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ABSTRACT. This work aims to introduce and examine four new operators
based on the topological structure “ideal” and the notion of “general-
ized” generating two generalized ideal topological spaces. The proposed
structures are discussed in detail in terms of topological properties and
some basic theories. Moreover, we obtain bases for the generated general-
ized ideal topological spaces. Further, we define the concept of topology
suitable for an ideal. In addition, we provide several essential findings
pertaining to these novel frameworks. We also provide several counterex-
amples that are related to our findings.
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1. Introduction

In several branches of mathematics, topology plays a crucial role. Re-
searchers from a wide range of scientific and social disciplines have been drawn
to the applicability of different topological concepts to several natural prob-
lems. Numerous novel concepts have been introduced in topology, enhancing
it with a variety of newly developed areas of study. Topologists have created
various novel structures in an effort to find legitimate answers to a number
of these topological problems, including closure space, proximity, filters [12],
ideals [10], grills [4] and primals [2] are a few examples of these structures.
Kuratowski [12] developed and examined the concept of ideals. Furthermore,
several topologists have examined this idea from various angles [13,14]. The
dual structure of filters appears as the idea of ideals. A nonempty family of
sets with finite additivity and hereditary attributes closed is called an ideal.
By reducing the border region and increasing the set’s accuracy values, it is a
whole new method of representing vagueness and uncertainty, and it has helped
academics handle numerous real-world difficulties.

Kuratovski [12] in 1933 proposed the notion of ideal and then studied from
very different aspects by many mathematicians. An ideal topological space
(briefly, ideal-TS), is a topological space (3,A) with an ideal £ on 3 and is
denoted by (3,A,L). For a subset I' C I3, the local function with respect
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to £ and A is denoted by I'*. The local function I'* of I' C 1 is defined
as I (L£,A) = {0 e (WY eAQ)(YNT ¢ L)}, where A(J) is the collec-
tion of all open subsets containing 1 € T' (see [12]). In particular, in 1945,
Vaidyanathaswamy [19] looked into more specific features of the local function.
The notion of the local function gave the literature a new topology known
as *-topology, which was later researched by Samuel [11] in 1975 along with
several other researchers, including Hayashi [9] in 1964 and Njastad [16] in
1966. Following a 15-year break, Jankovic and Hamlett [10] returned to this
subject in 1990. Not only have they compiled all of the available data on the
subject in one piece, but they have also included some novel findings. The
generalized topological spaces (briefly, GTS) were introduced around 2002 [5],
which differ from topological spaces in the condition of intersection. In more
specific terms, they are closed under arbitrary unions. In [5,6,18], a lot of its
characteristics are studied in detail, such as the generalized interior of a set I,
the generalized closure of a set I', the generalized neighbourhood, separation
axioms, and so on. The notion of continuity gets a lot of attention under the
new appellations “generalized continuity”, “@-continuity”, “y-continuity”, etc.
(see [5,6]). Various kinds of generalized topology appeared and were studied,
such as “extremely disconnected generalized topology”, “d- and #-modifications
generalized topology”, etc. (see [5,6,18]).

Many articles have been written on the topological operators subject. The
authors [1, 3], for example, examined the idealization of a few weak separation
axioms, and Navaneethakrishnan [15] (2008) focused on the study of g-closed
sets in ideal-TSs. Hatir [8] and Ekici [7], among others, have examined the
decompositions of continuity in I-Alexandroff topological spaces and ideal-T'Ss,
respectively.

The majority of these approaches to the topic don’t really differ from one
another. In one method, the specification of the local function is changed to
produce a new topology with new attributes; in another method, topologies
resulting from several ideals that are essentially known are taken into consid-
eration collectively.

In this work, we generate two generalized topological spaces using the notion
of ideal by applying two new local functions, and we study some basic charac-
teristics of these new structures as well as these two operators. By using the
concept of ideal, we construct and examine the two new local functions given
by (-)* and ()% to define two new generalized closure operators given by [[°
and H}c() Thus, we are able to derive two new, finer generalized topologies
than As: A® and A%. Conversely, we demonstrate the independence of the
concepts of A%-open and A-open. Also, the authors study the fundamental
characteristics of the produced operators and give an answer to the important
question, “do they satisfy Kuratowskis closure axioms?”. Furthermore, we es-
tablish a number of basic findings about the operators [[*(-), ()%, (-)*, and
[1%(-). Additionally, we provide several illustrative examples in addition to a
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few connections. Finally, we provide the idea of topology compatible for an
ideal and derive its characterizations and other properties.

