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Abstract. In this paper, we introduce generalized formulae for well-

known functions such as α-Chebyshev functions. We define α−Chebyshev
wavelets approximation and generalization α−wavelet coapproximation.

We show that if
∑k
n=0

∑∞
n=0 |tn|2Lαn,m is convergent, then generaliza-

tion α−Chebyshev wavelets approximation (generalization α− wavelets

coapproximation) exists.

Keywords: Generalized α−Chebyshev functions, Generalized α−Chebyshev
wavelets approximation, Generalized α−wavelets coapproximation

2020 MSC : 41A65, 41A52, 46N10.

1. Introduction

We define α−Chebyshev functions and found the recurrence relations for
these functions

Definition 1.1. We can define some kinds of Chenyshev functions, where
x = cosθ and α ≥ 0

The α− Chebyshev functions for |x| ≤ 1 (see [1-3, 7]):

Kinds α− Chebyshev functions
F irst−Kind α− Chebyshev Function Tαn (x) = cos(n+ α)θ

Second−Kind α− Chebyshev Function Uαn (x) = sin(n+1−α)θ
sinθ

Third−Kind α− Chebyshev Function V αn (x) = cos(n+α)θ
cosθ

Fourth Kind α− Chebyshev Function Wα
n (x) = sin(n+ α)θ

Lemma 1.2. For n ≥ 1
i) Tαn+1(x) = 2xTαn (x)−Tαn−1(x), Tα0 (x) = cos(αcosx) = u1(x) and Tα1 (x) =

u1(x)(2x− 1),

ii) Uαn+1(x) = 2xUαn (x) − Uαn−1(x), Uα0 (x) = sin(1−α)(cosx)
sin(cosx) = u2(x) and

Uα1 (x) = u2(x)(2x+ 1),

iii) V αn+1(x) = 2xV αn (x) − V αn−1(x), V α0 (x) = cos(αcosx)
cos(cosx) u3(x) and V α1 (x) =

u3(x)(2x− 1),
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iv) Wα
n+1(x) = 2xWα

n (x) − Wα
n−1(x), Wα

0 (x) = sin(αcosx) = u4(x) and
Wα

1 (x) = u4(x)(2x+ 1).

Proof. i) We have Tαn (x) = cos(n+ α)θ,

Tαn+1(x) + Tαn−1(x) = cos(n+ 1 + α)θ + cos(n− 1 + α)θ

= 2cos
(n+ 1 + α+ n− 1 + α

2

)
θcos

(n+ 1 + α− n+ 1− α
2

)
θ

= 2cos(n+ α)cosθ.

= 2xTαn (x)

The proof of parts ii), iii) and iv) are similar i). �

Lemma 1.3. The first kind α−Chebyshev functions, the second kind α−Chebyshev
functions, the third kind α−Chebyshev and the fourth kind α−Chebyshev func-
tions, where sin2(απ) = 0 are∫ 1

−1 T 2α
n (x)

1√
1− x2

dx =∫ 1

−1 U2α
n (x)

√
1− x2dx =∫ 1

−1 V 2α
n (x)

√
1− x2dx =∫ 1

−1 W 2α
n (x)

1√
1− x2

dx

=
π

2
,

and if n 6= m and n+m = 2k, k = 1, 2, 3, . . .∫ 1

−1 Tαn (x)Tαm(x)
1√

1− x2
dx =∫ 1

−1 Uαn (x)Uαm(x)
1√

1− x2
dx =∫ 1

−1 V αn (x)V αm(x)
1√

1− x2
dx =∫ 1

−1 Wα
n (x)Wα

m(x)
1√

1− x2
dx

= 0.

