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ABSTRACT. In this manuscript, we study the Lorentz hypersurfaces of the
Lorentz 5-pseudosphere (i.e. the pseudo-Euclidean 5-sphere) S} having
three distinct principal curvatures. A well-known conjecture of Bang-Yen
Chen on Euclidean spaces says that every submanifold is minimal. We
consider an advanced version of the conjecture on Lorentz hypersurfaces
of S?. We present an affirmative answer to the extended conjecture on
Lorentz hypersurfaces with three distinct principal curvatures.
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1. Introduction

The category of biharmonic submnifolds plays an important role in the study
of minimal submnifolds. The first steps in the field of biharmonic submanifolds
have been taken by B.-Y. Chen and G. Y. Jiang ( [4,9]). In 1987 Chen claimed
(as a conjecture) that every biharmonic submanifold of an Euclidean space
has to be minimal. In several cases, Chen conjecture has been proved (see
[1,3-8,13,18]).

In this paper, we study an extended version of biharmonicity condition on
Lorentz hypersurfaces of 5-dimensional Lorentz pseudo-sphere with some addi-
tional conditions. In Section 2, we present notations and preliminary concepts.
In section 3, we illustrate some C-biharmonic examples of Lorentz hypersur-
faces in Lorentz 5-pseudosphere. In section 4, we have several propositions and
theorems on Lorentz hypersurfaces in 5-dimensional Lorentz pseudo-sphere sat-
isfying the C-biharmonicity condition. The case of diagonal shape operator is
discussed in Section 4. The non-diagonal shape operator case will be explained
in Section 5.

2. Preliminaries

First, we recall necessary notations and concepts from [2,10-12,14,17]. In
general, we remember the definition of pseudo-Euclidean k-space EF of index
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t > 0, obtained from Euclidean k-space EF by considering the non-degenerate

scalar product (a,b) 1= —3'_, a;b; + Zf:tﬂ a;b;, for every a,b € E¥. We
deal with the Lorentz k-space L* := E¥ and specially with the standard 5-
dimensional Lorentz pseudo-sphere S§ := S7(1) which are obtained from the
following general definition, for positive real number r:
Si(r) = {a € L%|(a,a) = r?} (where ¢ = 1/r?)
M3(c) = { H}(—r) = {a € ES|{a,a) = —r%,a; >0} (where c = —1/r?)
LS (where ¢ = 0)

where S}(r) denotes the 5-dimensional pseudo-sphere of radius r and curva-
ture 1/r%, and H3(—r) stands for the pseudo-hyperbolic 5-space of radius —r
and curvature —1/r?. In the canonical cases ¢ = +1, we get the standard
5-dimensional Lorentz pseudo-sphere (i.e. the de Sitter 5-space) dS° := S}
and the standard pseudo-hyperbolic 5-space (i.e. the anti-de-Sitter 5-space)
AdS® = HY = Hj(-1).

Clearly, the metric induced from S} on its each Lorentzian hypersurface M
(i.e. induced by means of isometric immersion x : M{ — S}) is Lorentzian. A
given basis  := {w1, wa, w3, w4} of the tangent space of Mj has two possible
cases as follows.

Definition 2.1. Let  := {w7, wy, w3, w4} be a basis for the tangent space
of Lorentz hypersurface x : M{ — S in de Sitter 5-space.

(1) Q is said to be orthonormal if it satisfies equalities (w1, wy) = —1,
(Wa, W) = (W3, W3) = (wg,wy) =1 and (w;, w;) = 0 for each i # j.

(2) Q is called pseudo-orthonormal if it satisfies (w1, w1) = (wWa, wa) =0,
(wi,wo) = —1 and (w;, w;) = 6{ for i = 1,2,3,4 and j = 3,4. As
well-known, ¢ is the Kronecker delta.

The induced metric on M} with respect to an orthonormal basis has the
matrix form M; := diag[—1, 1, 1, 1] and with respect to an pseudo-orthonormal
basis it is of form My = diag[[ 0 },1, 1].

According to the orthonormal basis, the shape operator of Mj has two
possible matrix form S; = diag[A1, A2, A3, A4] and S = diag[[ B 2 },171, 2]
, where A # 0. We note that, when the matrix form of shape operator is Sa, it
has two eigenvalues k %+ ¢\ which are complex conjugate.

