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ABSTRACT. In this article feebly lifting modules are defined. A module
W is called feebly lifting provided, for each fully idempotent N < W
there exists a direct summand D < W providing D < N and % < %
The basic properties and ring characterizations of these modules are in-
vestigated.

Keywords: Lifting module, Fully idempotent submodule, Weak lifting
module, Feebly lifting module.
2020 MSC': Primary 16D10, 16D40, 16D70, 16D99.

1. Introduction

The concept of lifting is now a well-recognized aspect of module theory in
associative unital rings, providing practical applications in specific ring struc-
tures ( [11], [13] and [7]). In the present paper, we obtain some possible results
on lifting modules by defining the notion of feebly lifting.

Before we move forward, it is essential to refresh our memory on common ter-
minology and elementary principles. They pertain to small submodules, lifting
and weak lifting modules, idempotent submodules, fully idempotent modules,
etc. The rings and modules discussed in this paper are all assumed to be asso-
ciative with identity and unital on the left, and will be signed as R and x W,
respectively. N < W and N < W mean N is a submodule and N is small in
W, respectively. We will refer to [7,10] for all undefined notions used in the
text.

N < W is called idempotent if N = Hom(W,N)N = > {¢(N) : ¢p: W —
N} (see [7, Page 32]). Equivalently, N < W is idempotent if, for each = € N,
a positive integer k, homomorphisms ¢; : W — N and elements z; € N (1 <
i < k) exist providing x = ¢1(x1) + ... + dr (k). It is known that, if A is a left
ideal of R, then i A is idempotent iff A = A2. Also, every direct summand of
a module is an idempotent submodule. In [12], in the context of a general ring
R, the term fully idempotent is used by the authors to describe an Si-module
W in which every submodule of W is idempotent.
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N < W is called small, if W # N 4+ K for any proper submodule K of
W and written N < W. A module W is called lifting if for every submodule
N < W, adirect summand K < W exists providing K < N and N/K <« W/K.
Equivalently, W is lifting if, for every N < W, a decomposition W = A ® B
exists providing A < N and N N B <« W. Following [14], a module W is
called weak lifting provided, for each semisimple submodule N < W, a direct
summand K < W exists providing K < N and N/K <« W/K. Despite
this deep-rooted definition, it is still possible to find current studies in the
literature [2,3,16].

In this note, we introduce feebly lifting modules as follows. A module W
is called feebly lifting provided, for each fully idempotent submodule N of W,
a direct summand K < W exists providing K < N and N/K <« W/K. So,
it can be verified that every lifting module is feebly lifting and every feebly
lifting module is weak lifting. We present some examples showing that the
relations are not reversible in general. In addition to these, we examine the
cases when the converse implications are true. It is proved that a feebly lifting
fully idempotent module is lifting. And the cases of being feebly lifting and
weak lifting of an R-module W coincide over a commutative Noetherian ring fR.
We also show that any direct summand of a feebly lifting module is feebly lifting
and any fully idempotent supplement submodule of a feebly lifting module is a
direct summand. We investigate the suitable conditions for a factor module of
a feebly lifting module to be feebly lifting. If W is a projective multiplication
module and N is an idempotent submodule of W, then % is feebly lifting
whenever W is feebly lifting. Moreover, for a multiplication module W =
@I, W; if each W; is feebly lifting, then so is W. In particular, we give a ring
characterization theorem for feebly lifting modules. A fully idempotent ring R
is semiperfect if and only if every finitely generated projective left SR-module is
feebly lifting if and only if iR is feebly lifting.

2. FEEBLY LIFTING MODULES

For completeness let us recall the definitions of semisimple and hollow mod-
ules. A module is semisimple if it is a sum of simple modules. This is equivalent
to the fact that every submodule of a module is a direct sum term. And a mod-
ule whose proper submodules are all small, is called hollow [20].

Definition 2.1. Let W be a module. We call W feebly lifting provided, for
each fully idempotent submodule 7" of W, a direct summand D < W exists
providing D < T and % < %.

