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ABSTRACT. In this paper, we study modules and filters on semihoops.
Firstly, we introduce the definition of modules on semihoops and give
some examples to illustrate it. Also, we get some significant results
related to modules on semihoops. If the semihoop G can generate an
Abelian group, then G is a module of any subalgebra S of the semihoop
G. Then, we use modules and filters to investigate the relationship be-
tween modules and semihoops regarding quotient algebras. Secondly, by
introducing the definitions of prime submodules and torsion free modules
on semihoops, we explore the relationship among prime modules, filters,
and torsion free modules. Moreover, we discuss the relationship between
the images and inverse images under the homomorphism of semihoops and
modules, respectively. Finally, we define multiplication modules and co-
multiplication modules on semihoops. We study the relationship among
multiplication modules and submodules on semihoops and provide the
condition for comultiplication modules to satisfy the descending chain
condition.

Keywords: semihoop, filter, module, (prime) submodule, torsion free mod-
ule, (co)multiplication module.
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1. Introduction

Non-classical logic has emerged as a valuable tool for computers to han-
dle uncertain and fuzzy information. Logical algebras, such as BL-algebras,
MYV -algebras, Hoops, semihoops, and Residuated lattices etc, among others,
have been introduced as the semantic systems of non-classical logic systems.
Therefore, exploring algebras that display residuated law property is of con-
siderable significance. Semihoops represent the most fundamental residuated
structure, encompassing all logical algebras that satisfy the residuated law. In
1960, Bosbach [9,10] first introduced the concept of semihoops. Semihoops
are a generalization of hoop algebras, from a logical perspective, the semi-
hoops algebra represents the algebraic semantics of a reasoning system that
can be algebraized and is considered as a subreduction of basic logic. From
an algebraic viewpoint, semihoops are essentially commutative integral semi-
groups of a natural order. In recent years, numerous scholars have conducted
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indepth studies on aspects such as semihoops, filters, states etc, obtaining sig-
nificant conclusions. In 2015, Borzooei [5] introduced the concepts of local and
perfect semihoops and proved some related results, and discovered a relation
between local and perfect semihoops. In 2017, Aguzzoli [2] investigated the re-
lationships between prelinear semihoops, Boolean algebras, and strong perfect
MT L-algebras. In the same year, Aaly [16] investigated topological structures
on a semihoop and under certain conditions showed that there exists a topol-
ogy such that it can generate a topological semihoop. In 2018, Fu [13] studied
the properties of internal mappings on semihoops and defined them as states.
In the same year, Niu and Xin [18] examined the concept of tense operators
on bounded semihoops and investigated related properties concerning tense fil-
ters. Xin [22] introduced the notions of derivations and differential filters on
semihoops and investigated some related properties. In 2020, Niu et al. [19]
studied different types of ideals on bounded semihoops and explored their re-
lationships. In 2024, Xin [21] presented the concepts of L-fuzzy ideals, L-fuzzy
prime ideals, and L-fuzzy maximal ideals on bounded semihoops and discussed
some properties. In the same year, Wang [20] discussed the related properties
of some particular derivations in semihoops and gave some characterizations of
them. Consequently, semihoops have become a focal point in the study of logic
algebras in the past decade.

Every module is an action of a ring on a certain group. This is a motivation
for studying the action of semihoops on groups, that is modules of semihoops.
Because the modules of semihoops have the partial order relation and Galois
connection, this is a good perspective for studying the substructures of semi-
hoops by using the module structure, and we can also explore the substructures
of modules through the research of semihoops. Many scholars have a profound
interest in modular structures in algebraic structures and have achieved nu-
merous interesting results. In 1994, Aslam etal [1] introduced the concept of
BCK-module as a function of BC K-algebra on commutative groups. In 2003,
Nola [11] introduced the concept of MV-module as a function of PMV-algebra
on MV-algebra. In 2011, Bakhshi [3] introduced the concepts of fuzzy BCK-
submodule and fuzzy multiplication BC'K-module, and used the concept of
fuzzy residual quotient BC' K-submodule to study their properties and pro-
vided some features. In 2014, Borzooei [6] defined the concept of extending the
BCK-module, which is an extension of the BC' K-module, and demonstrated
some related results. In the same year, Motahari [17] studied some results
of prime BCK-submodules under BCK-epimorphism. In 2015, Kashif [15]
introduced the concept of BC'K-topological modules in a natural way and es-
tablished that each decreasing sequence of submodules on a bounded commu-
tative BC' K-algebra is indeed a BC'K-topological module. In the same year,
Borzooei [7] defined the concept of freely extending BC K-modules and free ob-
jects within the scope of extended BC'K-modules, and proved the relationship
between free modules and production modules. In 2024, Sabetkish [8] studied
some important results on modules such as submodules and quotient structures,
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and investigated the relationships between ring modules and other modules on
logical algebraic structures such as BC'K-modules and MV-modules. In the
same year, Borzooei [14] introduced the definitions of modules and prime sub-
modules on L-algebras, exploring the relationship between prime ideals and
module and prime submodule in L-representation. Since semihoops represent
the most fundamental residuated structure, we hope to extend some of the
results in this paper to other algebras, such as BL-algebras, MV -algebras,
Hoops, and Residuated lattices etc.