Now, consider the case that M5 is the matrix form of metric tensor with
respect to a pseudo-orthonormal basis. So, the matrix form of shape operator

k 0 O
has to be of forms S5 = diag[[ T 2 },)\1,)\2] or 8 = diag[[ 01 s 1 ],)\].
- K
Remark 2.2. In the case My, we substitute the pseudo-orthonormal basis by
a new orthonormal one Q := {W, Wo, w3, w4}, where w; := 1(w; + wy) and

2
W~2 = %(Wl — WQ).
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1 1
Then, we obtain new matrix forms Sz = diag| Hj—f L2 })\1, 2] and
2 2
K 0 ?
Sy =diag[| o ko =2 )
vz v,
2 2

As usual, the principal curvatures of Mj, denoted by k1, kg, K3, k4 in four
possible cases of shape operator are defined as follows. When S = Sy, we take
Ki = A;, for i = 1,....4, such that \;’s are the eigenvalues of S;. In the case
S = 8s, we put k1 = K+ i\, ke = kK — i\, and K; := 1;_9, for i = 3,4. In the
case S = S3, we take k; := k for i = 1,2, and k; := \;_9, for ¢ = 3,4. Finally,
when S = Sy, we take k; := k for i = 1,2,3, and k4 := A.

The characteristic polynomial of S on M} is of the form

4 4
Q) = [t = wi) = S (— 1 st
i=1 3=0
where, sg:=1, s; := Zl§j1<m<ji§4 Kj, .-k, fori=1,...,4.

For j =1,...,4, the jth mean curvature H; of M is defined by H; = %sj.
j

When H; is zero, M{ is said to be (j — 1)-minimal. The following function on
M will be used frequently:

fhisk = > Ky gy (P=1,...,4; 1<k <3).
1<j1<...<jp<4;517#1
Here, we give the definition of isoparametric hypersurface in two different cases.
Definition 2.3. Consider x : M;{ — S} as a timelike (Lorentz) hypersurface
in the 5-pseudosphere. Let S be its shape operator.

(1) If S has a diagonal matrix form with constant eigenvalues, then M7 is
said to be isoparametric.

(2) If S has a non-diagonal matrix form and the minimal polynomial of S
is constant, then M is said to be isoparametric.

Remark 2.4. We note that, M; cannot be isoparametric in the case that it has
complex principal curvatures (see Theorem 4.10 from [12]).

The Newton operator on M is defined by
(1) NOZI,/\/}:SjI—SO./\/}_l, (j:17,4),
where I is the identity map. Also, its explicit formula is Nj = Zgzo(—l)isj,iSi
(where SO = T) (see [2,15]).

When S = S, we have N = diag|p1.j,. .., pagl, for j =1,2,3.

K+mn1+mn2 =
A K+ mn1+n2

In the case S = Sy, we have N = diag H ] , 2K + 12, 2K + 771]

and

NQ _ diag [[ w(n1 + n2) +ninz —A(n1 +n2) :|,I$2 + )\2 + 21%7727%2 + )\2 + 21%7]1] )

A1 +n2) K(n1 +m2) + min2
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When S = S5, we have

N, = diag[{ >\1+>\2%+n7% -

1
OISV AP }7254—)\2,2%—&-)\1]

and
_ i A2 + (k= $)(M1 + A2) —3(A1+A2)
N2 - dlag[[ %(Alsz) )\1A2+(2H+%)(>\1+>\2) ]’H(K+2)\2)’H(,€+2)\1)]'
26 + A 0 -2
If S =S84, we have N7 =diag[| o  2c+x £ | 3x] and
g ? 25+ A
2n>\+1€27% 7% 7§(Ku+)\)
Ns = diag]| 1 At R+ L Ly L3627
MZ (1 4 A) M2 (s + ) 26\ + 7

The following identities are recalled from [2,15].

(2) [IJZ‘J = 4H1 — )\i, ,Ll,i72 = 6H2 — )\ium = 6H2 — 4)\1H1 =+ Af, (1 S 7 S 4)7

(3) tr(N7) = 12H1, tr(N2) = 12H,, tr(Nj o S) = 12H,, tr(Nz 0 S) = 12Hj,
(4)
trS? = 4(4H7—3H,), tr(N10S?) = 12(2H, Hy— H3), tr(N20S?) = 4(4H, H3—Hy).

We consider the Cheng-Yau operator C : C* (M) — C> (M) given by C(f) =
tr(Ny o V2f), where, V2f : x(M) — x(M) denotes the self-adjoint linear
operator metrically equivalent to the Hessian of f which is defined by (V2 f)X =
Vx(Vf) for every smooth vector field X on M;, where Vf = #df. In other
words, C(f) is given by

4
(5) C(f) =Y eipin(eieif = Veeif).

i=1
For a Lorentzian hypersurface x : M{ — S} we have

(6) Cx = 12Hyn — 12H, x,

C?*x = 24 (NoVHy; — N1VH, — 9H,V Hy)
+ 12[CH2 - 12H2(2H1H2 - Hg) — 12H1H2]1’1
—12¢[CH, — 12(H2 + H?))x.
Definition 2.5. A hypersurface x : M} — S} is said to be strongly C-

biharmonic if it satisfies the condition C?x = 0. It is said to be C-biharmonic
if it satisfies the following conditions

(i) NoVH, — N\WVH, =9H,VH,

7
@ (ii) CHy = 12H,(2H, Hy — Hs) + 12H, Hy.
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3. Some examples

Here, we give some examples of C-biharmonic Lorentz hypersurfaces in S},
with constant first and second mean curvatures (see [15,16]).

