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ABSTRACT. The purpose of this paper is to present a new expansion class,
namely weakly n-ary S-prime hyperideals in Krasner (m,n)-hyperrings.
In summary, we give an extension of n-ary S-prime hyperideals. Some re-
sults and examples are given to explain the structure of this new concept.
Moreover, a version of Nakayama’s Lemma is considered on commutative
Krasner (m,n)-hyperrings.
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1. Introduction

In recent years, prime ideals and their expansions have gained significant
attention in commutative algebra, drawing the attention of numerous authors.
One of these extensions called S-prime ideals was introduced via a multiplica-
tive subset of a commutative ring in [10]. Afterward, the idea of weakly S-prime
ideals was investigated by Almahdi et al. in [1]. This study demonstrated that
weakly S-prime ideals exhibits numerous properties similar to those of weakly
prime ideals. Let A be a commutative ring, () an ideal of A and S C A a
multiplicative set. The ideal @ is said to be weakly S-prime if there exists
s € S such that, 0 # zy € Q for x,y € A implies sx € Q or sy € Q.

The concept of hyperstructures was introduced by the French mathemati-
cian F. Marty in 1934 at the 8th Congress of Scandinavian Mathematicians [12].
Marty’s work laid the foundation for what would become the study of hyper-
structures, which are algebraic structures defined by multi-valued operations
known as hyperoperations. These structures generalize classical algebraic con-
cepts by allowing the composition of two elements to yield a set of values rather
than a single value. The study of hyperstructures is an active area of research,
with ongoing investigations into their properties, classifications, and applica-
tions across different mathematical and scientific disciplines. Several books and
many papers have been written now on hyperstructures [6,7,15,16,18]. The idea
of (m,n)-hyperrings was proposed by Mirvakili and Davvaz in [14]. Moreover,
these authors presented the notion of Krasner (m, n)-hyperring as a subclass of

O]€]
B} m.anbarloei@sci.ikiu.ac.ir, ORCID: 0000-0003-3260-2316
https://doi.org/10.22103/jmmr.2025.23922.1689 © the Author(s)

Publisher: Shahid Bahonar University of Kerman
How to cite: M. Anbarloei, Weakly S-prime hyperideals, J. Mahani Math. Res. 2025; 14(2):
175-190.

175


https://orcid.org/0000-0003-3260-2316
mailto:m.anbarloei@sci.ikiu.ac.ir
https://doi.org/10.22103/jmmr.2025.23922.1689

176 M. Anbarloei

(m,n)-hyperrings in [13]. Let 1:3 denote the sequence z;, 11, - ,xz; for j > i.
Note that z] is the empty symbol for j < i.
Definition 1.1. [13] The triple (4, f, g), or simply A, is a commutative Kras-

ner (m,n)-hyperring with a scalar identity 1,4 if
1. (4, f) is a canonical m-ary hypergroup,

2. (4, g) is a n-ary semigroup,

3. g(aiilv f(xT)v a?—ﬁ-l) = f(g(aiilv T, a?—i—l)v T vg(aiilv Tm, a?—i—l)) for ev-
ery ai_l,a?ﬂ,x{” cAand1<i<n,

4. 9(0,2%) = g(x2,0,2%) = --- = g(«%,0) = 0 for each 2 € A,

5. f(a}) = f(azgl))) for all ¢ € S,,, the group of all permutations of
{1,---,n} ?Trlldgor each a € A,

6. g(z,1, ) =x for each z € A.

A non-empty subset B of A is called a subhyperring of A if (B, f,g) is a
Krasner (m,n)-hyperring. Also, a non-empty subset @ of A is said to be a hy-
perideal if (Q, f) is an m-ary subhypergroup of (4, f) and g(z'™*, Q, xi ) € Q,
for each 1 < ¢ < n and 2 € A. Let x € A. The hyperideal gener-
ated by x is denoted by < x > and defined as < z >= g(4,2,172) =
{g(r,z,1"=2)) | r € A} [2] . Also, let Q be a hyperideal of A. Then we define
(Q:z)={a€ Al gla,z, 1%_2)) € Q}. The important hyperideals of a com-
mutative Krasner (m, n)-hyperring A such as maximal, n-ary prime and n-ary
primary hyperideals were defined in [2]. A hyperideal M of A is maximal if for
each hyperideal N in A, M C N C A implies N = M or N = A. Let Q # A be
a hyperideal of A. @ is called n-ary prime if g(Q%) C @ for hyperideals Q7 in
A implies that Q; C @ for some i € {1,--- ,n}. Lemma 4.5 in [2] proves that @
is an n-ary prime hyperideal of A if g(z7) € @ for all 2} € A implies z; € Q for
some ¢ € {1,---,n}. The radical of @, denoted by rad(Q), is the intersection
of all n-ary prime hyperideals of A containing ). We define rad(Q) = A if the
set of all n-ary prime hyperideals containing @ is empty. Theorem 4.23 in [2]
shows that

B gat,157) € Q, u<n }}
rad(@) _{ acd| { 9(z>(a(“)54€Q u>n, u=1In-1)+1 '