2. Preliminaries

In this paper, (3,A) (briefly, 3 ) is a TS unless otherwise indicated. We
represent, respectively, the closure and interior of a subset I' of a space 3 by
[1(T) and J[(T"). The power set of a set 3 will be denoted by 2=. The family
of all open neighbourhoods of a point J of 3 will be represented by O(3, 7).

The operator [[* : 22 — 27 defined by [[*(I') = TUT* is a Kura-
towski closure operator. The topology proposed by the closure operator " is
A*(L,A) ={T C JJ[I"(3\I') = 2\I'} and denoted by *-topology which is finer
than the topology A. Any subset T" of a space J is said to be regular open [17] if
I' = TI(LI(I")). A regular closed set [17] is the complement of a regular open set.
The union of all regular open subsets of 3 in I' is known as the d-interior of T’
and defined by §- [[(I"). On the other hand, the intersection of all regular closed
subsets of 3 containing T" of a space J is said to be §-closure of I and given by
O-TI(T). A subset I" of a space 3 is said to be §-open [20] if I' = §-[[(T"). The
complement of a §-open set in a space 3 is said to be d-closed [20]. All regular
open [17] (resp. regular closed [17], d-open [20], §-closed [20]) subsets of a space
3 will be denoted by RO(3) (resp. RC(3), §O(3), §C(3)). All regular open
(resp. regular closed, d-open, d-closed) sets of 3 containing a point J of 3 are

denoted by RO(3,3) (resp. RC(3,3), 60(3,3), 6C(3,1)).

Now, we recall the following results concerning the J-interior and the 4-
closure of a set ' in a TS 1.

Theorem 2.1. [20] Let 3 be a TS and I' C 3. Then the following hold.

F)}(a) J-JI(I) = {31(3Y € ROZ,I))(Y € D)} = {A[(3T € O3, N)TNII(T)) <

- 7ib%)é-H(F) = {3I(vT € ROE, D)) (TNT # 0)} = {3|(vY € O, I)ALTI)N

(¢) -11(1%) = (6-TT(T))*,
(d) o-TI(I%) = (3-T1(T))*.

Definition 2.2. [21] A mapping [] : 22 — 27 is called a generalized closure
operator (or simply, closure operator) if for any I';A C I, [] satisfies the
following three axioms:

(1) T C[I(D);

(2) T € A= TIT) € [T(A);

(3) (1) = [IT)) -
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Definition 2.3. [10] Let O be a non-empty set. A collection G C 2= is called
a generalized topological space on 3 if it satisfies the following conditions:

(1) beg,

(2) The arbitrary union of T'; € G, for i € I # () is belongs to G.
The pair, (3,G) (briefly, 3 ) is a GTS unless otherwise indicated. This space’s
elements are identified as G-open and their own complements are identified as
G-closed. [[g(I") represents the closure of I' € 3, which is described as the
intersection of all G-closed sets that contain G. [];(I") represents the interior of
I’ € 3, which is described as the as the union of all G-open sets that contained
in G. Also, [[5(I1g(T) = [g(T), Tg(I1g(T)) = 1g(T) and [Tg(I') € T €
[I(). I'is G-open if T' = [[5(I'), ' is G-closed if ' = [[4(T") and [[4(T) =
N\ ([MeA\D).

Definition 2.4. [10] Let J be a non-empty set. A collection £ C 2= is called
an ideal on J if it satisfies the following conditions:

(a) ¢ €L,

(b) ifI'e Land A CT, then A € L,

(c) f T,Ae L, then TUA € L.

3. The (-)* operator and its topology A*®

A novel operator in ideal-TSs is presented and studied in this section. Along
with providing several counterexamples, we also derive some basic features of
this new operator. As of right now, the operator (-)® has the definition shown
below. Furthermore, We characterize and study a novel operator that resembles
a generalized closure operator. This leads to a new generalized topology that
is finer than the topology Ags, which we name A®.

Definition 3.1. Let (3,A,£) be an ideal-TS. An operator (-)* : 2= — 2=
defined by T*(3,A, L) = {J € 3J: (VT € AQ))(T°U T € L)} is called the
e-local function of any subset I" of 3 with respect to an ideal £ and a topology
A on 3. We can also write I'% as I'*(3, A, £) to specify the ideal as per our
requirements.

Remark 3.2. Let (3,A, L) be an ideal-TS. For any subset I' of 3, T* C T or
I’ C T'® need not be true as shown by the following example.

Example 8.3. (1) Let3= {1,.30. 33} and A = {0, {1}, (1}, {1, 1,}.3}.
We consider an ideal £ = {0,{J1},{32},{31,32}} on 3. Now, if ' =
{317:12}7 then [Z) =TI - I'= {:117:[2}.