Example 3.1. Let 0 <7 < 1 and ©; = S}(r) C S} defined as

5
@1 :{(yl""’y6) ELG‘ 7y%+zyi2:r27y6 = \/ﬁ}a

=2
having the normal vector field

V1—12 —r
= — . 0) + —(0,...,0
Il(y) r (y17 » Y5, )+ m( ) ) ay6)
as the Gauss map. Clearly, it has only one principal curvature of multiplicity

das k) =...= Ky = —Y }n_’a ,- One can see that © is C-biharmonic and all of

its mean curvatures are constant.
Example 3.2. Let 0 <r <1 and Oy = S3(r) x S1(v/1 —r2) C S§ defined as
Oz ={(y1,-,u6) €L —yi +v3 +u5 +vi =77 v +uyg =1—r7},

having the normal vector field

V1—r2 —r
n = ) ’ ) 70a0 +70707070a )
(y) , (Y1, Y2, Y3, Y4 ) m( Y5, Ye)

as the Gauss map. Clearly, it has two distinct principal curvatures k1 = ko =

—/1—r2 r . . .
/ = Ve One can see that © is C-biharmonic and all of
1its mean curvatures are constant.

Example 3.3. Let 0 <r <1 and O3 = S3(r) x S?(v/1 —r2) C S defined as
O3 ={(y1,- - ve) €L~y + 93 +u5 ="y +y5 +y5 =1-17},

having the normal vector field

K3 = and k4 =

Vv1—r2 —r

n = ) ’ 507070 +7050707 ) ’
() ” (y1,92, Y3 ) m( Ya, Y5, Ye)

as the Gauss map. Clearly, it has two distinct principal curvatures k1 = ko =

Y 1;’”2 and K3 = Ky = \/ﬁ One can see that ©3 is C-biharmonic and all of

its mean curvatures are constant.

Example 3.4. Let 0 < n,t < 1, 7> + 52> < 1 and O, = Si(r) x S*(¢) x
SY(V1 =12 —12) C S} defined as

Os={(y1,---y6) ELS| =i +y3 =% 93 +yi =2 y2 +yg =1 —r* — ?},

having three distinct principal curvatures k, = 77”72*'52, Ko = 7”*;2%2
and K3 = K4 = \/jm Clearly, ©4 is C-biharmonic and all of its mean

curvatures are constant.
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Example 3.5. Let v € L® be a spacelike unit constant vector. For each
o € (—1,1), we consider the subset

¢, :={p€S]:(p,v) =0}
®,, is a totally umbilical hypersurface in S with Gauss map n(p) = \/%(v—

1—02
op) and shape operator S = Tzl @, is isometric to SH(V1 —02). So, it is
C-biharmonic.

4. C-biharmonic hypersurfaces with diagonal shape operator

The main focus in this section is on Lorentz hypersurfaces of S7, whose shape
operator is assumed to be diagonal. In this case, we try to confirm a modified
version of conjecture.

Proposition 4.1. We consider a Lorentz hypersurface x : Mt — S satisfying
the following conditions:

(a) The shape operator of M is a diagonal matrix of form Sy,

(b) The ordinary mean curvature of M is constant,

(c) The second mean curvature of M is non-constant.

If M{ is C-biharmonic, then it has a nonconstant principal curvature of multi-
plicity one.

Proof. We take the open subset K C Mj consisting of points in Mj, at
which VHj is non-zero. By conditions (7)(i), taking w; := %, we get
Nowy = 9How; on K. Clearly, one can choose a suitable orthonormal local
basis {w1, Wa, W3, Wy} of principal directions on M;. So, we have Sw; = r;w;
and Now; = p; 0wy, for i = 1,2,3,4. Then, we get

(8) p1,2 = 9Hs.

By canonic decomposition VHy = iwi(Hg)wi, we get

(9) w1 (Ha) # 0, wa(Hy) = wi(Hz) = wy(Hy) = 0.
From (2) and (8) we get

(10) Hy = %m(m — 4H,).

So, since H; is assumed to be constant, from (9) we get

(11) Wl(Hl) 7é 0, WQ(KJl) = W3(/€1) = W4(/€1) = 0,

which gives that x; is non-constant. Now, using V,w; = 'Zizl wfjwk for
Jyi = 1,2,3,4, the identity w, < w;,w; >= 0 gives €;w], = —€iWy; for

k,j,i=1,2,3,4. On the other hand, for distinct k,j,7 = 1,2, 3,4, the Codazzi
equation gives

(12) wi(r5) = (ki — Kj)wls, (ki — Kj)wi; = (ki — Kj)wl.
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Since from (11) we get wi(k1) # 0, so we can claim k; # k; for j = 2,3,4.
Assuming k; = k1 for some integer j # 1, we have wi(k;) = wi(k1) # 0. On

the other hand, from (12) we obtain 0 = (k1 — kj)w); = Wi(k;) = Wi(k1).
Hence, we have gotten a contradiction. O

The ordinary versions of Proposition 4.1 may be seen in [7,18].