For |x| ≤ 1 and a, b, c, d ∈ R, generalized α−Chebyshev polynomials Gαn(x)
is
defined by the recurrence relation

Gαn+1(x) = 2xGαn(x)−Gαn−1(x); n ≥ 1,{
Gα0 (x) = au1(x) + bu2(x) + cu3(x) + du4(x)

Gα1 (x) = (au1(x) + bu2(x) + cu3(x) + du4(x))(2x− a+ b− c+ d).
.
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We call each term Gαn(x) as Generalized α−Chebyshev polynomials for n ≥ 1.
We also indicate that this function can be transformed into the other kinds of
Chebyshev polynomials for the special choices of a, b, c and d

If a = 1 and b = c = d = 0, then it turns into the first-kind α−Chebyshev
polynomial sequences are known as

{Tαn (x)} = {u1(x), u1(x)(2x− 1), · · · },

If a = c = d = 0 and b = 1, then it turns into the second kind α−Chebyshev
polynomial sequences are known as

{Uαn (x)} = {u2(x), u2(x)(2x+ 1), · · · },

If a = b = d = 0 and c = 1, then it turns into the third kind α−Chebyshev
polynomial sequences are known as

{V αn (x)} = {u3(x), u3(x)(2x− 1), · · · },

If a = b = c = 0 and d = 1, then it turns into the fourth kind Chebyshev
polynomial sequences are known as

{Wα
n (x)} = {u4(x), u4(x)(2x+ 1), · · · }.

It is necessary to study multiresolution analysis and Mallat’s Theorem for
generalized α−Chebyshev wavelets.

Definition 1.4. Multiresolution Analysis: An MRA with scaling function
φ is a collection of closed subspaces {Vj}j∈Z of L2(R), such that

(i) Vj ⊂ Vj+1;
(ii) f(x) ∈ Vj ⇐⇒ f(2x) ∈ Vj+1;

(iii) ∪Vj = L2(R),
(iv) ∩Vj = 0;
(v) There exists a function φ ∈ V0 such that the collection {φ(x–k) : k ∈ Z}

is a Riesz basis of V0.

The sequence of wavelet subspaces Wj of L2(R) is such that Vj⊥Wj , for allj
and Vj+1 = Vj

⊕
Wj . Closure of

⊕
Wj is dense in L2(R) for L2 norm.

Now we state Mallat’s theorem which guarantees that in the presence of an
orthogonal MRA, an orthonormal basis for L2(R) exists.

Lemma 1.5. (Mallat’s Theorem) Given an orthogonal MRA with scaling
function φ, there is a wavelet ψ ∈ L2(R) such that for each j ∈ Z, the family
{ψj,k}k∈Z is an orthonormal basis for Wj. Hence the family {ψj,k}k∈Z is an
orthonormal basis for L2(R).

Definition 1.6. (i) Let Pn(f) be the orthogonal projection of L2([−1, 1]) onto
Vn. Then

Pn(f) =

∞∑
−∞

< f, φn,k > φn,k, n = 1, 2, 3, · · ·
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(ii) The wavelet approximation of the Chebyshev polynomial is defined by

En(f) = ‖f–Pn(f)‖2 =

∫ 1

−1
|f(t)–Pn(f)(t)|2dt = o(φ(n)).

Definition 1.7. We define generalized α−Chebyshev wavelets. Suppose k ∈ N
(degree of multiresolution), m ≥ 0, n = 1, 2, · · · , 2k (see [4-6])

Ψα
n,m(t) =

√
2k+1

n
Gαm(2kt− 2n+ 1)χ[ n−1

2k−1 ,
n

2k−1 )(t).

A function f ∈ L2[−1, 1) is expanded by generalized α-Chebyshev wavelets
series as

f(t) =

2k∑
n=1

∞∑
m=0

cn,mΨα
n,m(t),

where

cn,m =

∫ 1

−1
f(t)Ψα

n,m(t)ωαn,m(t)dt,

and ωn,m is the weight function of generalized α−Chebyshev functions. Sup-
pose

∫ 1

−1
Ψα
n,m(x)Ψα

n,m(x)ωn,m(x)dx = Lαn,m,

2. Generalized α-Chebyshev wavelets approximation

Theorem 2.1. Let f ∈ L2([−1, 1]) be a continuous function and

f(t) =
∑2k

n=1

∑∞
m=0 tn,mΨα

n,m(t) and the series
∑2k

n=1

∑∞
m=0 |tn,m|2Lαn,m be

convergent. Then generalized α−Chebyshev wavelet approximation f , for every

M is the partial sums s2k,M−1(t) =
∑2k

n=1

∑M−1
m=0 tn,mΨα

n,m(t), and

E2k,l(f) = o((
∑2k

n=1

∑∞
m=l+1 |tn,m|2Lαn,m)