Furthermore, @ is called n-ary primary if g(z}) € @ implies that z; € Q
or g(zi ™, 14,2 ,) € rad(Q) for some i € {1,---,n}. Theorem 4.28 in [2]
indicates that if @ is an n-ary primary hyperideal in A, then rad(Q) is an n-ary
prime hyperideal of A. An element z € A is invertible if there exists y € A such
that 14 = g(x,y, 1%72)) [2]. In recent years, different types of hyperideals have
been proposed in order to let us fully understand the structures of hyperrings in
general. There are various ways to generalize the concept of a prime hyperideal
in the context of Krasner (m,n)-hyperrings. Hila et al. in [11] studied an
extention of prime hyperideals called (k,n)-absorbing hyperideals. Then, this
notion was generalized to weakly (k, n)-absorbing hyperideals by Davvaz et al.
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in [8]. Let S C A be non-empty. If g(s}) € S for all s7 € S, then S is called
n-ary multiplicative. The notion of S-prime hyperideals which is an extension
of the prime hyperideals via an n-ary multiplicative subset of a Krasner (m,n)-
hyperring was investigated in [4].

In this paper, motivated by the research work on weakly S-prime ideals, the
notion of weakly n-ary S-prime hyperideals is introduced and investigated in
a commutative Krasner (m,n)-hyperring A, where S C A is a multiplicative
set. Among many results in this paper, we prove that every m-ary prime hy-
perideals of A is a weakly n-ary S-prime hyperideal but the converse may not
be always true in Example 2.2. It is shown that every weakly n-ary S-prime
hyperideal of A is n-ary prime if and only if A is an n-ary hyperintegral do-
main and every S-prime hyperideal of A is n-ary prime in Theorem 2.7. We
obtain that if @ is a strongly weakly n-ary S-prime hyperideal of A that is
not n-ary S-prime, then g(Q™) = 0 in Theorem 2.11. In theorem 2.15, we
propose a type of Nakayama’s Lemma for strongly weakly n-ary S-prime hy-
perideals. We indicate that a hyperideal Q satisfying g(Q(™) = 0 may not be a
weakly S-prime hyperideal in Example 2.12. Moreover, we conclude that if @
is a strongly weakly n-ary S-prime hyperideal of A that is not n-ary S-prime,
then g(g(s, rad(0), 1%72)),62("_1)) = 0 for some s € S in Theorem 2.18. Fi-
nally, we study the stability of weakly n-ary S-prime hyperideals in various
hyperring-theoric constructions. Throughout this paper, we suppose that A is
a commutative Krasner (m,n)-hyperring with a scalar identity 14.

2. weakly n-ary S-prime hyperideals

In [4], the notion of n-ary prime hyperideals was generalized to n-ary S-prime
hyperideals via an n-ary multiplicative subset in Krasner (m,n)-hyperrings.
Assume that @ is a hyperideal of a commutative Krasner (m,n)-hyperring A
and S C A is an n-ary multiplicative set such that Q NS = &. The hyperideal
@ is called n-ary S-prime if there exists an s € S such that for every af € A
with g(a}') € Q, g(s,a;, 1%72)) € @ for some i € {1,--- ,n}. Our purpose here
is to introduce and study the notion of weakly n-ary S-prime hyperideals which
constitutes a generalization of n-ary S-prime hyperideals. The weakly-version
of n-ary S-prime hyperideals is defined as follows.

Definition 2.1. Assume that @ is a hyperideal of A and S is an n-ary multi-
plicative subset of A such that @ NS = . We say that @ is a weakly n-ary
S-prime hyperideal of A if there exists an s € S such that for all af € A if

0 # g(al) € Q, we have g(s, a;, 1%72)) € Q for some i € {1, -+ ,n}.

Example 2.2. The set A = {0,1,2,3} with following 2-hyperoperation “&”
18 a canonical 2-ary hypergroup
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where I = {0,1} and J = {2,3}. Define a 4-ary operation g on A as g(a) = 2
if ai € J or 0 if otherwise. Then, (A,®,g) is a Krasner (2,4)-hyperring (see
Ezample 4.8 in [2]). In the hyperring, the set S = {2,3} is 4-ary multiplicative
and @ = {0} is a weakly 4-ary S-prime hyperideal but it is not 4-ary prime,
because g(1,1,2,3) =0 € Q while 1,2,3 ¢ Q.

Example 2.3. Consider the set A={0,1,2}. In [2], it is verified that (A, f,g)
is a Krasner (3, 3)-hyperring, where 3-ary hyperoperation f and 3-ary operation
g are defined as
£(0,0,0)=0, £(0,0,2)=2, f(0
f(0,0,1) =1, f(0,2,2) =2, f(1,1,2) =
g(1,1,1) =1, 9(1,1,2) = ¢(1,2,2) = g(2,
and g(0,a?) =0 for a3 € A.
In the hyperring, the set S = {1} is 3-ary multiplicative and Q = {0,2} is a
weakly 3-ary S-prime hyperideal of A.

Proposition 2.4. Let S C A be an n-ary multiplicative set, Q) a hyperideal of
A with QNS =@ and Q71%1 some hyperideals of A such that Q; NS # & for
each j € {1,--- ,n—1}. If Q is a weakly n-ary S-prime hyperideal of A, then
g(Q?il, Q) is a weakly n-ary S-prime hyperideal of A.

Proof. The proof is straightforward. O

Proposition 2.5. Let S C A be an n-ary multiplicative set and Q be a hyper-
ideal of A with QNS =@. If (Q : ) is a weakly n-ary prime hyperideal of A
for some s € S, then Q is a weakly n-ary S-prime hyperideal of A.