The main purpose of this paper is to study modules and filters on semihoops.
Firstly, we introduce the concept of modules on semihoops and give some ex-
amples to illustrate it. Moreover, we find that if the semihoop G can generate
an Abelian group, then G is a module of any subalgebra S of the semihoop G.
Afterwards, we use modules and filters to investigate the relationship between
modules and semihoops regarding quotient algebras. Secondly, by introducing
the definitions of prime submodules and torsion free modules on semihoops, we
explore the relationship among prime modules, filters, and torsion free mod-
ules. We can conclude that let G be a module of the linear bounded semihoop
S and H be a filter of the module G. If H is a prime submodule of G if and only
if C = (H:G)U{1} is a filter of S and & is a torsion free module of 2. Ad-
ditionally, we discuss the relationship between the images and inverse images
under the homomorphism of semihoops and modules, respectively. Finally, we
define multiplication modules and comultiplication modules on semihoops. We
study the relationship among multiplication modules and submodules on semi-
hoops and provide the condition for comultiplication modules to satisfy the
descending chain condition.

2. Preliminaries

Definition 2.1. [12] An algebra (S,®,—, A, 1) of type (2,2,2,0) is called a
semihoop if it satisfies:

(S1) (S,A,1) is a A-semilattice and it has an upper bound 1;

(52) (S,®,1) is a commutative monoid;

(S3) (zxOy) > z=2— (y — 2), for any z,y,z € S.

In a semihoop (S, ®, —, A, 1), we define z < y if and only if z — y = 1, for
any x,y € S. It is easy to check that < is a partial order relation on S and we
get x < 1, for any x € S.

Proposition 2.2. [12] Let S be a semihoop. Then the following properties
hold:

(1) z0y <z ifand only if x <y — z, for every x,y,z € S;

2) x 0y <uzvy, forany z,y € S;

Jl—=sax=zx—1=1, forallz e S;

) 2O (z—y) <y, for any z,y € S;

Jx—= (y—=2)=y— (x— z), forany x,y,2 € S.

(

(3
(4
(5
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A semihoop (S,®, —, A, 1) is called a bounded semihoop if there exists an
element 0 € S such that 0 < z, for all z € S. We denote a bounded semihoop
(S,®,—,A,0,1) by S. In a bounded semihoop S, we define the negation ’
' =2 —0, for any x € S.

Definition 2.3. [5] Let S be a semihoop. A nonempty subset F' of S is called
a filter of S, if it satisfies:

(F1) 2,y € F implies z © y € F}

(F2) x <y and x € F imply y € F, for any =,y € S.
Definition 2.4. [21] Let S7, S2 be bounded semihoops. A mapping f : S1 —
So is called a homomorphism if for any x,y € S1, we have

(1) f(zos, y) = f(z) Os, f(y);

(2) f(z =5, y) = f(2) =8, f(y);

( f(x/\S1 )7.](‘(1.) /\SQ f(y),

(4) f(0) = 0s,.

It is clear that f(1) = 1g,, since f(1 —g, 1) = f(1) =g, f(1) =1g,.

\/\/\/\_/

Definition 2.5. [4] A group G is an algebra (G, *,1) with a binary, a unary,
in which the following identities are true:

(Gl z*(y-2)=(xxy)- 2

(G2) zx1l=1%z=ux;

(G3)zxz t=a"txz=1

We call 1 is an identity element and z~" is an inverse element of z for any

x € GG. The identity element 1 and inverse element of each element in the group
G are unique.

1

Definition 2.6. [4] A group G is Abelian (or commutative ) if the following
identity is true: x xy = y *x x.

3. Modules on the semihoops

In this section, we define the modules on semihoops and obtain some im-
portant results. Subsequently, we introduce the concepts of prime submodules,
torsion free modules, multiplication modules, and comultiplication modules
and explore the relationships among them through employing the concepts of
homomorphism, filter, quotient structure.

Definition 3.1. Let (S,®, —, A, 1) and (G, ®¢, —a, Ag, 1) be semihoops. Then
G is called a module of the semihoop S, if (G,#,1) is an Abelian group and
there is an operation - : S x G — G defined by (z, g) — x - g such that for any
z,y € S and f,g € G, we have:
(SH1)1-g=g;

Ja-(fxg)<a-fra-g;
SH3) (x©y)-g=z-(y-9);

; (@Ay)-g=(x-9)Ne(y-9);
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When g =1, we can get that (z = y)-1=1x(z-1 2gy-1)=2-1—gy-L
Therefore, it can be found that when g = 1, the operation - is distributive with
respect to the operation — of the semihoop. However, generally speaking, we
can’t prove that the operation - is distributive with respect to the operation —
of the semihoop. The following example can illustrate that condition (SH5) is
appropriate.

Example 3.2. Let S = ({0,a,b,1},®,—,A,0,1) be a bounded semihoop. We
define two operations on S as shown in Table 1 and Table 2.

©l0 a b 1 =0 a b 1
010 0 0 0 0l1 1 1 1
a |0 0 a a ala 1 1 1
b0 a b b b |0 a 1 1
110 a b 1 110 a b 1
Table 1 Table 2

Let G = (G ={0,0,8,1},0,—,A,0,1) be a bounded semihoop. We define
two operations on G as shown in Table 3 and Table 4.

©|0 a B 1 =0 a B 1
o100 0 0 0 011 1 1 1
a0 a 0 « al|p 1 B 1
glo 0 B B B la a 1 1
110 a B 1 110 a B 1
Table 3 Table 4

We define G = ({0,a, 8,1}, %,1) as an Abelian group and the operation x on
G as shown in Table 5:

~ @R o ¥
SR WS

S =~ ;R
N SR
~ @R o~

o
Table 5

Set-:SxXG—=Gbyx-g=g, foranyx €S and g € G. We have:

(SH1): It is obvious that 1-g = g, for any g € G. Therefore, (SH1) holds.

(SH2): For anyx € S and f,g € G, we have x- (fxg) = fxg=x- f*xx-g.
Therefore, (SH2) holds.

(SH3): For any x,y € S and g € G, we have (xOy)-g=g=z-g=2z-(y-g).
Therefore, (SH3) holds.

