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ABSTRACT. In this paper, we introduce generalized formulae for well-
known functions such as a-Chebyshev functions. We define a—Chebyshev
wavelets approximation and generalization a—wavelet coapproximation.
We show that if Z —0 202 [tn|?LE ,, is convergent, then generaliza-
tion a—Chebyshev wavelets approximation (generalization a— wavelets
coapproximation) exists.
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1. Introduction

We define a—Chebyshev functions and found the recurrence relations for
these functions

Definition 1.1. We can define some kinds of Chenyshev functions, where
z =cos and o >0
The a— Chebyshev functions for |z| <1 (see [1-3, 7]):

Kinds a — Chebyshev functions
First — Kind o — Chebyshev Function T%(x) = cos(n + «)f
Second — Kind o — Chebyshev Function Ul(x) = sin{n+1-a)f

sinf

Third — Kind o — Chebyshev Function Vo (z) = coslnta)d

cosf

Fourth Kind o — Chebyshev Function W (x) = sin(n + o)

Lemma 1.2. Forn>1
i) Ty () = 22T () =T33y (), Tg' (z) = cos(acosz) = uy (x) and T} (x) =
uy (z )(2:13—1)7 _
i) Uy (z) = 2an( ) = Uy (), Ug(x) = G-t — () and
Up(z) = uQ(x)( +1),
i) Vo (x) = 22V (x) — V&

(), Vit (n) = 2te5us (@) and V() =
U3(.’13)(21‘ —1),

cos(cosx)

HS
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w) Wit (x) = 2eWi(x) —
W (x) = ug(x)(22 + 1).
Proof. i) We have T (x) = cos

Toq(z) + T (z)

2cos (

feY
n—1

(n+ a)b,

n+l4+a+n—14+a«

2

2cos(n + a)cosb.

2xT (x)

The proof of parts ii), iii) and iv) are similar i).
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cos(n+ 1+ a)f + cos(n — 1+ )b

) Ocos (

(), W§(x) = sin(acosz) = uq(z) and

n+l+a—-n+1-—-«

2

O

Lemma 1.3. The first kind a— Chebyshev functions, the second kind ao— Chebyshev
functions, the third kind a— Chebyshev and the fourth kind a— Chebyshev func-

tions, where sin2(am) =0 are
fl

—1

fl

—1

f_ll V2 (2)V/1 — 22dx =
1 2a 1
ffl Wn (I)ﬁdﬂﬁ
_ T
= 5
and ifn#m and n+m =2k, k=1,2,3,...
1 1
TY(2)TS () ——=dx =
f—l n(x) m(x)m T
1 1
U () US () ——=dx =
1 1
V)V 1) ——=dr =
ffl n (‘T) m(x)m xz
1
[ W @)W (@) dz

For |z] <1 and a,b,¢,d € R, generalized a—Chebyshev polynomials G%(z)

is

defined by the recurrence relation

Gr(2) = 220Gy (2) — Gy (2); n > 1,

Q

—

up(x) + bug(x) + cug(x) + duy(zx)
auq (z) + bua(z) + cus(z) + dug(z))(22 —a+ b — ¢+ d).

)0
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We call each term G (x) as Generalized a—Chebyshev polynomials for n > 1.
We also indicate that this function can be transformed into the other kinds of
Chebyshev polynomials for the special choices of a, b, c and d

Ifa=1and b =c=d =0, then it turns into the first-kind a—Chebyshev
polynomial sequences are known as

{13 (@)} = {wa (), wa (2) (22 = 1), - -},

If a=c=d=0andb=1, then it turns into the second kind a—Chebyshev
polynomial sequences are known as

{U5 (@)} = {ua(2), ua(2) (22 + 1), --- },

If a =b=d=0and ¢ =1, then it turns into the third kind a—Chebyshev
polynomial sequences are known as

{Vna(x)} = {U3($),U3(ZE)(21' - 1)7 e }a

Ifa=b=c=0and d =1, then it turns into the fourth kind Chebyshev
polynomial sequences are known as

W (@)} = {ua(@), ua(2) 2z + 1), --- }.

It is necessary to study multiresolution analysis and Mallat’s Theorem for
generalized a—Chebyshev wavelets.

Definition 1.4. Multiresolution Analysis: An MRA with scaling function
¢ is a collection of closed subspaces {V;};ez of L?(R), such that

() Vj C Viga;

(i) () € V; = f(22) € Vis;

(ili) UV, = LA(R),

(iv) NV; = 0;

(v) There exists a function ¢ € V; such that the collection {¢(z—k) : k € Z}
is a Riesz basis of Vj.

The sequence of wavelet subspaces W; of L?(R) is such that V; LW;, for allj
and Vj11 = V; @ W;. Closure of @ W; is dense in L*(R) for L? norm.