Proof. Let (Q : s) be a weakly n-ary prime hyperideal of A for some s € S.
Assume that 0 # g(a}) € @Q for a] € A. Then we have 0 # g(a}) € (Q : )
as @ C (Q : s). Since (Q : s) is a weakly n-ary prime hyperideal of A, we
obtain a; € (Q : s) for some ¢ € {1,---,n} which implies g(s, a;, 15:72)) € Q.
Consequently, @ is a weakly n-ary S-prime hyperideal of A. |

Now, we show that the converse of Proposition 2.5 is not true, in general.

Example 2.6. Consider Zio = {0,1,2,3,--- ,11}. In [11], Example 3.2 veri-
fies that A = Z12/Z7, is a Krasner hyperring, where Z55 = {1,5,7,11} is the
multiplicative group of units of Z1o. The set S = {3Z7%,,97%,} is a 3-ary multi-
plicative subset of A. It is easily seen that QQ = (0Z75) is a weakly 3-ary S-prime
hyperideal of A. However, the hyperideal (Q : s) = {0Z3,,4Z%,} for each s € S
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is not a weakly 3-ary prime hyperideal of A. Because, g((2Z%,)?,3Z%,) € (Q :
s) but neither g(2Z3,,s,14) € (Q : s) nor g(3Z34,8,14) € (Q = s) foralls € S.
Theorem 2.7. Let S C A be an n-ary multiplicative set. Then every weakly
n-ary S-prime hyperideal of A is n-ary prime if and only if A is an n-ary
hyperintegral domain and every S-prime hyperideal of A is n-ary prime.

Proof. The proof is trivial.
O

Proposition 2.8. Let S C T C A be two n-ary multiplicative sets such that for
each t € T, there exists t' € T with g(t™~Y, ') € S. Then Q is a weakly n-ary
T-prime hyperideal of A if and only if Q is a weakly n-ary S-prime hyperideal
of A.
Proof. (=) Assume that 0 # g(al) € Q for some a} € A. Since Q is a weakly
n-ary T-prime hyperideal of A, there exists t € T such that g(t,a;,1"~?) €
Q for some ¢ € {1,---,n}. By the hypothesis, there exists ' € T such
that g(t=D,¢') € S. Let s = g(tY,#'). Therefore g(s,a;, 1(:_2)) =
g(g(t(n_l)v t/)v Qi, 1%72)) = g(g(t(n_2)7 t/7 1A)7 g(tv Qq, 1(n_2))7 154n72)) € Qv as
needed.

(<=) Let Q be a weakly n-ary S-prime hyperideal of A and 0 # g(a?) € Q.
Then there exists s € S C T such that g(s,a;,1""?) € Q for some i €
{1,---,n}. This means that Q is a weakly n-ary T-prime hyperideal of A. O

The notion of Krasner (m,n)-hyperring of fractions was introduced and stud-
ied in [3].
Theorem 2.9. Let Q be a hyperideal of A and S C A be an n-ary multiplicative
set such that QNS = & and 14 € S. Then Q is a weakly n-ary S-prime
hyperideal of A if and only if Q is a weakly n-ary S*-prime hyperideal, where
S* ={a € A | a/ly is invertible in ST1A}.
Proof. (=) Since Q is a weakly n-ary S-prime hyperideal of A and S* is an
n-ary multiplicative subset of A containing S, it is proved.

(<=) Assume that t € S*. This means that t/1,4 is invertible in S~!A.
Therefore G(t/14,2/5,14/14""2) = g(t, z, 15:_2))/9(5, 1%_1)) = 14/14 for
some z € A and s € S which implies

n—2 n— m— n—2
0 € g(s', flg(t,, 17 7), —g(s, 15 ), 0072, 1572)
n—3 n—2 m—
= flg(s t, 0, 157%), —g(s', 5,10 7), 007=2)

for some s’ € S. Since g(s', s, 1%_2)) € S, we get

g(s',t, x, 1%73)) € f(g(s,s, 1%72)),0(7”_1)) cs.
Assume that " = g(¢', z, 1(:_2)). Then we conclude that s” € S* as

Glg(s', 2,157 /1a, gt 157 fg(s' 2,0, 1577), 14/1407)
=g(s,x,t, 15:73))/g(s’, x,t, 1%73))
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=14/14.
Hence we have g(t(”*l),g(s”(nfl),g(t,s”,1%_2)))) = g(g(t, s", 1%_2))") €es.
Put ¢/ = g(s”("fl),g(us’ﬂ1%72))). So t' € S*. Since g(t"~ Y t') € S, we
conclude that @ is a weakly n-ary S-prime hyperideal of A by Proposition
2.8. O

Recall from [8] that a hyperideal @ of A is called strongly weakly n-ary prime
if 0 # g(QF) C @ for all hyperideals Q7 of A implies that Q; C @ for some
i € {l,---,n}. Assume that S C A is an n-ary multiplicative set satisfying
QNS = . A hyperideal @ of A refers to a strongly weakly n-ary S-prime
hyperideal if there exists an s € S such that for every hyperideals Q7 of A if
0 # g(Q1) C Q, we have g(s, Q;, 1%_2)) C @ for some i € {1,--- ,n}. In this
case, it is said that @ is associated to s. It is clear that every strongly weakly
n-ary S-prime hyperideal of A is a weakly n-ary S-prime hyperideal.