(SH4): For any x,y € S and g € G, we have (t ANy)-g=9g=gAgg =
(z-g9) Ag (y-g). Therefore, (SH4) holds.

(SH5): For anyx,y € Sandg € G, (xr —y)-g=9g=g*x1=g=x(9 —a
g)=gx*(x-g9g—cy-g). Therefore, (SH5) holds.

Therefore, the group G = ({0,a, 8,1},%,1) is a module of S.
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Example 3.3. Let S = ({0,a,1},®,—,A,0,1) be a bounded semihoop. We
define two operations on S as shown in Table 6 and Table 7.

®|0 a 1 —]0 a 1
o0 0 0 0|1 1 1
al0 a a a |0 1 1
110 a 1 110 a 1

Table 6 Table 7

Let G = (G ={0,a,1},®,—,A,0,1) be a bounded semihoop. We define two
operations on G as shown in Table 8 and Table 9.

©|0 a 1 =10 a 1
0|10 0 0 0|1 1 1
al|l0 0 « ala 1 1
110 o 1 110 o |1
Table 8 Table 9

We define G = ({0,a,1},%,1) as an Abelian group and the operation x on
G as shown in Table 10:

* | 0 o 1
Ola 1 0
all 0 «
110 o 1
Table 10

Set - : S x G — G defined by (x,9) — - g, in which, 1 -g=g, a-g =g,
0:-0=0,0-1=1,and0-a=0, foranyx € S and g € G. We have:

(SH1): It is obvious that 1 - g = g, for any g € G. Therefore, (SH1) holds.

(SH2): For any x € S and f,g € G, we have 0- (0%x0) =0-a=0<a =
0x0=0-0%x0-0and0-(ax1)=0-a=0<0=0%x1=0-0%0-1. We can
use the same method to prove that x - (f x g) < x - f xx -g. Therefore, (SH2)
holds.

(SH3): For any z,y € S and g € G, we have (x®0)-a=0-a=0=z-0=
z-(0-a)and (a®a)-a=a-a=a=a-a=a-(a-a). We can use the same
method to prove that (x ©®y)-g=x-(y-g). Therefore, (SH3) holds.

(SH4): For any xz,y € S and g € G, we can easily prove that (x ANy)-g =
g=9gAcg=(z-9)Ac (y-g). Therefore, (SH4) holds.

(SH5): For any x,y € S and g € G, we have (1 - 0)-a=0-aa=0 =
axa=ax*x(a 3¢ 0 =ax(l-a >g0-a)and (a > 0)-a=0-a=
0=axa=ax*x(a 2g 0 =ax(a-a —>g 0-a). We can conclude that
(t—=y)-g=gx(x-9g—>gy-g). Therefore, (SH5) holds.

Therefore, the group G = ({0,a, 1}, %,1) is a module of S.



Module structures and filters on semihoops — JMMR Vol. 14, No. 2 (2025) 45

Proposition 3.4. Let G = (G,®,—,A,1) be a semihoop and (S,®,—,A,1)
be a subalgebra of (G, ®,—,A,1). If (G, *,1) is an Abelian group, then (G, *,1)
is a module of the semihoop S.

Proof. Let G = (G, *,1) be an Abelian group. We define the operation - :
SxG—-Gbyz-g=g, forevery x € S and g € G. For any x,y € S and
f,9 € G, we have:

(SH1): It is obvious that 1- g = g for any g € G. Therefore, (SH1) holds.

(SH2): For any z € S and f,g € G, wehavex-(g* f) = fxg=x-g*x- f.
Therefore, (SH2) holds.

(SH3): For any 2,y € Sand g € G, we have (x0y)-g=g=y-9g=z-(y-g).
Therefore, (SH3) holds.

(SH4): For any z,y € S and g € G, we have (zx Ay)-g =g =gANg =
(x-g) A (y-g). Therefore, (SH4) holds.

(SH5): For any z,y € Sand g € G, (x — y)-g=g=g*x1=gx*(g—g) =
g*(x-g—y-g). Therefore, (SH5) holds.

Therefore, the group (G, *,1) is a module of the semihoop S.

U

Example 3.5. Let G = (G = {0,a,1},®,—,A,0,1) be a bounded semihoop
and S = ({0,1},®,—,A,0,1) be a subalgebra of G. We define two operations
on G as shown in Table 11 and Table 12.

©|0 a 1 =10 a 1
010 0 0 0|1 1 1
a |0 0 a ala 1 1
110 a 1 110 a 1

Table 11 Table 12

We define (G = {0,a,1},%,1) as an Abelian group and the operation * on
G as shown in Table 13.

* | 0 a 1
Ola 1 0
all 0 a
110 a 1
Table 13

Set - : SxG—>Gbyx-g=gyg, foranyxz € S and g € G. We can use
the same method as Proposition 3.4 to prove the group G = ({0,a,1},%,1) is a
module of S.

Corollary 3.6. Let S = (5,0,—,A,1)) be a semihoop. If (S,*,1) is an
Abelian group, then G = (S, *,1) is a module of the semihoop S.
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Proof. Let S = (S,®,—,A,1) be a semihoop and G = (5, %,1) is an Abelian
group. We use the same method as Proposition 3.4 can prove that the group
G = (S, %,1) is a module of S. O

Example 3.7. Let S = (S = {0,a,1},0,—,A,0,1) be a bounded semihoop,
where 0 < a < 1. We define two operations on G as shown in Table 14 and
Table 15.

©l0 a 1 =10 a 1
0|0 0 0 01 1 1
al0 0 a a|la 1 1
110 o 1 1|10 a 1
Table 14 Table 15

We define G = (S,x,1) is an Abelian group and the operation *x on G as
shown in Table 16.