Proposition 4.2. Suppose that M; be an orientable timelike hypersurface
of S} with shape operator of form S, constant mean curvature, non-constant
second mean curvature and exactly three distinct principal curvatures. If My is
C-biharmonic, then the following equalities occur according to the orthonormal
tangent frame {wy, wy, w3, wy} of principal directions of M} with associated
principal curvatures k1, ko = K3, k4, which satisfy the following equalities:

(13)
(i)VWlwl = 0, VWQW1 = W2, VW3W1 = W3, VW4W1 = 7ﬂW4,
(1) Vi, Wo = —QW1 + WiaW3 + YWy, Vi, Wo = wHhws fori=1,3,4;
(111) Vs W3 = —QW] — WigW3 + YWy, Vi, W3 = —whwo fori=1,2,4,
(10)Vw,Wa =0, Vy,Ws = —yWa, Vi, Wy = —yW3, Vy, Wy = SWy,
where « := %{fﬁ, B = 7“”,(517:2;2), v = 7‘:;(7”:‘3 .

Proof. We consider the local orthonormal basis {w1, wa, w3, wy} of TM as the
previous proposition. So, the equations (8)—(12) occur and & is of multiplicity
one and we get

[wa, w3](K1) = [W3, Wa](k1) = [Wa, Wa] (K1) =0,

which gives

1 _ 1 1 _ 1 1 _ 1
(14) Wa3 = W3g, W34 = Wy3, Woyg = Wya-

Since, by assumption, there exist 3 distinct principal curvatures, we can take
Ko = K3. So, we have ky = 4H; — k1 — 2K3. Therefore, by (12) for distinct 7, j
and k less than 5, we have wa(k2) = ws(k2) = 0 and then,
(15)
NS 1 1 1 2 3 2 3 4 4
(1) wip = wip = w3 = Wiy = w3y = Wy = Wiy = Why = wyp = wyz =0,
. wi(k2) —w1 (K1 + 2K2) —wy(K2)
() Wiy = wi) = ———, Wi = —————, Why =W = ———,
K1 — R2 K1 — R4 K2 — R4
(ii) (k1 — Ka)wag = (K1 — Ka)wia, (K1 — Ka)wzy = (K1 — Ka)wi.
From (14) and (15) we get wi, = Wiy, = wi, = wiy = wiy, = wi; = 0. All
claimed equalities can be gotten from the last results. O

Proposition 4.3. Assume M; to be an orientable timelike hypersurface in
S? with shape operator of form S, three distinct principal curvatures, non-
constant second mean curvature and constant ordinary mean curvature. Let
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M{ be C-biharmonic. Then, the principal curvatures ki, ks = kg3, k4 asso-
ciated to its orthonormal (local) tangent frame {wi, wo, w3, wy} of principal
directions satisfy the equalities w4 (x2) = 0 and

1
(16) wi (K2)wi (K1 + 2K2) = 5/42(/{1 — k2)(ka — K1)(2K1 + 4K2 + K4).

Proof. First, we recall the Gauss curvature tensor formula for every tangent
vector fields V., W and Z as R(V,W)Z = VyVwZ -~ VwVvZ — ViywZ.

By putting different choices of wi, wao, w3 and wy instead of vector fields
V, W and Z and applying Proposition 4.2, we get

(i) wi(a) + a? = —k1k2, B2 — wWi(B) = —K1k4;
(i) w (W‘*(’”)) faalE) g
! R — R4 Ko — R4 '

) W4(I€2)

(iv) B° — wi(B) = —K1ka;

where  := Y182 ypq g .= Wilkit2r2) Al from (5) and (7), by using the

K1—K2 K1—FK4

result of Proposition (4.2) we get
(k1 —4H1)wiwy(Hz) — (2(ke — 4H1)a + (k1 + 2k2)5)w1(Ha)
= 12H,(2H, Hy — H).
On the other hand, using (9) and (13), we have
(19) w;w1(Hpy1) =0,

for i = 2,3,4. Also, from derivation of o and 8 according to wy, we get

(17) (#i1) wy(a) — (a+ 8 =0;

(18)

(k1 — ko)Wa(a) — awy(ka) = Wawy (k) = %(m — Ka)Wy4(B) + Bwa(kz),

then

S 51— K)wa(B) = (s — m2)wa(a) — (o + B)wa(sa),

which, using the value of w4 () from (17), gives

_ —8wy(ka)(a + B)(k2 — Hy)
walp) = (k1 — Ka) (k2 — Ka)

Again, differentiating (18)along w,4 and using (19), (17) and the last value of

wy (), we get wy(ka) =0 or

(20)

4(O¢ + B)[—Hl(&il -+ 12;‘4,2) + I€12 + 3K1Ko + 16H12]W1(H2)
R4 — K1

+6H2(I*€2 — /€4)2 =0.