1
2 ).
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Proof. We have

‖ f − s2k,M−1‖22

=

∫ 1

−1
|

2k∑
n=1

∞∑
m=0

tn,mΨα
n,m(t)

−
2k∑
n=1

M−1∑
m=0

tn,mΨn,mα(t)|2ωn,m(t)dt

=

∫ 1

−1
|

2k∑
n=1

∞∑
m=M

tn,mΨα
n,m(t)|2ωn,m(t)dt

≤
2k∑
n=1

∞∑
m=M

|tn,m|2
∫ 1

−1
|Ψα
n,m(t)|2ωn,m(t)dt

=

2k∑
n=1

∞∑
m=M

|tn,m|2Lαn,m

Therefore ‖f − sM−1‖2 ≤ (
∑∞
m=M |tn,m|2Lαn,m)

1
2 . That is

E2k,M−1(f) = o(

2k∑
n=1

∞∑
m=M

|tn,m|2Lαn,m)
1
2 ),

�

Suppose f(t) =
∑2k

n=1

∑∞
m=0 tn,mψ

α
n,m(t), for l ≥ 1, we put

f1(x) =

2k∑
n=1

l∑
m=0

tn,mψ
α
n,m

+(t),

and

f2(x) =

2k∑
n=1

l∑
m=0

tn,mψ
α
n,m
−(t),

Theorem 2.2. Let f(t) =
∑2k

n=1

∑∞
m=0 tn,mΨα

m,n
+(t) be expanded in terms

of generalized α−Chebyshev wavelets. If
∑2k

n=1

∑∞
m=0 |tn,m|2 is converge, then

for every l ≥ 1, generalized α−Chebyshev wavelet approximation E2k,l(t) of f
is f1(t).

E2k,l(f) = o((

2k∑
n=1

∞∑
m=l+1

|tn,m|2Lαn,m)
1
2 ).
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Proof.

‖f − f1‖22 =

∫ 1

−1
|

2k∑
n=1

∞∑
m=0

tn,mΨα
n,m

+(t)

−
2k∑
n=0

l∑
m=0

tn,mΨα
n,m

+(t)|2ωαn,m(t)dt

=

∫ 1

−1
|

2k∑
n=1

∞∑
m=l+1

tn,mΨα
n,m

+(t)|2ωαn,m(t)dt

≤
2k∑
n=1

∞∑
m=l+1

|tn,m|2
∫ 1

−1
|Ψα
n,m

+(t)|2ωαn.m(t)dt

≤
2k∑
n=1

∞∑
m=l+1

|tn,m|2
∫ 1

−1
|Ψα
n,m(t)|2ωαn.m(t)dt

≤
2k∑
n=1

∞∑
m=l+1

|tn,m|2Lαn,m.

Therefore

‖f − f1(t)‖∞ ≤ (

2k∑
n=1

∞∑
m=l+1

|tn,m|2Lαn,m)
1
2 ,

and therefore

E2k,l(f) = o(

2k∑
n=1

∞∑
m=l+1

|tn,m|2Lαn,m)
1
2 ).

�

Theorem 2.3. Let f(t) =
∑2k

n=1

∑∞
m=0 tn,mΨα

m,n
−(t, s, p, q) be expanded in

terms of generalized −α−Chebyshev wavelets. If
∑2k

n=1

∑∞
m=0 |tn,m|2 is con-

verge, then for every l ≥ 1, generalized α−Chebyshev wavelet approximation
E2k,l(t) of f is −f2(t) and

E2k,l(f) = o((

2k∑
n=1

∞∑
m=l+1

|tn,m|2Lαn,m)
1
2 ).