(2) Let 3= {J1,32,33} with the indiscrete topology. We consider an ideal
L=A{0,{31},{32},{31,32}} on 3. Now, if T = {13}, then {13} =T C
re=2.

Theorem 3.4. Let (3,A, L) be an ideal-TS and T'; A C 3. Then, the following
statements hold:
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(i) IfT¢ € A,J¢ T and J €', then £ = 27,
(i) [I(T*) =T,
(7i1) (T*)® C T,
(i) if T C A, then T'* C A°®,
(v) T*UA* C (TUA)®,
(vi) (TNA)*=T*NA°,
(vii) if T° € A and L # 22, then T* C T.

Proof. (i) Let I'“ € A and J € T'*. Since 1 ¢ T', I'* € A(J). Since J € I'*,
reuYe e L for all T € A(J). Therefore, =T UT* = (I'"*)°UT* e L.
This means that £ = 2.

(ii) We have always I'* C [[(I'*). Conversely, let 3 € [[(T'*) and T € A(J).
Then, T NT* # (). Therefore, there exists y € 3 such that y € T and
y € T'*. Then, we have 1°UT° € L for all T € A(y). Thus, we get
TeuUT* e L. This means that J € I'*. Hence, [[(I'*) C I'*. Therefore,
I'* is closed in 3.
(iii) It is obvious from (i) and (ii).
(iv) Let I € A and J € I'*. Then, we have U T € £ for all T € A(J).
Thus, AU Y€ € L since I' C A. It follows that , J € A®. Hence,
r* C A
(v) We can get from (iv) that I'* C (T’ U A)® and A®* C (I'U A)®. Hence,
F*UA* C(TUA)®.
(vi) We can get from (iv) that I'* D (' N A)® and A®* D (I'N A)°®. Hence,
r*nA* 2 (I'nA)°. Conversely, let 3 € I'* N A®. Then J € I'* and
J € A®. Then, VY € A(J), we have T°U T¢ € £ and AU Y¢ € L.
Hence, we have (TN A)°UY° € £ since £ is an ideal. This means that
Je ('NA)*. Thus, (TNA)* DT*NA®. Hence, (CNA)* =T°NA".
(vii) Let I'“ € A and J € I'*. Suppose that I ¢ I'. Then, I'* € A(J). Since J €
e, TeuYc € Lforall Y € A(J). Therefore, 3 =T'UI'® = (['*)cUIl° € L.
This contradicts with 3 ¢ £. Hence, I'* C T
O

Remark 3.5. The equality in Theorem 3.4 (v) need not be true, as seen in the
following example.

Example 3.6. Let 3 = {11,15,13} and A = {0,{3:},{3=},{31,1.},3}. We
consider an ideal £ = {0,{13}} on 3. Now, if I' = {11} and A = {J2}, then
f=T*=A°* Hence, T*UA®* =0 # (TUA)* = ({31,32})* = {35},
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Definition 3.7. Let (3, A, £) be an ideal-TS. We consider a map []* : 27 — 2=
as [[*(T') = TUT®, where T is any proper subset of 3 and [[*(0) = 0.

Theorem 3.8. Let (3,A, L) be an ideal-TS and T'y A C 3. Then, the following
statements hold:

@ 11" =2,

(id) I < TT*(D),

(i7id) if T C A, then JI*(T) C I°(A),
(i) (" UIT*) S IT' T UA),
() [I"M) NI A) =1 N A),
(vi) IT*(II°(@) = [1°(@).

Proof. Let ', A C 1.
(i) Since JU3* = 3, we have [[*(J) = 2.
(ii) Since [[*(T') = T UT*, we have I' C [[*(T).

(#ii) Let T' C A. We get from (iv) of Theorem 3.4 that I'* C A®. Therefore,
we have T UT'® C A U A® which means that [[*(T') C J]*(A).

(iv) It is obvious from the definition of the operator [[* and (v) of Theorem
3.4.

(v) It is obvious from the definition of the operator [[* and (vi) of Theorem
3.4.

(vi) Tt is obvious from (ii) that J]*(T) C [[*(J]*(1)).

Conversely, let 3 € [[*(II*(I) = [I*(D) U (II°(I")" and Y € A(J). Then,

we have the following two cases:

(a) 3 € [[°(T). This means that []*(J]*(T")) C [[*(I).
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(b) Let 3¢ [[°(T'). Then, we have
Je(Tur®)®* = [TCU(TUr*) eLVYeADdEYeAd): TU) ¢ L]

~ YeeLandTc¢ L[
= TYeuTl“¢ Lforall T € A(J*),J* €1

= TI'*=0=1€][[*(), which is a contradiction

= [I"I° M) < 1I° ).
Thus, from (a), (b) we have [[*(J]*(T")) C [I*(I).
Hence, we have [[*(I[*(T)) = [I* (). -

Remark 3.9. The equality in Theorem 3.8 (iv) need not be true, as seen in the
following example.