Finally, we claim that wy(x2) = 0.
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Indeed, if the claim is not true, then we obtain
4(a+ B)yw1(Hz2)
K1 — kg

where v = —8H k1 + k12 + 3k1ko — 12H 1 ko + 16H12. Differentiating (21) along
wy, we get

(22)

2(a+ B) [67(ka — H1) + (3k1 — 12H7) (k1 + k2 — 2H1) (k1 + 3Kk — 4Hy )] wi (H3)

(21) = 6Hy(ky — Ka)’,

(K1 + ko — 2H;)?
= 36Hy(4H; + k1 + 3k2)°.
Eliminating wq(Hj) from (21) and (22), we obtain
(23) Y(261 — 2H1) = (k1 — 4H1)(k1 + k2 — 2H1)(—4H; + k1 + 3k2).

Also, we differentiate (23) along w4 which gives 4H; = k1. This is impossible
since k1 is nonconstant. So, wy(k2) = 0. The main result can be gotten from
equation (17). O

Theorem 4.4. Suppose that M is an orientable timelike hypersurface in S}
with shape operator of form &7, three distinct principal curvatures and constant
ordinary mean curvature. If M is C-biharmonic, then it has to be 1-minimal.

Proof. Assume that k1, k2 = k3, k4 are the distinct principal curvatures of M
according to its orthonormal (local) tangent frame {w1, ws, w3, w4} of princi-
pal directions. In the first step, we claim that H, is constant on Mj. Let Hs be

non-constant on an open subset W of M. We try to get a contradiction. By
wi(k14+2K2)

derivation of (10) in the direction of w; and using the notation § = prpmah

we get

4 4
(24) Wl(HQ) = §(2H1 — Hl)Wl(Hg) + g(l”u‘l + Ko — 2H1)(I€1 — 2H1)6
By Proposition 4.3 and equalities (17), from (24) we obtain

4
W1W1(H2) = §Ii1:‘€2(l€1 — F;Q)(Kjl + 2H1)

4
(25) =+ *(4H1 — K1 — 2%2)(!’%1 — 2H1)(4K’,1K}2 + I€12 — 4H1l€2 — 2H1K31)

3
(k1 4+ k2 — 2H1)B — (k1 — ko)
—4 2 Hsy).
+ |38 —4a + 2, wi(H>)
Combining (18) and (25), we get
(26) (Praa+ Pyaf)wi(Hz) = Py,

where the polynomials P; 6, P22 and P 2 in terms x; and kg are of degrees 6,
2 and 2, respectively.
Derivation of (26) in direction w; and equalities (16), (17)(7) and (26), give

(27) Pyga+ Ps g = P swi(H>).
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The polynomials Fs 5, Ps,g and Ps g in terms x1 and xo are of degrees 5, 8 and
8, respectively.
By (24) and (27), we get

4
P4,8 + *P5,5(K?1 - Iig)(lil - 2H1) «

4
+ <P578 — g 6,5('%1 —|—K§2 — 2H1)(I€1 — 2H1)> ﬁ =0.

Also, by Proposition 4.3, from equalities (24) and (26), we obtain
(29) P2,2(K/1 + Ko — 2H1)(I<61 — 2H1)B2 — P112(I€1 — 1432)(/{/1 — 2H1)Oé2 = C7

where ( is given by

a 3
¢ = ko(4H1—K1—2K2)(Kk1—2H7) <&P272(f€1 — K2) — P1a(k1 + Ko — 2H1))+4 3,6+

Using Proposition 4.3 and equality (28), we get

o 2Pss5(k1 — ka)(k1 —2H1) + Psg
o = ] RaK4,
Pyg+ 5Ps5(k1 — ko)(k1 — 2H7)
%Pﬁ,s(fﬁ — Ko)(k1 —2H1) — Py g

= KRoK4.
Psg — %P6,5(/f1 — Ka)(k1 — 2Hy)

(30)

62
From (29) and (32), we obtain a polynomial of degree 22 as follow.
(31)

2
2
— kaka(k1 + 2H1) (K2 — K1) P12 <P5,8 — §P6,5(f€1 — ka) (K1 — 2H1)>

1 4 2
- 5"62%‘4(%1 +2H1)(k1 — Ka)Po o <P4,8 + - Ps5(k1 — Kk2) (k1 — 2H1)>

3
2

:C(P5,8—3

4
Ps 5(k1 — ka) (k1 — 2H1)) <P4,8 —+ §P6,5(F61 — ko)(K1 — 2H1)> )
We choose an integral curve of wy as y(t) (where ¢ € I) passing through p =
~(t0). So, wi(k1) and wy(ke) are nonzero and for i = 2,3, 4 we have w;(k;) =
w;(k2) = 0. We take ky = ka(t) and k1 = k1(k2) in some neighborhood of
Ko = ka(to). Using (28), we have

dk1  drp dt wi(K1)
T@ B Edf@ - W1(I<«'2)
K1+ ko —2H1)B — (k1 — ko)
(k1 — K2)a
2 (Pys + 3 Ps5(k1 — k2) (k1 — 2H1)) (k1 + K2 — 2Hy)