Now we state Mallat’s theorem which guarantees that in the presence of an
orthogonal MRA,, an orthonormal basis for L?(R) exists.

Lemma 1.5. (Mallat’s Theorem) Given an orthogonal MRA with scaling
function ¢, there is a wavelet 1) € L2(R) such that for each j € Z, the family
{¥j k}kez is an orthonormal basis for W;. Hence the family {v; x}rez is an
orthonormal basis for L?(R).

Definition 1.6. (i) Let P,(f) be the orthogonal projection of L?([—1,1]) onto
V... Then

Pn(f):Z<fv¢n,k>¢n,kv TL:1,2,3,"'
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(ii) The wavelet approximation of the Chebyshev polynomial is defined by

1

Ef) = 1F-Pu(Plla = [ 170 Pu((0) Pt = o(o(m)

-1

Definition 1.7. We define generalized a—Chebyshev wavelets. Suppose k € N
(degree of multiresolution), m >0, n =1,2,--- ,2F (see [4-6])

« /2k «a
\Ilnm,(): n G (th72n+1) [2k 172k 1)(t)

A function f € L?[—1,1) is expanded by generalized a-Chebyshev wavelets
series as

2k
= Z Z Cnm Wiy (1)

n=1m=0

where

o = [ O 05 0

and wy, ., is the weight function of generalized a—Chebyshev functions. Sup-
pose

1
[ W@ @ (@) = L5,
-1

2. Generalized a-Chebyshev wavelets approximation

Theorem 2.1. Let f € L?([—1,1]) be a continuous function and

k k
f) = 3 % o tam Ve, () and the series S0 Soe_o [tnm[>LS ,, be
convergent. Then genemhzed a— Chebyshev wavelet approximation f, for every
M s the partial sums sqx pr—1(t) = Zn 1 ZM Yt m ¥ (), and

1

E2k,l(f) = 0((271:1 Zm:l+1 |tn,m|2 n,m)i)'
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Proof. We have

H f*SQkM 1”%

- /

Z 3 il | 0Pt

Uy e (8)]2wn,m (t)dt

o0
Z nm nm ‘ZWTL m(t)dt

8 quﬁMwi

IN

o0

= ZZ nm\L

Therefore || f — sar—1ll2 < (Xoe_as ltn,m[>LE,,) 2. That is

Eox a1 (f) =0 Z Z |tnm|* Lo, w)?),

n=1m=M

Suppose f(t) = Zik:l Dm0 tnm S, (t), for 1> 1, we put

and

2k
- Z Z tn,mwg,m_(t)’

n=1m=0

Theorem 2.2. Let f(t) = Zn D nm\Ilo‘ *(t) be expanded in terms

of generalized a— Chebyshev wavelets. If anl oo [tnm|? is converge, then
for every | > 1, generalized a— Chebyshev wavelet approximation Eqr i(t) of f

is f1(t).
ok o
By i(£)=0((D Y tnmlPLE 0)%).

n=1m=Il+1
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Proof.

1F = full3

/ |Z§jtnmw (t

n=1m=0

- Z Z tn mqu m ) QW%m(t)dt

n=0m=0

= / |Z Z t"'m nm t) ng,m(t)dt

—F n=1lm=Il+1

IN

2k o] 1
STY frml? / W () Pw (£t
-1

n=1m=I+1

2k o) 1
SNt [ 195 0P )
-1

n=1m=I+1

ok e
Z Z |t’ﬂ7m|2Lz,m

n=1m=Il+1

IN

IN

Therefore

1f = fi®)]loe < ( Z Z [tnm 2L )2,

n=1m=Il+1
and therefore

[N

2k o)
EQk,l(f):O(Z Z |tn,m‘2Lz,m) )

O

Theorem 2.3. Let f(t) = Zn 1m0 bnm O (t $,p,q) be expanded in

terms of generalized —a— Chebyshev wavelets. If anl S o ltnm|? is con-
verge, then for every | > 1, generalized a— Chebyshev wavelet approrimation

Eqgn (t) of fis —fa(t) and

ok o
By y(f) =0o((O" D" JtnmlPLE,0) 7).

n=1m=I[+1

Proof. The proof is similar to Theorem 2.2. |

3. Generalized a—wavelets coapproximation

In this section, we define generalized a—wavelets coapproximation and ob-
tain some results.
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Definition 3.1. Suppose W C L?([-1.1]) and f € L?([-1,1]) is a continuous

k
function and f(t) = 22:1 Ym0 tnm ¥, (t). We say that the function g €
L?([-1,1]) is generalized a—wavelet coapproximation f concerning W, If

Fr(p) == llg —plla = If = pll2 = o(¢(n)),

for every p € W.
If Ft(p) <0 for every p € W, then g is called best coapproximation for f.