* | 0 a 1
Ola 1 0
all 0 a
110 a 1
Table 16

Set - :SxG—>Gbyx-g=g, foranyx € S and g € G. We use the same

method as Proposition 3.4 can prove that the group G = (S, %, 1) is a module of
S.

Proposition 3.8. Let G be a module of the semihoop S. Then for any x,y € S
and g, g1 € G, the following statements hold:

(@) Ife-1=1andgxg1 =1, thenz-g*x-g1 = 1;

() If r <5y, thenx-g<gy-g.

(#i7) If G can generate a bounded semihoop, then x -0 = 0, where 0 is the
smallest element of the bounded semihoop G.

Proof. (i)Ifxz-1=1landg*xgy =1, thenl=z-1=2-(gxg1) <x-g*x-g;.
Therefore, x - gxx - g1 = 1.

(i) fz<gy,theng=1-g=(r =>sy)-g=g*(x-9g —¢ y-9g). Therefore,
-9 —>gy-g=1. This implies that z- g <g y - g.

(#i7) If G can generate a bounded semihoop, then -0 <g 1-0=0by z <g 1
and (ii). Therefore, z -0 = 0. O

Let S be a bounded semihoop and F' be a filter. We define a binary relation
~p on S as follows: © ~p yif and only if x -y € Fandy — x € F. In [5], it
was proved that ~p is a congruence relation on S. Then (£, ®, ~, As, [0], [1])
is an bounded semihoop, where [z] ~ [y] = [z — y], [z] As [y] = [z A y], and
[z] ® [y] = [z ®y], for any z,y € S.



Module structures and filters on semihoops — JMMR Vol. 14, No. 2 (2025) 47

Proposition 3.9. Let G be a module of the bounded semihoop S, where S is
a chain. If F is a filter of S, then G is a module of the bounded semihoop %

Proof. Since G is a module of the bounded semihoop S, we can get that
(G, ¢, —~a, NG, 1) is a semihoop, (G, *,1) is an Abelian group, and there ex-
ists an operation - : S x G — G defined by (z,g) — x - g, for any z € S and
ge€aqG.

We define the operation @ : 2 x G — G by [z] e g = z - g, for any [z] €
and g € G. Let [z] = [y], for z,y € F and g € G. We can get that x <
or y < z, since S is a chain. If x < gy, then x - g <g y - g for any g € G, by
Proposition 3.8. Since [z] = [y], we have v - y=1€ Fandy — = € F.
Therefore, [1] = [y = z], and so (y > x)-g=(x = y)-g=1-g = g. Hence,
gx(y-g-cgx-g)=Hy—2x)-g=g,andsoy-g —¢ x-g = 1. Therefore,
y-g<gzx-g,andsox-g=1y-g. If y <z, we can use the same method to
prove that [z] = [y] implies z - g = y - g. Thus the operation - is well defined.

Subsequently, we will prove that the group G = (G, *,1) is a module of S.
We have:

(SH1): It is obvious that [1jeg = 1-¢g = g, for any g € G. Therefore, (SH1)
holds.

(SH?2): For any [z] € £ and f,g € G, we have [v] e (f+g) =2 (f xg) =
x-fxx-g=|[x]efx][r]eg. Therefore, (SH2) holds.

(SH3): For any [z], [y] € 2 and g € G, we have ([z]®[y])eg = [z O yleg =
(zOy)-g=z-(y-g)=z-([yleg) = [z] ® ([y] ® g). Therefore, (SH3) holds.

(SH4): For any [z],[y] € £ and g € G, we have ([Zlns [y])eg =[zAyleg =
(zAy)-g=x-gAhgy-g=][r]®gAg[y] ®g. Therefore, (SH4) holds.

(SH5): For any [z],[y] € £ and g € G, we have ([z] ~ [y]) e g = [z —
yleg=(r—y)-g=g*(r-g—=cy-g9)=g*(z]eg—¢ [yl eg). Therefore,
(SH5) holds.

Therefore, the group G = (G, ,1) is a module of %,
nition of modules of semihoops.

S
F
)

according to the defi-

O

Definition 3.10. Let G be a module of the semihoop S and H be a subalgebra
of G. If x-h € H, for any x € S and h € H, then it is called a submodule of
G.

Note: If H is a submodule of G and H # G, then we call H is a proper
submodule of G.

Example 3.11. H = {a, 1} can generate a submodule of G in Example 3.2.
But H = {a,1} can not generate a submodule of G in Ezample 3.5, since
axa=0¢ H forac H.

Let G be a module of the bounded semihoop S and H be a submodule of G.
Since (G, *) is an Abelian group and H is a subgroup of G. We define a binary
relation ~g on G as follows: x ~g y if and only if x x y~! € H. In [4], it was
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proved that ~y is a congruence relation on G. So it is clear that (— *c) is
an Abelian group, where (f x H) g (g« H) = (fxg)* H, for every f,g € G.

Definition 3.12. Let G be a module of the semihoop S. If H is a submodule
of G and is also a filter of (G, ®, —, A, 1), then H is called a filter of module G.

Example 3.13. H = {«, 1} can generate a filter of the module G in Example
3.2. But H ={a,1} can not generate a filter of the module G in Ezample 3.5.

Theorem 3.14. Let G be a module of the bounded semihoop S. If H is a
submodule of module G, then % is a module of S.

Proof. Since G is a module of the bounded semihoop .S, there exists an oper-
ation - : S X G — G by (x,g9) — z - g for any x € S and g € G. We define
theoperationosz%ﬁ%bny(g*H):xy*H, for every x € S and
g+xH € % For any x € S and ¢g1,92 € G, Let © = y and g1 * H = gox H. Then
gl*ggleH. SinceHiSaﬁlterofmoduleGandm(gl*g;l)gx-gl*wg;l,
we can get thatx-gl*x-gz_l € Handsozeg; *x H=xeg x H. It means
that e is well-defined.