(1) Semisimple modules, hollow modules and lifting modules are feebly
lifting.

(2) For any prime integer p, 1% is feebly lifting since the only submodules
of the Z-module plz are trivial ones.
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The following lemma gives some equivalent conditions for a module W to
be feebly lifting.

Lemma 2.2. The following statements are equivalent for a module W.

(1) W is feebly lifting,.

(2) For every fully idempotent 7' < W, a decomposition W = K & L exists
providing K <T and TN L < L.

(3) Every fully idempotent submodule T" of W is of the foom T'= A& S
with A <g W and S < W.

Proof. 1 = 2: Let W be feebly lifting and 7" < W fully idempotent. Since W is
feebly lifting, a direct summand D of W exists providing D < T and % < %.
As D is a direct summand, L < W exists providing W = D & L. Consider
the isomorphism ¢ : ¥ — L with ¢(%) = T'N L. Since small modules are
preserved under isomorphism and % < %, then go(%) =TNL<KL.

2= 3 :Let T < W be fully idempotent. Then, a decomposition W = K@ L
exists providing K < T and TN L < L. By modularity, T = K & (LNT), as
required.

3= 1:Let T < W be fully idempotent. Then, T' = A & S providing
A <g W and S <« W. Consider the natural epimorphism 7 : W — %. Since

S < W, m(S) =2 =L <« W Hence, W is feebly lifting O

Recall from [14] that a module W is called weak lifting provided, for each
semisimple submodule T of W a direct summand D < W exists providing
D<Tand 4 < %

Proposition 2.3. Let W be a feebly lifting module. If W is indecomposable,
then every proper fully idempotent submodule T is small in W.

Proof. Let T £ W be fully idempotent. Then, W = A @ B providing A < T
and TN B <« B. As W is indecomposable and T is proper, A =0and B = W.
Then T < W. O

Lemma 2.4. FEvery feebly lifting module is weak lifting.

Proof. Let W be a feebly lifting module. Suppose that T'< W is a semisimple
submodule. Then T is fully idempotent. Since W is feebly lifting, then a direct
summand D of W exists providing D <7 and % < %. O

So we have the following implications:

Lifting = Feebly lifting = Weak lifting
The examples given below show that the arrows are not reversible.

(1) A feebly lifting module need not be lifting. For instance, it is known
that Z-module Z is not lifting. However, since the only fully idempotent
submodule of Z is zero, then zZ is feebly lifting.
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(2) Since the only fully idempotent submodule of the Z-module Q is zero,
then the indecomposable module Q is a feebly lifting module which is
not lifting.

(3) For any prime integer p, let us consider the Z-module W = p% &) 1)3%.
W is a weak lifting module by [14, Example 2.7] which is not lifting [11,
Example 10].

Lemma 2.5. The following statements hold for a feebly lifting module W.
(1) Any direct summand of W is feebly lifting.
(2) Any supplement fully idempotent submodule of W is a direct summand
of W.

Proof. (1) Let T <g W and X < T be fully idempotent. By, [12, Lemma
2.2 (ii)], X is fully idempotent in W. So, a decomposition W = A® B

exists providing A < X and % < %. Since T is a direct summand, it

is coclosed in W. Then % is coclosed in % and hence, by [14, Lemma
1.1 % < L. Thus, T is feebly lifting.

(2) Let T < W be a fully idempotent supplement submodule of W. Then
there exists K < W such that T is minimal with the property W =
T+ K. By Lemma 2.2, T = A® S with A <g W and S < W. Thus,
W = A+ K. By the minimality of T', T' = A.

|

Now we investigate the conditions for a feebly lifting module W to be lifting.
But firstly let us recall some basic concepts from [4], [8] and [5].

For a module W, T < W is called nilpotent if T* = 0 for some k € Z%.
W is called a multiplication (comultiplication) R-module provided, for every
T < W, there exists an ideal I <R providing T' = IW (T = (0 :w I)).