We put

2k o
Wy = {Z Z Cnm¥pm t Cnm € R},

n=1m=0

2k o
{Z Z Cn,mm’i,ml t Cnm € RY,

n=1m=0

Wo

Theorem 3.2. Let f(t) = 23:;1 Dm0 bnm WS, (1) be expanded in terms of

%
generalized a— Chebyshev wavelets. If the series Zi:l oo [tnm 2L, is
convergent, then generalized a-wavelet coapprozimation f with respect to Wy,
for every M > 0 is the partial sums

2k M-—1

«
U2k,M71=E E tnm Vo ms

n=1m=0

and

Fr(p) =0 > ltaml’Ly ).

n=1m=M

for every p € Wi.
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Proof. Suppose p =37 > | ey, € Wi

1
Ip — s aralle = / DD IR N0

+ Z Z Cmm\l’gm(t) 2(“)’r?,rrl(t)dz‘;
n=1m=M
1 2k M-—1
S ) 3 SICT I F0
-1 n=1 m=0
+ D D (Cnm = ) V()
n=1m=M
£ S b W) (0
n=1m=M
< / 5 S e — o W () P (0
n=1m=0
2k 1
+ Z |t,m]? / e (bt
n=1 m=M
ok [e’s)
< ||f_p||2+z Z ‘tn7m|2Lg,m
n=1m=M
Therefore
ok s}
Ip = wge—s pr—alle = 1f =Pl <D D [tnm* L
n=1m=M
That is
Z Z | Lis )
for every p € Wj. O

Theorem 3.3. Let f(t) = Zik:l Yoo trnm| ¥ |(t) e expanded in terms
of generalized a— Chebyshev wavelet. If the series 272;1 Som—o ltnm 2L, is
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convergent, Then generalized a-wavelet coapproxzimation E(f) of f is

2k M-
“2’“7M—1(t):ZZ nm| nm| t)

n=1 m=0

with respect to W
and

o3 D 1)

n=M m=0

Proof. Suppose p =307 3% |V m| € Wo.

1 2k o
Ip=wzsaiils = [ 1323 ol )
1 p=1m=
co M-1
- Z Z t?’b m‘\I/n ’H’L ) (t)dt

n=1m=0

_ / \zz Cam — o) TSl (8)

n=1 m=0

2k 0o
+ Z Z cn,m|q]g,m|(t7s7p7 q) QWg,m(t)dt

n=1m=M
ok
- / 133 (enm = b2l (0)
n=1 m=0

e}

2
+ Z Z (Cnm = L)1 TS 11(0)
+ Z

o | Wom | ()P0, (t)dt

n,m

(oo}

Z n,m CTL m \Ij (t)) 2wg,m(t)dt

IN
\

ﬁMw HMS ;

4 Z S ftl? / we ()P, (1)t

n=1m=M

2k oo
Hf_p||2+LZ Z ‘tn,m|2Lgm

n=0m=M

IN

199
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Therefore
2k oo
[P —ugk-1 arall2 = [If —pll2 < L Z Z |tn,m|2L${,m~
n=0m=M
That is
2=t oo
Fy(p) = o(L Z Z |tn,m|2Lz,m)v
n=0 m=M
for every p € Wo. O

.
Suppose 1 < M < 2% is a fixed natural number and f(t) = S2_ 52t W00 (1),
we put

2k [eS)
fl(t) = Z Z tn,7rL\Ij»;7m(t)v

n=M m=0
and
2k 0o
fQ(t) = Z Z tnym\:[jn m(t)7
n=M m=0
then
f=r5h-re

Theorem 3.4. Let f(t) = Zik:Ml > o tnm¥n,m(t) be expanded in terms
of generalized a— Chebyshev wavelets. If the series Y 0" o >0 |tnm|> LS, is
convergent, Then generalized a—wavelet coapprozimation En(f) of fo is fi
with respect to any set W C L?([—1,1]). and

ok oo
En(f) = of Z Z |tn,m|2Lz,m)-
n=M m=0
Proof. Suppose p € W;. We have
lp—Ffil: = lp—Ffit+fo—fol2
= lp—fo—fll2

IN

If2 = pll2 + I fll2

and
Fi(p) = |lp— filla=IIf2 = pll
< fll2
2k oo
= X Sl
n=M m=0
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Corollary 3.5. Let f(t) = > 0 /> tnmWnm(t) be ezpanded in terms
of generalized a— Chebyshev wavelets. If the series Y " o > 0" |tnm|> LS, is
convergent, Then generalized a—wavelet coapprozimation E;i(f) of fi1 is fo with
respect to W

and

E(f)=0(D> > ltnml’Liym)-

n=M m=0
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