Theorem 2.10. Assume that Q is a strongly weakly n-ary S-prime hyperideal
of A such that @ is associated to s. If g(a}) = 0 fora} € A butg(s ag, 1%_2)) ¢
Q foralli € {1,---,n}, then glay, - ,ar - Ghys- - gy, QW) =0 for
each ki, ky, € {1,--- ,n}.

Proof. We use the induction on v. Let v = 1. Assume that g(ai_l, Q,ai ) #0
for some i € {1,---,n}. Therefore we get 0 # g(aj ', a,a?,;) € Q for some
a € Q. So we conclude that
0 7é g(a™t a, alH)
f(g(at), gla1™" a,azyy),00772)
= g(ay” ", f(a,a;, 00" ")), af 1) C Q.

Then g(s, f(a,a;, 00"2), 107) = f(g(s,a,1577), g(s,a;,152),00m=2) C
(n—2)

Q Which means g(s,ai,l(:_m) € Q or g(s,a5,1, /) € Q for some j €
{1,--+, (A ,n}. It follows that g(s,ai,l(:_m) € Q for some i € {1,--- ,n}

Wthh is impossible. Now, suppose that the claim is true for all positive integers
that less than v. Suppose on the contrary that

G P T RN TR TR 7@(@))750

for some ky, -+ ,k, € {1,---,n}. Without loss of generality, we eliminate
a¥. So we have g(ayy1, -+ ,an, Q™) # 0. Then there exist 2} € @Q such
that 0 # g(ayt1, -+ ,an,2y) € Q. By induction hypothesis, we conclude

that 0 # g(f(a1,21,00m72), -+ | fap, 2,,00""2) a", ) C Q. By the hy-
pothesis, we get g(s,f(ai,xi,O(m’Q)),15:_2)) C Q for some i € {1,---,v} or
9(s,a;, 15;1_2)) € @ for some j € {v+1,---,n}. Therefore g(s,a;, 1%_2)) €Q
for some ¢ € {1,---,n} which is a contradiction. Hence we conclude that
a1, @p e Apys s gy ,Q(v)) =0 for each ky, -+ ,ky € {1,--- ,n}.
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Theorem 2.11. Let S C A be an n-ary multiplicative set. If Q is a strongly
weakly n-ary S-prime hyperideal of A that is not n-ary S-prime, then g(Q™) =
0.

Proof. Let @ be a strongly weakly n-ary S-prime hyperideal of A and @ is
associated to s. Suppose on the contrary that 0 # g(Q™). We show that
Q@ is an m-ary S-prime hyperideal of A. Let g(a}) € Q for af € A. If
0 # g(a}) € Q, then we have g(s,ai,lgkm) € @ for some i € {1,---,n}.
Assume that g(a}) = 0. From 0 # ¢(Q™), it follows that there exists
! € @ such that g(z}) # 0. By Theorem 2.10, we conclude that 0 #
g(f(ar,1,00m=2)) o fap,2,,00""2)) C Q. By the hypothesis, we get
f(g(s,as, 1(:72)),9(3,301,1%72)),0(’”_2)) = g(s, f(a;, z;,00m=2)) C Q for some
i € {1,---,n} which means ¢(s, a;, 1%72)) €Q as g(s, i, 1%72)) € Q. Thus Q
is an n-ary S-prime hyperideal of A, a contradiction. Consequently, g(Q(™) =
0. U

Now, Example 2.12 shows that a hyperideal Q satisfying ¢(Q)) = 0 may
not be a weakly S-prime hyperideal.

Example 2.12. Consider Krasner (4,3)-hyperring (Zssu,+,+), where + and
- are usual addition and multiplication and uw > 4. In the hyperring, Q =
(5") is not a weakly 5-ary S-prime hyperideal of Zgsu, where S = {14} since
5.5.5.5.5“"% € Q but 5,5*7* ¢ Q while Q° = 0.

In view of Theorem 2.11 and Theorem 3.9 in [4], we have Corollary 2.13.

Corollary 2.13. Let S C A be an n-ary multiplicative set and QQ be a strongly
weakly n-ary S-prime hyperideal of A. Then Q C rad(0) or g(s,rad(0),1"=2)) C
Q for some s € S.

Corollary 2.14 is a version of Theorem 4.4 in [8].

Corollary 2.14. Let Q be a strongly weakly n-ary prime hyperideal of A but
is not n-ary prime hyperideal. Then g(Q™) = 0.

Proof. By taking S = {1} in Theorem 2.11, it is proved. O

Let R be a commutative ring, M a finitely generated R-module and I an
ideal of R contained in the Jacobson radical of R. Then IM = M implies
M = {0}. This is usually called Nakayama’ s Lemma (for more details see [17]).
In Theorem 2.15, we study a version of Nakayama’s Lemma for strongly weakly
n-ary S-prime hyperideals. In this regard, we need the definition of (m,n)-
hypermodule (M, f', ¢’) over Krasner (m,n)-hyperring (A, f,g). Suppose that
M is a non-empty set and (4, f,¢g) is a commutative Krasner (m,n)-hyperring
. If (M, f') is an m-ary hypergroup and the map

g :AX X AXM — P*(M)
n—1

satisfied the following conditions:
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(1) o' @@, f(af" ) = Flg' Lay), o g(@ T am)

(2) g/( Z1 7f(y1 )7 z+17 )_ f/(g/ le 17y17 1+11a )7 ,g/(le—lym7x;p+—11’a))
(3) ¢ g(ai™ ), 2l ) = ¢/ (277 g (a2 a))

(4) 0=g' (a7 O>$z+117 a),

for all 27T™ 72 y* € A and a*,a € M then the triple (M, f’,¢') is called an
(m, n)-hypermodule over (A, f, g) [5].