Foranyf*H,g*HG%andx,yES, we have:

(SH1): Tt is obvious that 1e (g« H) =1-g* H = g« H. Therefore, (SH1)
holds.

(SHQ):xo((f*H)*%(g*H))—xo(( g)«H) =2 (f
(x-fxax-g)«H= (- -f«xH)*c (x-g«H) =xze(f*H)x
Therefore, (SH2) holds.

(SH3): (x©sy)e(gxH) = (zOsy)-g+H =x-(y-g)xH =ze(y-g+H) =
x e (ye (g H)). Therefore, (SH3) holds.

(SH4): (xNhsy)e(gxH) = (zNhsy)-g«xH = (x-ghcy-g) «xH =
(x-gxH)Ng (y-g«H) =ze(gxH)Ng ye(g+H). Therefore, (SH4) holds.

(SH5): (x =»sy)e(9gxH)=(x —=sy)-gxH=(g9gx(x-g—cgy-9)«H=
(9xH)*e (-9 2cy-g)+H)=(g+H)*g (x-g*H) »g (y-g+H)) =
(9% H)*g (xeo(gxH) —a y e (g H)). Therefore, (SH5) holds.

Therefore, % is a module of the semihoop S. ]

G
H

Definition 3.15. Let G be a module of the semihoop S and H be a proper
submodule of G. Then H is called a prime submodule of G, if - g € H, then
geHorze (H:G)={xeSlz-GCH},forzeSandged.

Example 3.16. H = {«a, 1} can generate a submodule of G in Example 3.2.
It is clear that H = {a, 1} can generate a prime submodule of G.

Note: Let G be a module of the semihoop S, A C S, and B C GG. We define
A-B={a-blac Abe B}.

Proposition 3.17. Let G be a module of the semihoop S and H be a proper
submodule of G. If H is a prime submodule of G, then A-FE C H implies
ECH orAC(H:@G), for any filter A of S and submodule E of G.
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Proof. If H is a prime submodule of G and A - E C H for any submodule F
of G. We want to prove that E C H or A C (H : G). Now, we assume that
E¢ Hand A¢ (H:G). Then thereexist e € E¢ Handz € AZ (H : G).
Since A- E C H, we have x - e € H. Since H is a prime submodule of G and
e ¢ H, we can conclude that x € (H : G), which is a contradiction. Therefore,
A-E C H implies EC H or A C (H : G), for any filter A of S and submodule
E of G.

O

Lemma 3.18. Let G be a module of the bounded semihoop S and H be a proper
submodule of G. If H is a filter of G, then C = (H : G) U {1} is a filter of S.

Proof. Let G be a module of the bounded semihoop S and H be a proper
submodule of G. We want to prove that C = (H : G) U{1} is a filter of S. For
any g € G, we have:

(1) It is clear that the set (H : G) U {1} is a nonempty subset of S.

(2) If xz,y € C = (H: G)U{1l}. We want to prove that z ©y € C = (H :
G) U {1}. We will encounter the following four situations:

Whenz=1landy=1, wehavex ©0y=1€ C = (H : G)U{l}.

When x =1 and y # 1, we have y - g € H for any g € G. We can get that
(roy)-g=(10y)-g=y-g € H. Therefore, Oy € (H:G)andxz oy € C.
When z # 1 and y = 1, we can use the same method to prove z @y € C.

When « # 1 and y # 1, We have z - g,y - g € H for any g € G. We can
conclude that (x®y)-g=x-(y-g) € H. Since H is a proper submodule of G,
we have z - (y - g) € H. Therefore, z ©®y € C.

B)IfzeC=(H:G)U{l} and = < y. We will encounter the following
two situations:

When z =1, we have y=1€ C = (H : G) U {1}, since z < .

When z # 1, we have x - g € H for any g € G. Since z <g y, we can get
that - g <g v - g, according to Proposition 3.8. Since H is a filter of G, we
can conclude y - g € H. Therefore, y € C = (H : G) U {1}.

Therefore, C' = (H : G) U {1} is a filter of S. O

Proposition 3.19. Let G be a module of the linear bounded semihoop S and
H be a proper submodule of G. If H is a filter of the module G and F is a
filter of S, then % is a module of %

Proof. Since G is a module of the linear bounded semihoop S, there exists an
operation - : S X G — G by (z,9) — x - g for any z € S and g € G. We define
an operation @ : £ x & — & by [z] e (g« H) = x - g* H for any [z] € £ and
g* H € % It is obvious that e is well defined, according to Proposition 3.9
and Theorem 3.14.

For any f* H,gx H ¢ % and [z], [y] € %, we have:

(SH1): It is obvious that [1]e (¢« H) = 1-g+ H = g+ H. Therefore, (SH1)
holds.
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(SH2): [z] o ((f x H) xg (9+ H)) = [z] o (f x g) x H) = x - (f xg) x H =
(- fra-g)xH=(x-fxH)xg (x-g*H)=[z]e(f+H)xg [x]e(g*H).
Therefore, (SH2) holds.

(SH3): ([z] ©s [y]) o (9 H) = [z Osyle(g+x H) = (xOsy) - g+ H =
x-(y-g)«H=Iz]e(y-gxH)=[x]e([y] e (g H)). Therefore, (SH3) holds.

(SHA): (2] As [y) e (g* H) =[x Asyle(g+xH) = (xAsy) -gxH =
(x-ghsy-g)xH=(x-gxH)Ng (y-g+H)=[z]e(gxH) g [y] ®(g*H).
Therefore, (SH4) holds.