Proof. The proof is similar to Theorem 2.2. �

3. Generalized α−wavelets coapproximation

In this section, we define generalized α−wavelets coapproximation and ob-
tain some results.
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Definition 3.1. Suppose W ⊆ L2([−1.1]) and f ∈ L2([−1, 1]) is a continuous

function and f(t) =
∑2k

n=1

∑∞
m=0 tn,mΨα

n,m(t). We say that the function g ∈
L2([−1, 1]) is generalized α−wavelet coapproximation f concerning W , If

Ff (p) := ‖g − p‖2 − ‖f − p‖2 = o(φ(n)),

for every p ∈W .

If Ff (p) ≤ 0 for every p ∈ W , then g is called best coapproximation for f .
We put

W1 = {
2k∑
n=1

∞∑
m=0

cn,mΨα
n,m : cn,m ∈ R},

W2 = {
2k∑
n=1

∞∑
m=0

cn,m|Ψα
n,m| : cn,m ∈ R},

Theorem 3.2. Let f(t) =
∑2k

n=1

∑∞
m=0 tn,mΨα

n,m(t) be expanded in terms of

generalized α−Chebyshev wavelets. If the series
∑2k

n=1

∑∞
m=0 |tn,m|2Lαn,m is

convergent, then generalized α-wavelet coapproximation f with respect to W1,
for every M ≥ 0 is the partial sums

u2k,M−1 =

2k∑
n=1

M−1∑
m=0

tn,mΨα
n,m,

and

Ff (p) = o(

2k∑
n=1

∞∑
m=M

|tn,m|2Lαn,m).

for every p ∈W1.
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Proof. Suppose p =
∑∞
n=1

∑∞
m=0 cmΨα

n,m ∈W1.

‖p− u2k−1,M−1‖2 =

∫ 1

−1
|
2k−1∑
n=1

∞∑
m=0

cn,mΨα
n,m(t)

−
∞∑
n=1

M−1∑
m=0

tn,mΨα
n,m(x)|2ωαn,m(t)dt

=

∫ 1

−1
|

2k∑
n=1

M−1∑
m=0

(cn,m − tn,m)Ψα
n,m(t)

+

∞∑
n=1

∞∑
m=M

cn,mΨα
n,m(t)|2ωαn,m(t)dt

=

∫ 1

−1
|

2k∑
n=1

M−1∑
m=0

(cn,m − tn,m)Ψα
n,m(t)

+

∞∑
n=1

∞∑
m=M

(cn,m − tn,m)Ψα
n,m(t)

+

∞∑
n=1

∞∑
m=M

tn,mΨα
n,m(x)|2ωαn,m(t)dt

≤
∫ 1

−1
|

2k∑
n=1

∞∑
m=0

(tn,m − cn,m)Ψα
n,m(t))|2ωαn,m(t)dt

+

2k−1∑
n=1

∞∑
m=M

|tn,m|2
∫ 1

−1
|Ψα
n,m(t)|2ωαn,m(t)dt

≤ ‖f − p‖2 +

2k∑
n=1

∞∑
m=M

|tn,m|2Lαn,m.

Therefore

‖p− u2k−1,M−1‖2 − ‖f − p‖2 ≤
2k∑
n=1

∞∑
m=M

|tn,m|2Lαn,m.

That is

Ff (p) = o(

2k−1∑
n=1

∞∑
m=M

|tn,m|2Lαn,m),

for every p ∈W1. �

Theorem 3.3. Let f(t) =
∑2k

n=l

∑∞
m=0 tn,m|Ψα

n,m|(t) be expanded in terms

of generalized α−Chebyshev wavelet. If the series
∑2k

n=1

∑∞
m=0 |tn,m|2Lαn,m is
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convergent, Then generalized α-wavelet coapproximation El(f) of f is

u2k,M−1(t) =

2k∑
n=1

M−1∑
m=0

tn,m|Ψα
n,m|(t)

with respect to W2

and

El(f) = o(

∞∑
n=M

∞∑
m=0

|tn,m|2lαn,m).