(%P&g,(lﬁ + Ko — 2H1)(I€1 — 2H1) — P5’8) (Fal — lig)

2 =2t

-2
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Now, we differentiate (31) with respect to k2 and then substitute ZTK; from
(32), which gives
(33) f(r1,62) =0,

where f(k1,k2) is an algebraic polynomial of degree 30 in terms of k1 and Ks.
By resorting polynomials (31) and (33) in terms of ky, we get two power
series equations as:

22
(0) 3 fulr)rs =0,
) "
(i) S gm(s)ng = 0.
m=0

By eliminating x3° between (34)(i) and (34)(ii) we get a degree 29 polynomial
equation in terms k2. By combining obtained equation with (34)(i), we get
degree 28 polynomial equation in terms xo. By continuing this method, from
(34)(i) and its consequences we can eliminate ko. In final, we obtain a non-
trivial algebraic polynomial equation in k1 with constant coefficients which
implies that s is constant and then by (10), k3 and Hs are constants, which
contradicts with the first assumption. So, Hj is constant on M.

Now, we prove Hy = 0. Assuming Hy # 0, from condition (7)(ii), we
get that Hj is constant. So, M is isoparametric. But, from Corollary 2.7
in [12], we know that every isoparametric timelike hypersurface of type S; has
at most one nonzero principal curvature. Then, we have a contradiction with
the assumption of having three distinct principal curvatures. So Ho =0. O

5. Three Cases of shape operator with non-diagonal matrix

A timelike hypersurface of S7, whose shape operator has non-diagonal matrix
form, can satisfy the extended conjecture if it has at most three distinct prin-
cipal curvatures and constant mean curvature. First, we consider the case that
the matrix of shape operator of form S,. In this case, the modified conjecture
will be confirmed.

Theorem 5.1. Suppose that an orientable timelike hypersurface  : M} — S}
has shape operator of matrix form Sy, also suppose that it has one real constant
principal curvature and constant mean curvature. If M{ is C-biharmonic, then
it has a constant second mean curvature. Furthermore, either Mj is 1-minimal
or it is isoparametric and 3-minimal.

Proof. We have to show the constancy of H,. In fact, we prove the emptiness
of = {p € M{ : VH2(p) # 0}. By assumption U # (), we try to get
a contradiction. Using the matrix form Sy for S with respect to a suitable
(local) orthonormal tangent frame {w,..., w4}, we have Sw; = kw; — Awag,
Swy = Awy + kwy, Swy = mws, Swy = 19wy and then, the 2nd Newton
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transformation satisfies:

Nowy = [k(m + 12) + mn2]wi + A + 1n2)wa,

Nowy = =11 + n2)wi + [k(m + 12) + mnz]wa,

Nows = (k2 + A2 + 2kme)ws and Nowy = (k2 + A2 + 2611 ) wy.
4

Using the canonic decomposition VHy = Y, e;w;(Hz)w;, by (7)(i) we get
i=1
(i) (km + kn2 +mn2 — 9Hz)erw1(Ha) — A1 + m2)eawa(Ha) = 0,
(1) X1 + n2)erwi(Ha) + (K + kn2 +mne — 9Hz)eawo(Hz) = 0,
(”2) (HQ + )\2 + 2:“67’]2 — 9H2)63W3(H2) = 0,
(ZU) (52 + )\2 =+ 2/"»‘7}1 — 9H2)64W4(H2) =0.

(35)

Now, by assumption the constancy of H; and 7;, we prove a simple claim as

w;(Hz) =0fori=1,2,3,4.

If wq(Hs) # 0, dividing equalities (35)(¢) and (35)(i7) by ey w1 (Hz) and putting
_ 2w (Hp)
- €1W1(H2)

we get

(@) k(m +mn2) +mn2 — 9Hz = A(m + n2)u,
(i1) (k(m + n2) + mne — 9Hz)u = =X(m1 + n2),

which gives A(n1 + 72)(1 + u?) = 0, then A(n; + 12) = 0. Since X\ # 0, we get
m +m2 = 0. So, using (36)(), we obtain x? + A? = inf. Since n; is assumed
to be constant, so 9Hy = —n3 = —n? is constant. Also, H; = %/{ is assumed
constant, then H3 = _71,%77% and Hy = _7177% are constants. These results are in
contradiction with the assumption wi(Hs) # 0. Hence, the claim is affirmed
for ¢ =1.