(SH5): ([2] =5 ) e (g H) =[x =5 yle(gxH) = (x =sy) g« H =
(9x(x-g =5 y-g))xH = (gxH)*g ((x-g = y-g)xH) = (gxH)*g ((x-gxH) — ¢
(y-gxH)) = (g H)xc ([z] o (g% H) ¢ [y] e (g+ H)). Therefore, (SH5)
holds. Therefore, % is a module of the semihoop % |

Definition 3.20. Let G be a module of the semihoop S. Then G is called a
torsion free module, if - g = 1 implies x = 1 or g = 1, for any € S and
ge€aqG.

Example 3.21. H = {1} can generate a torsion free submodule of G in Ex-
ample 2.2.

Theorem 3.22. Let G be a module of the linear bounded semihoop S and H
be a filter of the module G. If H is a prime submodule of G if and only if
C = (H:G)U{1} is a filter of S and & is a torsion free module of %

Proof. Since G is a module of the linear bounded semihoop S, there exists an
operation - : S x G — G defined by (z,9) — = - g.

If H is a prime submodule of G and is a filter of G, then C' = (H : G)U{1}is a
filter of S, according to Lemma 3.18, then we define an operation e : % X % — %
by [x]e (g« H) = x-g* H for any [z] € % and gx H € % We have proved that
% is a module of % We want to prove that % is a torsion free module of %
Assume [z]e (g« H) = 1% H = H, we can get that [z]e (g« H) =z-g«H=H
and so - g € H. Since H is a prime submodule of G, we have z € (H : G)
or gx H=H. Sincex - 1,1 -z € C = (H : G)U {1}, we can conclude
that [x] = [1]. We can get that if [x] e (9« H) = 1% H = H, then [z] = [1] or

g*x H=H = 1% H. Therefore, % is a torsion free module of %

If C = (S:G)U{1} is a prime ideal of S and £ is a torsion free module of

%, then we define an operationo:% X % — % by [z] e (9x H) =z - g* H for

any [z] € % and gx H € % We want to prove that H is a prime submodule of
G.lfz-ge H,forx € S and g € G, then we have [x]e (g« H) =z-g+xH = H.
G

Since 7 is a torsion free module of %, we have [z] = [1] or gx H = H. We

have x = 1,1 - 2 € C = (H : G) U{1}. Therefore, x € (H:G)orge H. O
Proposition 3.23. Let S1 = (51,0s,, —s,,\s;,1) and So = (S2,Os,, —s,
,Nsy, 1) be two semihoops and f : S1 — Sz be a homomorphism. If G is a
module of Sy, then G is a module of S7.
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Proof. Let S1 = (51,®s,,—s,,As,,1) and Sy = (S2,®g,, —s,,As,, 1) be two
semihoops and f : S; — S be a homomorphism. Since G is a module of Sy,
we have the operation of modules - : So x G — G defined by (a,g9) — a-g
for any a € S5 and g € G. Now, we define the operation -1 : S1 x G —» G
by x1 9= f(z)-g, forany x € S; and g € G. For z,y € Sy, if z = y, then
fx)=f(y)andsoxz 19 = f(x)-g= fly)-g =1y-1g. It means that -1 is
well-defined. We prove that G is a module of S;. For any z,y € S; and g € G,
we have:

(SHl) 151 -1g=f(151)-g:152-g 9;

(SH2) x 1 (g* f) = f(x) - (g% f) = f(x) -g* fla) f=a-

(SH3) (z0s,9)19= f(z0s,y) 9= (f(z)©s, f(y) 9=
fl@)-(y19)=z119);

(SH4) (xNhs,y)19 = fxns,y)-9 = (f(@)As, f(y)-9 = f(x)-9 e f(y)-9 =
T19NcY19;

(SH5) (x —s, y) 19 = f(x =, y) 9= (f(2) 25, f¥)-9=9g*(f(z)-9g —¢
fW)-9)=gx@19—-cy19)

Therefore, G is a module of the semihoop 5. 0

Proposition 3.24. Let Sy and S be two bounded semihoops and f : S1 — Ss
a homomorphism. Then kerf = {x € S1|f(51) = 1s,} and Imf = {f(x)|z €
S1} are semihoops.

Proof. kerf = {x € S1]f(S1) = 1g,} is a nonempty subset of Sy, since f(1lg,) =
lg,, we have 1g, € kerf. We only need to prove that kerf is closed under
operations @, —, and A. For any z,y € ker f, we have:

(1) f(SC ©s, y) = f(:l?) ©s, f(y) = 152 ©s, 152 = 152'

(2) f(x —5 y) = f(.’E) S f(y) = ]-Sz S 152 = 152'

(3) f(l‘ As, y) = f(.%‘) NS, f(y) =1g, Ng, 1g, = 1s,.

Therefore, kerf = {z € S1|f(S1) = 1s,} is a semihoop.

It is clear that Imf = {f(x)|z € S1} C S2. We only need to prove that
0,1 € Imf and I'mf are closed under operations ®, —, and A. Since f(1) = 1g,
, we have 1g, € I'mf.

Let f(z), f(y) € Imf for any z,y € S;. Since S; is a bounded semihoop,
we have £ ©g, y € 51, * =5, y € 51, and z Ag, y € S1. Then,

(1) F(2) Os, f(y) = [(@ Os, y) € Tmf = {(2)]a € S1}.

(2) f(x) =5, fly) = f(x =35, y) € Imf = {f(x)|x € S1}.

(3) (2) As, fy) = F(z As, v) € Imf = {f(x)}e € S1}.

(4) 0, = £(0) € Imf.