Theorem 2.15. Let (M, f',g’) be an (m,n)-hypermodule over (A, f,g) and Q
be a strongly weakly n-ary S-prime hyperideal of A that is not n-ary S-prime.
If M = g/ (Q,177% M), then M = {0}.
Proof. Assume that @ is a strongly weakly n-ary S-prime hyperideal of A but
is not n-ary S-prime and M = ¢'(Q, 131_2), M). By Theorem 2.11, we conclude
that ¢'(g(Q™), 1%_2), M) = {0}. Moreover, we have

9 (9(Q), 1577, M) = g/ (9(Q" ), 14),15 Y g/(@,15 7, M)
QD110 1)
QU191 (@157, M)
QU 15), 107, M)

Il
SRS
===

Q
N TN N

Then we conclude that M = {0}. O

Theorem 2.16 provides a useful characterization of the strongly weakly n-ary
S-prime hyperideal property.

Theorem 2.16. Let Q be a hyperideal of A and S C A is an n-ary multiplica-
tive set with QNS = @. Then Q is a strongly weakly n-ary S-prime hyperideal
of A if and only if there exists an element s € S such that for every a ¢ (Q : s),

either (Q:a) C(Q:s) or (Q:a)=(0:a).
Proof. (=) Assume that @ is a strongly weakly n-ary S-prime hyperideal of
A such that @ is associated to s. Let a ¢ (Q : s) and (Q : a) # (0 : a). Then
there exists « € (Q : a) such that g(x,a, 1%72)) #0as (0:a) C(Q:a). Since
0 # g(x,a, 1%72)) € @ and g¢(s,a, 1%72)) ¢ Q, we get g(s,x,l%fz)) € Q.
Take any b € (Q : a). So g(a,b, 1%_2)) € Q. Let 0 # g(a,b, 1%_2)). Therefore
g(s, b, 1%_2)) € @ which means b € (Q : s). If 0 = g(a, b, 1(;—2))7 then
0 +# g(a,z, 1%72))

= fg(a,2,157%), g(a,b,157%),00m2)

= g(a, f(x,b,0m=2), 15471_2)) € Q.
Since @ is a strongly weakly n-ary S-prime hyperideal of A and a ¢ (Q : s), we
get f(g(s,2,157),9(5,b,177),0072)) = g(s, f(2,b,00"=2),177%) € @
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which implies g(s,b,l%_z)) € Q as g(s,x, 1%_2)) € @. This means that
be (Q:s)andso (Q:a)C (Q:s).

(<) Let 0 # ¢g(Q7) C Q for hyperideals Q7 of A such that g(s, Q;, 1(:72)) ¢
Q for all i € {1,---,n} and the element s mentioned in the hypothesis.
Take any a; € Q\(Q : s) for i € {1,---,n}. Then g(Q7 ', a;, Q) C
Q which means ¢(Qi ', 14,Qp41) € (Q : a;). Since g(Qi ™" 14,Q}y) C
Q; € (Q : s) for each j # 1, We_conclude that g(szl,lA,Q?_H) C (@ :
a;) = (0 : a;) which implies g(Q’l_l,ai,Q?H) = 0. Now, let a; € @; N
(Q : s) for some i € {l,---,n} and a; € Q; for j € {1,-~-,z~-~,n}.
If aj ¢ (Q : s), then we obtain g(QJfl,aj,Q?H) = 0. Let a; € (Q :
s). By the hypothesis, there exists x; € Q; such that g(s,xj,lgL_Q)) ¢ Q.
This means z; ¢ (Q : s) and so f(aj,z;,0" ) ¢ (Q : s). Therefore we
get g(f(a1,$1,0(m_2))7 e 7f(ai711$i7170(m_2))7ai7 f(ai+1axi+170(m_2))v Ty
f(an, zn,00"=2))) = 0. Then we conclude that g(a}) = 0 and so g(Q}) = 0

which is impossible. Thus @ is a strongly weakly n-ary S-prime hyperideal of
A. O

Corollary 2.17. Let Q be a hyperideal of A. Then Q is a strongly weakly
n-ary prime hyperideal of A if and only if for every a ¢ Q, either (Q : a) = Q
or (Q:a)=(0:a).

Proof. By taking S = {1} in Theorem 2.16, it is proved. O

Theorem 2.18. Let Q be a hyperideal of A and S C A is an n-ary multiplica-
tive set. If Q is a strongly weakly n-ary S-prime hyperideal of A that is not
n-ary S-prime, then g(g(s,rad(0), 15:_2)), QM=) =0 for some s € S.