Following [1], a submodule T of an R-module W is called a nilpotent sub-
module if (7' : W)¥T = 0 for some positive integer k, where (T : W) =
{reR:vW CT}.

Proposition 2.6. Let W be a fully idempotent module. Then, W is lifting iff
W is feebly lifting.
Proof. The necessity is clear. Conversely, since every submodule of a fully

idempotent module is fully idempotent by [4, Proposition 2.7(b)], then W is
lifting whenever W is feebly lifting.

Corollary 2.7. Let W be a multiplication and comultiplication module provid-
ing W does not have any non-zero nilpotent submodule. Then, W is lifting if
and only if W is feebly lifting.

Proof. By [4, Theorem 2.10(a)], W is fully idempotent. So, the result follows
from Proposition 2.6. |

A module W is called cosemisimple if all simple modules in (W) are W-
injective [7]. By [7, 3.8 and 4.17], the following result can be given easily.
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Corollary 2.8. Let W be a w-projective cosemisimple module. Then W is
lifting iff W is feebly lifting.

Proposition 2.9. For a semisimple ring R the following statements are equiv-
alent for an R-module W :

(1) W is lifting.
(2) W is feebly lifting,.
(3) W is weak lifting.

Proof. 1 = 2 and 2 = 3 are clear.
3 = 1: Let W be a weak lifting module. Since R is semisimple, by [17,
Proposition 3.7] every R-module is semisimple. Then W is lifting. O

A ring R is called fully idempotent if it is fully idempotent as an Si-module
[9]-

Proposition 2.10. For a fully idempotent ring R the conditions given below
are equivalent.

(1) R is left semiperfect.

(2) Every finitely generated projective left R-module is feebly lifting.

(3) =R is feebly lifting.

(4) m™R s lifting.

Proof. 1= 2: By [7, 27.21], every finitely generated projective left SR-module
is lifting and so it is feebly lifting.
2 = 3 : Clear.
3 = 4: It is clear that R is fully idempotent.
4 = 1 : Since iR is lifting, it is supplemented. Hence R is semiperfect
by [20, 42.6].
O

The Dorroh extension is typically applied to embed a ring without unity
into a ring containing unity. For a ring R and for the set of the integers Z, a
common method for embedding R into a ring with identity is via the Dorroh
extension. On the underlying set Z x R, define addition and multiplication by

(z1,71) + (22,72) = (21 + 22,71 +72)
(2177‘1) * (2’2,7“2) = (2’122, 2172 + 2271 + T'1’I“2).

Then, (Z x R, +, ) is a ring with identity (1,0) [6]. Motivated by [9, Ex-

ample 2.6] we give an example that shows an application of Proposition 2.10.

Example 2.11. Let F be a countable field. By [18, Theorem 6.6] there exists
a simple nil algebra A over F providing A2 = A. Assume %R be the Dorroh
extension of A by F. Here R is both a local ring (and so semiperfect) with
Rad(R) = A® 0= A and also a fully idempotent ring. Hence, every finitely
generated projective R-module is feebly lifting, particularly so is R by Propo-
sition 2.10.
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The following example shows that the class of feebly lifting modules is not
closed under factor modules.

Example 2.12. Let R = Zg. Then 0 C 4R C 2R C R s the only composition
series of M. Note that since R is perfect, every free R-module and so o (R?) is
feebly lifting by Proposition 2.10.

However, 320 = (2R/4R) @ R = Zs @ Zs is not lifting by [11, Example
10] and so it is not feebly lifting by Proposition 2.10. Hence 20 indicates an
exzample as a factor module of s (R?) which is not feebly lifting.