Hence Imf is closed under operations ®, —, and A. We can conclude that
Imf is a subalgebra of Sy. Therefore, Imf = {f(x)|z € Si} is a bounded
semihoop. O

Definition 3.25. Let G; and G5 be two modules of the semihoop S. Then
the map f: G; — G5 is called a module homomorphism if for any g1, g2 € G
and x € S, it satisfies with
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(@) f(91 %G, 92) = f(91) *G, f(g2);
(i) f(x-g1) =z f(g1)-

Example 3.26. Let G1 = {0,a,1} and G2 = {0,«, 1} be modules of the semi-
hoop S. We can get that (G1,0¢,, =y, Nay, 1) and (G2, Oy, —cs, NGy, 1) are
semihoops and we define G1 = ({0,a,1},%¢,,1) and G2 = ({0, o, 1}, *¢,, 1) are
Abelian groups and group operations on Go and Go as shown in Table 17 and
Table 18, respectively.

G, | 0 a1 xa, | 0 a 1
0 a 1 0 0 |a 1 0
a 1 0 a a |1 0 «
1 0 a 1 1 0 o 1

Table 17 Table 18

We define the operation -¢, : S x G1 — G1 by x - g1 = g1 and the operation
Gy 19X Gy — Gg by x-ya =ys, for everyx € S, g1 € G1 , and ys2 € Ga.

There exists a map f : G1 — Ga, in which f(1) =1, f(0) =0, and f(a) = .
We can easily examine that f(g1 * g2) = f(g1) * f(g2) and f(x-g1) = f(q1) =
x - flg1), for any g1,92 € Gy and x € S. Therefore, the map f is a module
homomorphism, according to Definition 3.25.

Note: If f : G; — G is a surjective mapping, then we call the module
homomorphism f : G; — G5 is a module surjective homomorphism.

Proposition 3.27. Let G1 and Ga be two modules of the semihoop S and
f: Gi1 — Gy be a homomorphism of semihoops. If f : G1 — G2 is also a
module surjective homomorphism, then

(i) kerf ={g € G1|f(g) = 1} is a submodule of G1. If H is a submodule of
Ga, then f~1(H) is a submodule of Gy.

(@) Imf ={f(9)|lg € G1} is a submodule of Gs. If H is a submodule of Gy,
then f(H) is a submodule of Gs.

Proof. (i) For any « € S and g € kerf, we have f(x-g)=x- f(g)=2-1=1.
We can get that © - g € kerf. Therefore, kerf = {g € G1|f(g) = 1} is a
submodule of Gj.

Let H be a submodule of Gy. It is clear that f~1(H) C G;. For any z € S
and g € f~1(H), we can get that - h € H and g = f~(h) for h € H. We
have z-g =z - f~Y(h) = f~Y(x-h) € f~1(H). Then f~'(H) is a submodule
of Gl.

(#4) For any € S and t € Imf = {f(g)lg € G1}, there is t = f(g) for
g € Gy. So, we have -t = x - f(g9) = f(z-g). Since G; is a module of
the semihoop S, we have x - g € G;. Therefore, x -t € Imf. Therefore,
Imf ={f(g)lg € G1} is a submodule of Gs.
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If H is a submodule of Gy. It is clear that f(H) C Ga. For any = € S
and g € f(H), we can get that ¢ = f(h) and - h € H for h € H. We have
x-g=ux-f(h)=f(z-h)e f(H). Therefore, f(H) is a submodule of G;. O

Theorem 3.28. Let G1 and G5 be two modules of the semihoop S and f :
G1 — G2 be a homomorphism of semihoops. If f : Gy — Gs is also a module
surjective homomorphism, then H is a prime submodule of Go if and only if
f~Y(H) is a prime submodule of G.

Proof. Let G; and G2 be two modules of the semihoop S and f: G; — G5 be
a module surjective homomorphism.

Let H be a prime submodule of G5. f~!(H) is a submodule of G, according
to Proposition 3.27. If z-g € f~'(H), forx € S and g € G;. We have z-g =
f71(h) for h € H. We can conclude that x- f(g) = f(z-g) = ff1(h) = h € H.
Since H is a prime submodule of Gz, we have f(g) € H or x € (H : G2) =
{z € Slx- Gy € H}. If f(g) € H, then we have f(g) = h for h € H. We can
get that f=1(f(g)) = f~1(h) € f~Y(H). fx € (H:Gy) ={x € S|z-Gy € H},
then we have = - go = h for h € H and any g € G3. We can conclude that
2 [ Nga) = [ (2 g2) = F1(h) € [~M(H) for any f(gs) € Gi. Therefore,
gef Y H)orze (ffYH):G)={x eS|z -Gy e f1(H)}.

Let f~'(H) be a prime submodule of G;. We have ff~1(H) = H is a
submodule of G, according to Proposition 3.27. If z-g € H, for x € S and
g € Go. We can get that x - f~1(g9) = f~ Yz -g) € f~*(H). Since f~1(H) is
a prime submodule of Gy, we have f~1(g) € f~Y(H) or z € (f~Y(H) : Gy1) =
{z € S|z -Gy € f~1(H)}, according to Definition 3.15. If f~1(g) € f~1(H),
then we have f~!(g) = f~1(h) for h € H. We can get that g = ff !(g9) =
ff-%h)y=heH Ifxe (fY(H):G)={xeSlz-G € fT1(H)}, then
we have z - g1 = f~1(h) for h € H and any g; € G;. We can conclude that
- f(g1) = f(x-g1) = ff~1(h) = h € H. Therefore, g € H or x € (H : G3) =
{I€S|I‘G2€H}. O

Definition 3.29. Let G be a module of the semihoop S. If for any submodule
H of G and there exists a filter F' of S such that H = F'- GG, then we call G is
a multiplication module.