Proof. Suppose that @ is a strongly weakly n-ary S-prime hyperideal of A.
Then there exists an element s € S such that for every a ¢ (Q : s), either
(Q:a)C(Q:s)or (Q:a)=1(0:a), by Theorem 2.16. Take any = € rad(0).
Ifx € (Q: s), then g(s, z, 1%_2)) € @ and so g(g(s,rad(0), 1%_2)), Q=1 =0
by Theorem 2.11. Now, let « ¢ (@ : s). This implies that (Q : ) C (Q : s) or
(Q:x)=(0:x). The first case leads to the following contradiction. Since x €
rad(0), there exists ¢ € N such that g(z®, 15:4)) =0for t <nor gg(z®) =
0 for t = I(n — 1) + 1. Assume that t is a minimal integer satisfying the
possibilities. If g(z®), 15;7'5)) = 0fort < n, then g(z*=1, 1(:71”1)) €(Q:x)C
(Q : s) which means g(g(z(*=1), lff_t-’_l)),s, 1%_2)) = g(z=V s, lff_t)) € Q.
If 0 # gt~V s, 1%_0), then we get g(s,z, 154"_2)) € @ which is impossible.

Therefore g(z*~1, s, 15:7”) = 0. Assume that u is a minimal integer satisfying

g(s, z¥, 151_2)) = 0. Assume that g(g(s,x, 1%_2))4]?_1) # 0 for some q?‘l €

Q. Since @ is a strongly weakly n-ary S-prime hyperideal of A and 0 #
9(g(s. 21572, 771 = glg(s, 21572, v g(gh ™", 14),00m72)),157%)
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C Q, we get g(s, f(x*~ 1, g(g? ™1, 14),00m=2), l(n_z)) C Q. Since g(s @ e
Q, we have 0 # g(s,z(*~1 1(n u)) € @ which implies g(s,z,1, (n— 2)) € Q
which is a contradiction. If g(l)( x®)y =0fort =1(n—1)+1, then by using
a similar argument, we get a contradiction. In the second case, we conclude

that g(z,Q,177) = 0as Q C (Q : ). Thus g(s, g(z,Q,15),Q~2) =
9(g(s,2,157),Q"=D) = 0 and so g(g(s,rad(0),1772),QV)y=0. O

Corollary 2.19. Let Q, and Q2 be two hyperideals of A and S C A is an n-ary
multiplicative set. If Q1 and Q2 are strongly weakly n-ary S-prime hyperideals
of A that are not n-ary S-prime, then we have g(g(s, Q1, lgb_m) én 1))
9(g(s, Qa, 1%_2)), an_l)) =0 for some s € S.

Proof. Let Q1 and Q2 be two strongly weakly n-ary S-prime hyperideals of A
that are not n-ary S-prime. Then we get Q1,Q2 C rad(0) by Theorem 2.11.
Therefore we have

9(9(5.Q1,1577), 05" ™) = 9(Qu. (5. Q4" ™) 157
C o(rad(0), (5, O, 15
~ glyls.rad(©), 121,00 ) ~ o,
by Theorem 2.18. Similarly, we can conclude that g(g(s7Q2,1E4"_2)), gn_l)) =
0 O

Corollary 2.20. Let Q be a strongly weakly n-ary prime hyperideal of A but
is not n-ary prime hyperideal. Then g(rad(0), Q=) = 0.

Proof. By taking S = {1} in Theorem 2.18, it is proved. O

3. Stability of weakly n-ary S-prime hyperideals

In this section, we examine the stability of weakly n-ary S-prime hyperideals
in various hyperring-theoric constructions.

Theorem 3.1. Let S C A be an n-ary multiplicative set with 14 € S. If Q
is a weakly n-ary S-prime hyperideal of A, then S™'Q is a weakly n-ary prime
hyperideal of S~'A.

Proof. Let 0 # G(ai/s1, -+ ,an/s,) € S71Q for a1/s1, -+ ,an/sn, € STLA.
This means that g(a)/g(s?) € S71Q and so g(t, g(a}), 12"72)) € @ for some
t € 8. Since 0 # g(g(t,a;,12),a%) € Q and Q is a weakly n-ary S-prime

hyperideal of A, there exists s € S such that g(s7g(t,a1,154n_2)),1%_2)) =

g(s,t,aq, 15:73)) € Q or g(s,a;, 15:72)) eqQ for some i €{2,---,n}. Therefore

Glar/s1,14/1477D) = g(a1, 1577 V) g(s1,1~ ”)
- Q(S,t»alalx 3))/g(svta817154n_2))
€ SQ

or
Glai/si,1a/14" D) = g(ai, 197 /g(s:,15771))
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= g(s,a:,157) [g(s, 50,15 7)

€ S71Q
for some i € {2,---,n}. Hence S™1Q is a weakly n-ary prime hyperideal of
S1A. -

Example 3.2. Consider the set A = {a,b,c,d,e, f}. In [9], Example 3.8,
shows that A is a Krasner (2,2)-hyperring with the hyperoperation B and the
multiplication [1 defined as follows:

H| a b c d e f
a | {a} | {b} {c} {d} {e} {f}
b | {b} | {a,b} | {d} {c,d} {/} {e. f}
c | {ct | {d} {c} {d} | {a,ce}|{bd [}
d | {d} | {e,d} | {d} {e.,d} [{bd ft]| A
e [ {ey | {f} [{ace} [ {bd fi| {e} {f}
S [ {e fr{{bd f}] A {/} fe. f}
and

Llla|blc|d|e]|f

b o bl bal®

Tralb e alelr

Flalble 7 <]

In the hyperring, S = {b,d} is a 2-ary multiplicative set. It is easy to check
that Q = {a,c, e} is a weakly 2-ary S-prime hyperideal of A. Then S™1Q is a
weakly 2-ary prime hyperideal of A by Theorem 3.1.