By a similar manner for ¢ = 2, we assume ws(Hz) # 0. Dividing (35)(¢) and
(35)(i1) by eawa(Hz) and taking v := ;x;ggzg, we get A(n1 + n2)(1 + v?) =
0. Hence, by a similar way we get the same results, which contradicts with
assumption wo(Hz) # 0. Therefore, the claim is satisfied for i = 2.

Now, we start to prove the claim when ¢ = 3. We assume ws(Hy) # 0.
From equality (35)(iii) we have k2 +\2+2kny = 9H,, and by a straightforward
computation we get

73/’122 + 2(4H1 — ?71)%+3171(4H1 — 1’}1) = 7)\2 < 0,

(36)

then,
—2[2k2 + (1 — 4H))k + 2 (m — 3H)] = —(V2 + k2 +1?) < 0.
Clearly, the last inequality satisfies if and only if
§ = (m — 4H1)? — 16m(m — 3Hy) = —1507 + 40 Hy + 16H7
is less than zero. On the other hand, § < 0 if and only if § < 0 where
6 = (40H,)? + (4 x 15 x 16)H} = 2560 H7.

This is a contradiction. So, the claim is affirmed in case ¢ = 3.
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For case i = 4 of the claim, we start with assumption wy(Hsz) # 0. From
equality (35)(iv) we have k2 + A2 + 2k, = 9H,, and by a straightforward
computation we get

—11k?% 4 (24H; — 10m)k + 12 H, — 307 = =X\? <0,
then,
—2[6K2 + (511 — 12H) )k + 21 (1 — 3H1)] = —(\2 + k2 +12) < 0.

It is straightforward to check that the last inequality occurs if and only if ¥ < 0
where

¥ = (5 — 12H,)? — 481 (1 — 3Hy) = —23n7 + 24n H, + 144H?.
Also, we have ¥ < 0 if and only if 9 < 0 where
¥ = (24H1)? + (4 x 23 x 144)H? = 13824 H?.

The last inequality is clearly impossible. Hence, the case ¢ = 4 of claim is
checked.

Therefore, Hy is constant.

For the second part of the theorem, by constancy of Ho we have CHy = 0.
Then, by (7)(ii), we have 9H; H3 — 3HyHz = 0. If Hy # 0, the last equality
gives the constancy of Hs = 3H; Hsy. Also, we get

Hy = (AH3 — 6Hamy )y + (AH1 + m1)nf — 2nf,

which gives the constancy of Hy. Therefore, Mj is isoparametric. Also, S can
have at most one non-zero real eigenvalue ( [12]). Hence, we have mne = 0
which gives Hy = (k% + A?)m1m2 = 0. So, M} is 3-minimal. O

Theorem 5.2. Suppose that an orientable timelike hypersurface z : M} — S}
has shape operator of matrix form Ss, three distinct principal curvatures and
constant mean curvature. If M is C-biharmonic, then it is isoparametric and
1-minimal.

Proof. Our first step is to show the constancy of Hy. We prove the emptiness of
U={pe M{}:VHZ(p) # 0}. Assuming U # (), we try to get a contradiction.
Since the shape operator S of Mj is of type S3, there exists a local orthonormal
basis {w1,...,wa} for T(M}) satisfying: Swi = (k + L)w; — Swa, Swy =
%Wl + (k — %)wz7 Sws = A\iwsz and Swy = \awy. So, the second Newton
transformation satisfies the equalities:

Nowy = (1,22 + (K — %)M1,2;1]W1 + %M1,2;1W2,

Nowy = —%N1,2;1W1 + [p1,202 + (K — %)ﬂl,z;l]w2,

Nows = pgows and Nowy = fig,0W4.
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4
From condition (7)(i), using the polar decomposition VHy = > €;w;(Ha)w,
i=1
we obtain

(37)
(Z) [)\1)\2 + (FE — %)()\1 + )\2) — 9H2}61W1(H2) = %()\1 + )\Q)GQWQ(HQ),

(i1) (A2 + (8 + %)(h +A2) — 9Hs]eawa (Hz) = —%()\1 + A2)erwi (Hz),
(ii1) (k* + 2KAg — 9Ho)esw3(Hy) = 0,
(iv) (k* + 26\ — 9H)eswy(Hy) = 0.

Now, we claim that w;(Hs) = 0 for i = 1,2, 3,4.

If wyi(Hz) # 0, then dividing equalities (37)(7, i) by e;wy (Hs) we get

(i) Ao + (5 — %)()\1 +Ao) — OHy — %()\1 o),
(38) X )
(’LZ) [/\1/\2 + (I{ + 5)()\1 + /\2) — 9H2]u = —5()\1 + /\2)7

where u = Zr’v?ggz% From (38)(i,4i), we obtain (A; + A2)(u + 1)% = 0, then
either u = —1 or A\; + Ao = 0.