Proposition 2.13. Let W be a projective multiplication module and T < W
be fully idempotent. If W is feebly lifting, then so is %

Proof. Let & < % be fully idempotent and so X is fully idempotent by [9,
Theorem 2.2] because T is fully idempotent. A decomposition W = A ¢ B
exists providing % < %. Let us consider the projection p : W — B and the
injection ¢ : B — W. For the composition ip = h : W — W we have h(X) <
X and h(T) < T as W is a multiplication module by [19, Lemma 1.2]. Thus,
it can be seen that h=1(X) = X and so h=}(T) < X = h~1(X). It must be

: X W h—N(T) W X T  _ W
verified that =1y < R and —5— <g 7. Let i TR T R
for some T < W where h=1(T) C T . Thus X+T =WandsoT =W is

X

got as % < %. Therefore, s—F < =Tz . Moreover, W = h=YT) + B is
T
obtained as W = A ® B. Clearly, * (T) + Z1T = . Hence, hi;(T) <o %
TN A BT _ (WN(T)NB)AT T _
as T n ; = T =T = 0. |

Corollary 2.14. Let W be a projective fully idempotent module. If W is feebly
lifting, then so is every factor module [4, Proposition 2.7].

Theorem 2.15. Let W = ©]_W; be a multiplication module. If each W; is
feebly lifting, then W is feebly lifting.

Proof. Let T < W be fully idempotent. Then by [4, Proposition 2.7] T N W;
is fully idempotent. By hypothesis, there exists D; <q W; for each i providing

D;, < TNW,; and T“Wl < VDV It follows that D = @, D; <g4 W and

D < oL (T nNw,) = T by [19 Lemma 1.3]. Take the homomorphism f :
n

o, D — W Li:éw" via f(my + Dy, ...,my + Dy) = (> m;) + D; where
i=1

€ W; for each i = 1,2,...,n. Then f(®r ngI:V') = @?:gﬁwl = T Since

TﬂW Wi for each i = 1,2,...,n, then &1 Tm:VI < P, D [7 2(4)].

Hence f( n T%W) =T« f( [ 1D)by (7, 2.2(5)] and so 4 < % is

obtained. |

Corollary 2.16. If a multiplication module W is a finite direct sum of hollow
modules, then W is feebly lifting.
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Corollary 2.17. Let R be a commutative Noetherian ring and W be an R-
module. W is feebly lifting iff W is weak lifting.

Proof. Since A is a commutative Noetherian ring, fully idempotent and semisim-
ple submodules of W coincide by [12, Theorem 3.5]. O

Example 2.18. Let R = Z and xW = % &) 8%. Since R is commutative
Noetherian, then any fully idempotent and semisimple submodule of W coin-
cides by [12, Theorem 3.5]. Hence W is feebly lifting as it is also weak lifting
by [14, Example 2.7]. Besides, each direct summand of W is feebly lifting as a
hollow module.

Example 2.19. Consider the Z-module W = Z&®Z which is not multiplication.
Clearly, each direct summand of W is feebly lifting. However, W is not feebly
lifting by [14, Theorem 2.2] and Corollary 2.17, as zZ is not injective.

Example 2.20. Let R be a discrete valuation ring, K be the field of fractions

of R and »2W = % &) % where B is the unique mazimal ideal of K. Here as

% and % are both hollow modules, they are lifting and so weak lifting modules,

in particular % is simple. Hence, 2 is weak lifting by [14, Theorem 2.5]. So
by Corollary 2.17 20 is a feebly lifting module which is not lifting from [15,
Proposition A.7].

Example 2.21. Let ;W = Q ® Zy. Here, W is not a lifting module as it
is not amply supplemented. On the other side, since Z-module Q is injective
weak lifting and Z-module Zs is weak lifting as a hollow module which does not

contain a non-zero injective submodule, then W is weak lifting by [14, Theorem
2.2] and so W is feebly lifting by Corollary 2.17.

3. Conclusion

Feebly lifting modules are defined in this study. Examples that embody the
theory are given. Conditions that could make feebly lifting modules lifting have
been investigated. Conditions equivalent to a module being feebly lifting have
been identified. It has been investigated whether the factor modules and finite
direct sums of a feebly lifting module also meet this condition. And finally,
ring characterizations of these modules are included.
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