Theorem 3.3. Let S C A be an n-ary multiplicative set with 14 € S and Q be
a hyperideal of A with QNS = @ . If S71Q is a weakly n-ary prime hyperideal
of STYA and ST'QNA = (Q : s) for some s € S, then Q is a weakly n-ary
S-prime hyperideal of A

Proof. Let S™1Q be a weakly n-ary prime hyperideal of S™!4 and S~'QNA =
(Q : s) for some s € S. Suppose that 0 # g(a) € Q for some a} € A. Then we
have 0 # G(ai/1a, -+ ,a,/14) € S71Q. Since S~1Q is a weakly n-ary prime
hyperideal of S™1A, we get a;/1 € S~1Q for some i € {1,--- ,n} which means

g(t, a;, 1%72)) € Q for some t € S. Therefore a; = g(¢, a;, 1(:72))/9(7?, 15:71)) €
S=1@Q. This means a; € (Q : s). Therefore we have g(s, a;, 1%_2)) € Q. This

shows that I is a weaky n-ary S-prime hyperideal of A. d

Example 3.4. In Example 3.2, consider the hyperideal @ = {a,b} in A and
the 2-ary multiplicative subset S = {c,d} of A. Since ST1Q = {0g-14} is a
weakly n-ary prime hyperideal of S~'A and ST1Q N A = (Q : ¢) = {a}, we
conclude that Q is a weakly 2-ary S-prime hyperideal of A by Theorem 38.3.
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Theorem 3.5. Let S C A be an n-ary multiplicative set with 14 € S and Q be a
hyperideal of A with QNS = &. If there exists t € S satisfying (Q :s) C (Q : 1)
for all s € S and S™'Q is a weakly n-ary prime hyperideal of S~ A, then Q is
a weakly n-ary S-prime hyperideal of A.

Proof. Assume that there exists t € S satisfying (Q : s) C (Q : t) for all s € S.
Let 0 # g(a}) € Q for a} € A. Therefore we get 0 # G(a1/1a, - ,an/14) €
S=1Q. It follows that a;/1 € S~1Q for some i € {1,--- ,n} as S71Q is a weakly

n-ary prime hyperideal of S™*A. Hence g(s, a;, 1%_2)) € @ for some s € S

which implies a; € (Q : s) C (Q : t) and so g(¢, a;, 1%_2)) € @. Consequently,
Q@ is a weakly n-ary S-prime hyperideal of A. O

Theorem 3.6. Let S C A be an n-ary multiplicative set with 14 € S. If A is
an n-ary hyperintegral domain and S™'A is a hyperfield, then (0) is the only
weakly n-ary S-prime hyperideal of A.

Proof. Assume that @ # 0 is a weakly n-ary S-prime hyperideal of A. Take a €
Q\{0}. So there exists = € A\{0} and s € S that G(a/14,2/s,14/14""?) =
g(a, 2,107 /g(s,107Y) = 14/14 as 514 is a hyperfield. Then there ex-
ists t € S such that 0 € g(¢, f(g(a,z, 1(;_2)), —g(s, 1(:_1)),0(’”*2)), 1%_2)) =
flg(t,a,z, 15:73)), —g(t, s, 15:72))7 00m=2)). Therefore we get g(t, a, z, 1%73)) €
flg(t, s, 131_2)),0(’”_1)) C S. Since 0 # g(t,a,x, 1(:_3)) €Q,weget QNS # @
which is impossible. Thus (0) is the only weakly n-ary S-prime hyperideal of
A. O

Recall from [13] that a mapping h : Ay — As is called a homomorphism,
where (A1, f1,91) and (As, f2,g2) are commutative Krasner (m,n)-hyperrings
if for all ai®, b} € A; we have

(i) h(fl(ala T 7am)) = f2(h(a1)’ T 7h(am))’
() h(g1(br, - 1 ba) = ga(h(br), - , h(b)
(iii) h(la,) = la,.

Theorem 3.7. Let (A1, f1,91) and (Aaz, f2,g2) be two commutative Krasner
(m,n)-hyperrings, h : Ay — As a monomorphism and S C Ay an n-ary
multiplicative set. If Qo is a weakly n-ary h(S)-prime hyperideal of As, then
h=1(Q2) is a weakly n-ary S-prime hyperideal of Aj.

Proof. Assume that Qs is a weakly n-ary h(S)-prime hyperideal of A;. Then
there exists s € S such that for all b7 € Ay with 0 # g2(b7) € Q2, we have
gg(h(s),bi,lf&ﬁ)) € Q2 for some i € {1,---,n}. Put Q1 = h=1(Q2). It is
easy to see that @1 NS = @. Let 0 # g1(al) € Q1 for a} € A;. Then
0 # h(g1(a})) = g2(h(a1),...,h(an)) € Q2 as h is a monomorphism. So, we
have go(h(s), h(a;), 15:2_2)) = h(g1(s, a, 1%1_2))) € Q2 for some i € {1,--- ,n}
which implies gl(s,ai,liﬁ_m) € h~1(Q2) = Q1. Consequently, h=1(Q5) is a
weakly n-ary S-prime hyperideal of A;. O
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Corollary 3.8. Let S C Ay be an n-ary multiplicative set. If Ay is a subhy-
perring of As and Q4 is a weakly n-ary S-prime hyperideal of Aa, then Q2N Aq
is a weakly n-ary S-prime hyperideal of A;.