If A\; + Ao = 0, using (38)(i) we get 9Ho = —\?, which gives 3x? = —\2. Since
H; is assumed constant on Mf, then x = 2Hy, A1 and Ay are constant on M{l.
Hence, M is isoparametric having three real principal curvatures. This result
contradicts with Corollary 2.7 in [12]. So, A1 + A2 # 0 and u = —1. Hence, we
have A1 A + k(A1 + A2) = 9H> and then

3/432 + 4/43()\1 + )\2) + )\1)\2 =0.

By constancy of 4H; = 2k + A1 + Ao, from the last equality we get A2 — H{\ —
3H? = 0, which means A\, k and Hys (for k = 2,3,4) are constant. This
contradiction implies that the claim is true for ¢ = 1.

Similarly, for i = 2, 3, 4, the assumptions w;(Hs) # 0 gives A2 +2xk\ = 9H,,
which implies the affirmation of claim.

Now, we prove that Hy = 0. Constancy of H; and Hs and the condition
(7)(ii) give that Hs is constant. So, My is isoparametric. Then, by Corollary
2.7 from [12], it has at most one nonzero principal curvature, so A = 0 (for
example). Then Hy = %/—@, Hy = %52 and Hs = 0, and consequently, by (7)(ii),
we get £ = 0 and then Hy = 0. g

Theorem 5.3. Suppose that an orientable timelike hypersurface z : M} — S}
has shape operator of matrix form S; and constant mean curvature. If M{ is
C-biharmonic, then it is isoparametric and 1-minimal.

Proof. First we prove that Hs is constant. In fact, we show that the open subset
U= {pe M} :VH3(p) # 0} has no member. Assuming U # () we try to get
a contradiction. Since M{ is of type Sy, there exists an orthonormal tangent
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frame {wy,..., w4} on M} such that the shape operator is of form S;. So, we
have Swqi = kwq — §W3, SWo = KWo — gw?,, Sws = gwl — ng + KW3
and Swy = Awy. and then, we have

Nowy = (k2 + 26X — 3)W1 + two + ?(H + Nws,

Nows = Frwy + (K2 + 26A + L)wo + g(/@ + A)wg,

Nows = _T\/i(lﬁl + AN)wy + g(n + AN wa + (k2 + 26\)w3 and Nowy = 3k%wy.

4
From (7)(i) and polar decomposition VHs = > ¢;w;(Ha)w;, we get
i=1

D) (K2 + 26\ — & — 9Hy)eywy (Ha) — Leawo(Ha) — L2 (k + N)ezwy(Ha) = 0,
11) %61W1(H2) + (FEQ + 25\ + % — 9H2)62W2(H2) + g(ﬁ + )\)63W3(H2) = 0,
iii) %(K + /\)(61W1(H2) + GQWQ(HQ)) + (,‘QQ + 2K\ — 9H2)63W3(H2) =0,
iV) (3#&2 - 9H2)64W4(H2) =0.

Our first claim is w;(Hs) =0 for ¢ = 1,2,3, 4.
If wy(Hz2) # 0, then by dividing both sides of equalities (i), (ii) and (iii) by
e1w1(Hs), and using the identity 2H, = k2 + k) (in the case S,),we get

P

17 5 1 V2
(a) —§—§/€2—§/€)\—§V1—7(“+/\)V2:O
117 5 V2
39 S+ (-2 - =
(39) (0) 5+ (5 — 5h" = 5rAv + (ki + e =0
—\/92 7 5
(©) ;[(/{ F (1) = (5 + SR =0,
where, vy 1= 2%2B) and =S¥l

By comparing (39)(a) and (39)(b), we get Stk (7k+5A)(1+u1) = 0.If K = 0,
then Ho = 0. Assuming « # 0, we get u3 = —1 or A = —%K. If uy # —1 then
A = —1Ik. So, by (39)(c) we obtain u; = —1, which is a contradiction. Hence
we have u; = —1, which by (39)(a, ¢) gives ug = 0.

Now we discuss on two cases A = —%Ii and \ # —gli. If A= —%n, then,
k= 3Hy, Hy = %HQ, Hy = %4/13 and Hy = ’?7/-@4 are all constants on U.
Also, the case A # — Ik is in contradiction with (39)(b).

Hence, the claim in the case ¢ = 1 is affirmed. The second case of claim (i.e.
wo(Hz) = 0) can be proved by a similar way.

By applying the results wy(Hz) = wa(Hz) = 0, from (39)(b) and (39)(c) we
get w3(Hz) = 0.

The final case of claim (i.e. wy(Hz) = 0), can be proved using (iv), in a
straightforward manner.

In the second step, we prove that Hy = 0. By (7)(ii), we have CHy =
9H1H22 —3H3H3; = 0. If Hy, = 0, it remains nothing to prove. By assumption
Hy # 0, we get 3H,Hy = H3, which gives rx(k? — 3H1x + 3H?) = 0, where
k? —3H1k + 3H? > 0, Hence, k = 0. Therefore, Hy = H3 = Hy = 0. So, M
is isoparametric and 1-minimal (]
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