (28) gives the result obtained in harmonically (e, s)-convex func-
tion[12].

Corollary 2.9
Let f : L — R be harmonically P-function where m,n € I, m < n and
f € Lim,n]. Then

mn_ " f(x)
(33) Pe— /m PR f(m) + f(n).
Theorem 2.10 Suppose f,g : I — R are exponential type harmonically
(o, 8)p-convex functions, where m,n € I,m < n, a € (0,1], with h(-) > 0,
s €[0,1] and PO HRA=NT <1 eh(m) 4 eh(n) > 9 et fg € L[m,n], then
n

(59 I U IO gy < gy b+ 30

where
1 = f(m)g(m),
(35) g2 = [f(n)g(n),
g3 = [f(m)g(n)+ f(n)g(m),

and
o= fﬁ(eh()‘h)sfl)d/\
(36) pr = [P0 1)

pa = [R(MNHAN ),

Proof. Let f,g : I — R be exponential type harmonically (a, s),-convex
functions, it follows that

mn ., f(z)g(x S xy Ty
n—mfm( x2 )dx_fof()\y+(1f)\)x)g()\y+(1f)\)x

)dA
< (MO = 1) f(m) + (M0~ 1) f()
X[(€" O~ 1)g(m)

(AT = 1)g(n)]
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Taking the Integral on interval [0, 1] gives;

mn

@I G O 1) fam) (O 1) fn)]

n—m 2

(O — Dyg(m) + (1A 1)g(n)]dA

= [ (O 1) f(m)g(m) + ("ADT —1) f(n)g(n)
+(MADTRA=ADT [ f(m)g(n) + f(n)g(m)]dX

— 1 [ (") Z 1) + gy [ (P — 1)dA

F 3 (ON PO 1)ay

so therefore, we have

(37) - /"(f(a:)g(x)dx = ¢1p1 + d2p2 + d3p3-

Hence the proof is complete.

Remark 2.11 If ™) = h(m) + 1, which implies e"*")" —1 = h(A*)* in
Theorem (2.10), inequality (34) gives the result for harmonically («, s)-convex
function[12].

Theorem 2.12 Suppose f, g : I — R is exponential type harmonically («, s)p-
convex functions such that f and g are similarly ordered functions and

Sy (€T 1) 4 (hIADT 1) < 1, (PN — 1) > 0,A(-) > 0 then,

(38) i /"(f(x)g(x)dm < ¢1v1 + Pare

n—m J, x?
where ¢1 and ¢9 are giving by (35) and
Vo= fol (AT —1)ax

(39)
vy = fol(eh(l_ka)s—l)d/\.
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Proof. Since f and g are exponential type harmonically («, s),-convex and both
are similarly ordered functions, we have for all x,y €

mn_ o flx)glz, Ty Ty
n—m I x? Jdo = Jo f()\y +(1- /\)xg()\y +(1- )\)x))d/\

U0 (O™ — 1) fm) + (HO-X — 1) f@)[(HO™" — 1)g(m)

+(ePIANT — 1g(n))dA

mn_ g SO (10N 1) f(am)g(m)

n—m 2

H(PADD 1) f(n)g(n)[(PX)T = 1) 4 (hIADT —1)]
< [H (AT 1) f(m)g(m) + ("X — 1) f(n)g(n)

< [T Z 1)y + (M) — 1)gy

thus, we have

mn_ [ o,

42
(42) n—m Jo x?

< vy + P

which is the required results.

Theorem 2.13. Suppose f : I — R to be a differential function on I°, m,n €
I with m < n and f' € Lim,n] . If |f/|7 is exponential type harmonically
(c, 8)p-convex functions on [m,n] for ¢ > 1 , with @ € (0,1],h(-) > 0 and
s € [0,1]. Then

fm) + f(n) _ _mn fnf(:v)

| 2 n—m’m g2 dal
43
( ) 171 1
mn(n —m q
< I gy )+ o )94
where
1 2 (m +n)?
44 = — = \
(44) & mn  (n—m)? " amn
and
_ fl |1 —2X](ehA)" — 1)d)\
XM= Do T 1 - am)e
(45)

11— 2)|(eh0 A" 1)

e = e g yme




Hermite-Hadamard inequalities for exponential... — JMMR Vol. 14, No. 1 (2025) 485

Proof. Since |F’| is exponential type harmonically («, s)p,-convex function, by
appropriate use of Lemma 1.12 and power mean inequality , we obtain

‘f(erf(n))_ mn fbf(x)‘

2 n—a“" x?

mn — 2\ mn

= fo )\n+ m)2)||fl()\n—|—(1—)\)m

)|dA

< mn f — 2
- 0 )\n+ —A)m)?

|[dA)

1

1-—2\ -
)7

!
U lomra—wme Y Gora—om
since |f’|? is exponential type harmonically (o, $),-convex, we have

flm+ f(n) — mn fnf(x)|

| 2 n—m-° ™ x2

1

mn(n —m) , .1 1—2X ==

- 2 (o |()\n +(1—=X)m)? 2 4
(46) 1
11— 2) >

G G g 7 = DIl (0D — 1) o)) @

1 1
1 !
= T e )] + ()4

hence the proof.