Proof. Consider the monomorphism h : A; — As , defined by h(a) = a.
Since h=1(Q2) = Q2N Ay, we conclude that Qo N A; is a weakly n-ary S-prime
hyperideal of A, by Theorem 3.7. d

Let P be a hyperideal of a Krasner (m,n)-hyperring (A, f,g). Then the set
AJP = {f(ay", Pafty) | ai” ' afty € A}
endowed with m-ary hyperoperation f and m-ary operation g which for all
1m mm
ajp s, 0 €A

ml
1(i—1 m m(i—1 mm
f(f(alg )7P»a%(i+1))a"' 7f(am§ )7Paam(i+1)))

= f(f<aﬁ1>, o Py PRl ,f<am>)

and for all alf*,--- ;a"* € A

1(i—1 m n(i—1 nm
g(f(a’lg )a P7a}(i+1))7 e af(ang )a P, an(i+1))>

n n(i—1 n(i+1 nm
= f(g<anl>, g@l ) Pglal ), ,f<a1m>)
construct a Krasner (m,n)-hyperring, and (A/P, f, g) is called the quotient

Krasner (m,n)-hyperring of A by P [2]. In Theorem 3.9, we determine when
the hyperideal Q/P is a weakly n-ary S-prime hyperideal in A/P, where S =

{f(sli_lapa S?Jrl) | si_lasﬁtl € S}

Theorem 3.9. Let P and Q be two hyperideals of A with P C Q and S C A
be an n-ary multiplicative set such that 14 € S, PNS =@ and Q/PNS = @.
(i) If Q is a strongly weakly n-ary S-prime hyperideal of A, then Q/P is
a weakly n-ary S-prime hyperideal of A/P.
(ii) If P is a weakly n-ary S-prime hyperideal of A and Q/P is a weakly
n-ary S-prime hyperideal of A/P, then Q is a weakly n-ary S-prime
hyperideal of A.

Proof. (i) Let @ be a strongly weakly n-ary S-prime hyperideal of A. Then
there exists some s € S such that if 0 # g(a}) € Q for af € A, then we have
g(s,a;,1=2)) € Q for some i € {1,--- ,n}. Let

1(i—1 m i—1 nm
OA/P 7é g<f(algz )7Pa ai(i.;_l))a e 7f(azgz )7Pa an(i+1))) S Q/P

for some f(aﬂi_l), P, a%’&_l)), e ,f(azgi_l), P, GZ?ZH)) € A/P.

This implies

f(g(azal), gl ) Poglal ), 7g<am>) €Q/P.
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Then

f(g(am--- 9@l ). 0,90l ), - ,g(am)) cQ
which means

1 1 nm
g<f( 0 0,al ) flanyT )Ovan(z+1))> <

Since 04 # g(f(ary'™",0,alf2 1))+, flans™ V0,0 1)) € Q and Q s a
strongly weakly n-ary S-prime hyperideal of A, then we conclude that

(s flaf 015 < @

for some j € {1, -+ ,n}. Hence
(ot @000 152 P02 ) < @/
and so
F(stats 157, D 0,1 PO ) € QP

Thus we get
-2 1 m 2
(£ PG AN P 0157 ) € /.

Consequently, Q/P is a weakly n-ary S-prime hyperideal of A/P.

(ii) Let 0 # g(a}) € Q for a} € A. If g(f(ay, P,0m=2) ... | f(a,, P,0m=2))) =
04/p, then f(g(a}),P,00m=2) = 04,p and so 04 # g(a}) € P. Since P
is a weakly m-ary S-prime hyperideal of A, there exitsts s € S such that
g(s,ai,lgkm) € P C Q for some i € {1,---,n}. Now, we assume that
g(f(a1, P,00m=2)) ... f(a,, P,0"=2)) OA/p Since Q/P is a weakly n-ary
S-prime hyperideal of A/P, there exist s'~ !, s 711 € S such that

g(f(si71, Posiy), flag, PO=2), 100 2)) € /P
for some j € {1,---,n}. This means j"(g(sj,aj,lgz 2)),P,O(m 2y e Q/P

which implies ¢(s;, a;, 1%_2)) € Q. Thus, @ is a weakly n-ary S-prime hyper-
ideal of A. |



Weakly S-prime hyperideals — JMMR Vol. 14, No. 2 (2025) 189

4. Conclusion

Over the years, various kinds of hyperideals have been defined and analysed
in order to let us fully comprehend the structures of hyperrings in general.
In this paper, the idea of weakly n-ary S-prime hyperideals was proposed in
Krasner (m,n)-hyperring A. This notion as a generalization of (weakly) prime
hyperideals was defined via an n-ary multiplicative subset S of A. We have
obtained numerous findings that provide a comprehensive explanation for this
structure. For instance, we indicated that if @ is a strongly weakly n-ary S-
prime hyperideal of A that is not n-ary S-prime, then g(Q(™) = 0. However,
it was shown that a hyperideal Q satisfying g(Q(™) = 0 may not be a weakly
S-prime hyperideal. Moreover, a type of Nakayama’s Lemma was presented for
a strongly weakly n-ary S-prime hyperideal of A. This study can be continued
in several directions, such as:

(i) to define ¢-S-prime hyperideals.
(ii) to introduce S-J-hyperideals, where J is the intersection of all maximal
hyperideals of A.
(iii) to propose graded weakly S-prime hyperideals.

5. Future work

As a future work, we intend to analyse similar notions in the context of
(m, n)-hypermodules.
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