Example 3.30. In example 3.3, if we define - : S x G — G by (x,9) — z - g,
in which, 1 -g=g¢9,a-g=¢,0-0=0,0-1=0, and0-a =0, for anyx € S
and g € G, then we can examine the group G = ({0,,1},%,1) is a module
of S. Since 0-1=0 € {1}, H = {1} is not a submodule of G. We can find
the submodule of G only has itself and we have G = F - G for filter F of S.
Therefore, the module G is a multiplication module.

Proposition 3.31. Let G be a module of the semihoop S. If G is a multipli-
cation module, then H = (H : G) - G, for any submodule H of G.
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Proof. Let G be a module of the semihoop S and H be a submodule of G. Since
G is a multiplication module, there exists a filter F' of S such that F'- G = H.
Hence, we have F' C (H : G). We can get that H=F -G C (H : G) - G.
Ifee (H:G) G, thenz =y-g for somey € (H:G)and g € G. Since
y € (H :G), we have x =y - g € H. Therefore, (H:G) -G C H. O

Definition 3.32. Let G be a module of the semihoop S. G is called a comulti-
plication module, if there exists a filter F' of S such that H = {g € G|F-g =1}
is a submodule of G.

Example 3.33. It is obvious that F = {b,1} is a filter of S in Example 3.2.
Since we define - : S X G — G byx-g=g, foranyx € S and g € G, we have
x-l=1landx-g=g#1 foranyx € F and g € G\ {1}. Therefore, H = {1}
and it is clear that H = {1} is a submodule of G. Then G is a comultiplication
module.

However, in Example 3.30, we can find that Fy = {1} and Fy = {0,a,1} are
all filters of S and we can get that Hy = {g € G|Fy - g = 1} = {1} is not a
submodule of G, since 0-1=0¢ {1} and Hy ={g € G|Fy-g=1} = O is also
not a submodule of G. Therefore, G is not a comultiplication module.

Note: Let G be a module of the semihoop S and H be a submodule of G.
We define Ay = {z € S|lz- H =1}.

Proposition 3.34. Let G be a comultiplication module of the semihoop S.
Then there exists a submodule H of G such that H = {g € G|Ag - g = 1}.

Proof. If G is a comultiplication module of the semihoop S, then there exists
a filter F' of S such that H = {g € G|F - g = 1} is a submodule of G. Hence,
we can get that F- H = {1}.

For any b € F' and h € H, we have b-h = 1. This implies that b € Ay =
{z € S|z - H = 1}. Hence, we can conclude that FF C Ag. For any y € {g €
G|Ag -g =1}, we have Ay -y =1and F -y =1, since FF C Ay. Therefore,
ye{geGIF-g=1},andso {g € G|Ag -9g=1} C{g € GIF-g=1} = H.
For any h € H C G, we have Ay -h =1, and so h € {g € G|Ay - g = 1}.
Hence, H C {g € G|Apg - g =1}.

Therefore, H = {g € G|Ay - g = 1}. O

Definition 3.35. A module G of the semihoop S satisfies the ascending chain
condition on submodules if for every chain G; C Gy C Gj--- of submodules
of G, there exists n € N such that Gy = G, for any k& > n. A module G of
the semihoop S satisfies the descending chain condition on submodules if for
every chain G; D G2 O Gj - - - of submodules of G, there exists n € N such that
G = G, for any k > n.

Example 3.36. We can find that G; = {1} and Gy = {0, «, 1} are all submod-
ules of the module G in Example 3.3. Since S1 C Sa, the module G satisfies
the ascending chain condition.
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Theorem 3.37. Let G be a comultiplication module of the semihoop S with
the ascending chain condition. If for any submodule H of G such that H =
{g € G|Ay - g =1}, then G satisfies the descending chain condition.

Proof. Assume G4, G2, 3, .. .are submodules of G such that G; D G2 D G3 2

-2 Gy 2 --- is a descending chain of the module G. If G; O Gj, where
i < j and for any x € {s € S|s-G,; = 1}, then we have z - G, = 1. We
can conclude that z - G; = 1 and z € {s € S|s-G; = 1}. Therefore, {s €
Sls-G; =1} C {s € S|s-G; = 1}. We can get that {s € S|s- Gy =1} C
{s€Sls-Ga=1} C--- C{se€ S|s-G, =1} C---. We can conclude that
Ag, € Ag, € Ag, € --- C Ag, C -+, which is an ascending chain of S.
Since S satisfies the ascending chain condition, there exists n € N such that
Ag, = Ag,,, for any k > n.

We have G,, = {g € G|A¢, - g = 1}, since H = {g € G|Ag - g = 1} for
any submodule H of G. For any g € G,. Then Ag, - g = Ag, - g = 1, that
is, g € Gy, = {9 € G|Ag, - g = 1}. Hence G,, C Gy, for any k > n. We can
get that G,, = G, for any k > n. Therefore, GG satisfies the descending chain
condition. O

4. Conclusion

In this paper, we have introduced the definitions of modules on semihoops
and provided some examples to illustrate it. Moreover, we find that if the semi-
hoop G can generate an Abelian group, then G is a module of any subalgebra
S of the semihoop G. Subsequently, we have introduced the concepts of prime
submodules, torsion free modules, multiplication modules, and comultiplica-
tion modules and explored the relationships among them through employing
the concepts homomorphism, filter, and quotient structure. Finally, we find
that if G is a comultiplication module of S with the ascending chain condition,
then G satisfies the descending chain condition. We use modules of semihoops,
to investigate their impact on the substructure of semihoops and further study
their representation. We also hope to extend the structure of modules of semi-
hoops to fuzzy logic and uncertain information. In future work, we will study
the fuzzy submodules and topological submodules of semihoops, give character-
izations regarding them, and investigate the relationship between these special
submodules and the descending chain condition.
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