Corollary 2.14 Following the stated conditions in Theorem (2.13), if we take
q = 1 then the results becomes

gt [T gy < P ) )+ €l o))

where

_ =20 )
or = (A + (1= A)ym)?

dA

48

e o, — fl |1 — 2)\|(eh(1_’\a)s — 1)d)\
2T T D (1= Am)?

Remark 2.15
(1)Taking o = s = 1 and "™ = h(m) + 1, which implies e"*")" —1 = h(\*)*
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in Theorem 2.13, inequality (43) results to inequality (10) of Theorem 1.8 but
in this case we won’t only be having & but both & and &.

(2)If @ = 1 and """ — 1 = K(A*)* in Theorem 2.13, then the results for
harmonically s-convex functions in second sense will be obtain.

s

(3) If "™ = h(m) + 1, which implies "*")" — 1 = h(A*)* in Theorem 2.13,
inequality (43) gives the result for harmonically (e, s)-convex function[12].

Corollary 2.16

Suppose f : I — R to be a differentiable function on I°,m,n € I with m < n
and f € Lim,n] . If | f'|? is harmonically s-convex function in second sense on
[m,n] for ¢ > 1, then

flm) +f(n) _ mn fnf(ff)

| 2 n—m°m z? da|
(49) 1
-
< I G )l 4 ol )
where
N e o )
( G o= (An + (1 — N)m)? dX
50)
_ 2ty )
e o= J Gt (0 mE P

and & is given in (44).

3. Applications

First, we give an illustration of the Hermite-Hadamard inequality for expo-
nential functions.
If f = exp, the Hermite-Hadamard inequality defined in (2) results to;

hm AR @) _ b)) gl 4 b))
e 2 < p— < 5 , m#n €R and h(-) >0
that is,
m-—-n m+n

vmn <

logm—logn< 2 7 m #n € (0, 00).

Some applications of this work to special means are;
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(1) The generalized logarithmic mean:

&) )= R
51 Loy = Lon(2,y) = [——2 Jm, meR{-1,0}.
(m+1)(y — =)
(2) The logarithmic mean:
y—x
52 M=M =<2 7
(52) (z,9) iy _Tnu
(3) The harmonic mean
2ab
M = M(a,b) = —— b>0
(53) (a,b) = —, a,b>

Proposition 2.17. If 0 < < y, ¢ > 1, such that s € (0,1) and A(-) > 0.
Then,

h(s/q+1) , h(s/q+1 . 27h(s/q-1)
|M(m (s/a+1) phis/a )) K Lh(s/qfl)‘

1
L 1

mn(n - m)(s + (]) 51 q (glmh(s) + th(s));

2q
Proof. It easily follows from inequality (49) of corollary 2.16,
S

<

for: (0,00) = R, f(a) = am/(
(44) and (50).

s .
——). where &1, and ¢ are as seen in
q+1

Proposition 2.18. Let a,b € (0, 1], such that a < b. Then, it follows that

In G(a,b)

2(e"*)" —2)In M (a,b) <Inl(ab) < ———7
( )In M(a, b) (a,b) 2(Veh — 1)
hold.

Proof. This follows from inequalities (28) for the function

f(x)=—Inz, a€ (0,1] and A(-) >0

4. Conclusion

This paper introduced new class of exponential function, called exponential
type harmonically (e, s);-convex function. Although, the Hermite-Hadamard
inequalities had been generalized in many areas of convex function, the re-
sults obtained here generalized and improved some known results in literature
in terms of exponential convex function, particularly some results obtained in
harmonically («, s)-convex function, we studied some new results of Hermite-
Hadamard type on this class of function. Necessary applications were made to
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certain special means. As a result of some future studies, the newly introduced
concept could be linked to mathematical modelling, in the context of func-
tions, exponential decay, and exponential growth. We look forward to seeing
interested researchers make application of this to some areas of analysis, like,
fixed point theory, under the study of convex metric, in analyzing the relation-
ship between convex metric space and exponential convex metric space. It is
important to note that, exponential type harmonically («a, s),-convex function
possesses distinct properties that harmonically («, s)-convex function and other
classes of convex functions have.
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