Proof. Suppose p =
∑∞
n=1

∑∞
m=0 cm|Ψn,m| ∈W2.

‖p− u2k−1,M−1‖2 =

∫ 1

−1
|

2k∑
n=1

∞∑
m=0

cn,m|Ψα
n,m|(t)

−
∞∑
n=1

M−1∑
m=0

tn,m|Ψα
n,m|(t)|2ωαn,m(t)dt

=

∫ 1

−1
|

2k∑
n=1

M−1∑
m=0

(cn,m − tn,m)|Ψα
n,m|(t)

+

2k∑
n=1

∞∑
m=M

cn,m|Ψα
n,m|(t, s, p, q)|2ωαn,m(t)dt

=

∫ 1

−1
|

2k∑
n=1

M−1∑
m=0

(cn,m − tn,m)|Ψα
n,m|(t)

+

2k∑
n=1

∞∑
m=M

(cn,m − tn,m)||Ψα
n,m||(t)

+

2k∑
n=1

∞∑
m=M

tn,m|Ψn,m|(t)|2ωαn,m(t)dt

≤
∫ 1

−1
|

2k∑
n=1

∞∑
m=0

(tn,m − cn,m)Ψα
n,m(t))|2ωαn,m(t)dt

+

2k∑
n=1

∞∑
m=M

|tn,m|2
∫ 1

−1
|Ψα
n,m(t)|2ωαn,m(t)dt

≤ ‖f − p‖2 + L

2k∑
n=0

∞∑
m=M

|tn,m|2Lαn,m.
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Therefore

‖p− u2k−1,M−1‖2 − ‖f − p‖2 ≤ L
2k∑
n=0

∞∑
m=M

|tn,m|2Lαn,m.

That is

Ff (p) = o(L

2k−1∑
n=0

∞∑
m=M

|tn,m|2Lαn,m),

for every p ∈W2. �

Suppose 1 ≤M ≤ 2k is a fixed natural number and f(t) =
∑2k

n=M

∑∞
m=0 tn,mΨn,m(t),

we put

f1(t) =

2k∑
n=M

∞∑
m=0

tn,mΨ−n,m(t),

and

f2(t) =

2k∑
n=M

∞∑
m=0

tn,mΨ+
n,m(t),

then
f = f1 − f2.

Theorem 3.4. Let f(t) =
∑2k

n=Ml

∑∞
m=0 tn,mΨn,m(t) be expanded in terms

of generalized α−Chebyshev wavelets. If the series
∑∞
n=0

∑∞
m=0 |tn,m|2Lαn,m is

convergent, Then generalized α−wavelet coapproximation EM (f) of f2 is f1
with respect to any set W ⊂ L2([−1, 1]). and

EM (f) = o(

2k∑
n=M

∞∑
m=0

|tn,m|2Lαn,m).

Proof. Suppose p ∈W1. We have

‖p− f1‖2 = ‖p− f1 + f2 − f2‖2
= ‖p− f2 − f‖2
≤ ‖f2 − p‖2 + ‖f‖2

and

Ff (p) = ‖p− f1‖2 − ‖f2 − p‖2
≤ ‖f‖2

=

2k∑
n=M

∞∑
m=0

|tn,m|2Lαn,m

�
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Corollary 3.5. Let f(t) =
∑∞
n=M

∑∞
m=0 tn,mΨn,m(t) be expanded in terms

of generalized α−Chebyshev wavelets. If the series
∑∞
n=0

∑∞
m=0 |tn,m|2Lαn,m is

convergent, Then generalized α−wavelet coapproximation El(f) of f1 is f2 with
respect to W
and

El(f) = o(

∞∑
n=M

∞∑
m=0

|tn,m|2Lαn,m).
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