Example 3.10. Let 3 = {J1,15,33} and A = {@,{32},{33},{32713},:}. We
consider an ideal L = {0,{11}} on 3. Now, if T = {J2} and A = {33}, then
I'=][°(T") and A =[[*(A). Hence, [[*(T)UT]*(A) = {32, 13} #[[*(TUA) =
({32,331 =23

Corollary 3.11. Let (3,A, L) be an ideal-TS. Then the function [* : 2= —
2= defined by [I°(T) = TUT®, where T is any subset of 3, is a generalized
closure operator. But it does not satisfy the four Kuratowski’s closure operator
conditions.

Definition 3.12. Let (3,A, L) be an ideal-TS. Then, the collection A® =
{T' C JJJI°(T¢) = I'“} is a generalized topology on J induced by topology A
and ideal L. It is called generalized ideal topology on 3. We can also write A%,
instead of A® to specify the ideal as per our requirements.

Remark 3.13. Let (3, A, £) be an ideal-TS. Then the generalized ideal topology
A* and the topology A are incomparable.

Example 3.14. (1) Let 3 = {J31,32,33} and A = {0,{35},3}. We con-
sider an ideal £ = {0, {31}, {32}, {33}, {31, 32}, {31, 35}, {J2,33},3} on
3. By computing, for allT C 3 we have T'* = 1, then A® = {¢,3}.
(2) Let 3 = {11,32,33} and A = {0,{12},3}. We consider an ideal L =
{®7 {Jl}} on 3. By computing, A* = {¢a {:‘2}a {:‘3}7 {:‘2733}7 {31332}7
{31,33},3}.

Theorem 3.15. Let (3, A, L) be an ideal-TS and L # 2=. Then the generalized
ideal topology A® is finer than A.

Proof. Let T € A. Then, I'“ is A-closed in 3. From (vii) of Theorem 3.4, we
get (T€)® C T. Thus, [[*(T¢) = T° U (T¢)* C T'°. Since I'* C [[*(I'®) is always
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true for any subset I' of J, we obtain [[*(I'°) = I'°. This means that ' € A®.
Thus, we have A C A°. O

Theorem 3.16. Let (3,A, L) be an ideal-TS. Then, the following statements
hold:

(i) If £ = {0}, then A® = 2.

(id) If L =22, then A D A®.

Proof. (i) Let T' € 2=. Since £ = {(}, we have I'* = (} for any subset T' of 2.
Therefore, [[*(I'¢) = I'°. This means that I' € A®. Hence, 2= C A®. Thus, we
have A® = 27,

(7) Let I" € A®. Then I'® U (I'®)®* = I'® which means that (I'?)® C I"°. Now, let
J ¢ (I'°)*. Then, there exists T € A(J) such that YU (I'“) = T°UT ¢ L.
This contradicts with £ = 2. Thus, I' = 3. Therefore, A® = {#,3}. Hence,
A* C A, O

Theorem 3.17. Let (3,A, L) be an ideal-TS and T' C 3. Then the following
hold:

(7) T € A® if and only if for all I in T, there exists an open set Y containing
1 such that T¢UT ¢ L,

(i) if T ¢ L, then T' € A®.
Proof. (i) Let T € A®.
I'e A®

teeoee

(i) Let I' ¢ L and J € T. Put ¥ = 3. Then, T is a A-open set containing J.
Since I" ¢ £ and T¢UT =T, we have T¢UT ¢ L. From (i), we get ' € A®. [

Theorem 3.18. Let (3, A, L) and (3, A, Q) be two ideal-TSs. If L C Q, then
ALY C AY.

Proof. Let T' € Ag. Then T'° U (I'“)g, = T'® which means that (I'°)g C I'“.
Now, let J ¢ T'°. Then, we get 1 ¢ (I'“)% and so there exists T € A(J) such
that Y¢ U (I'°)° = T°UT ¢ Q. Since L C Q, we have T°UT ¢ L. Therefore,
J¢ (I°)%. Thus, (I')% CT°and so [[*(T¢) = I'°U(T¢)% = I'°. Hence, I € A%.
Consequently, we have Ay C A7. |
Lemma 3.19. Let (3,A,L) be an ideal-TS. If T¢ ¢ L, then T'* = {).
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Proof. Suppose that J € I'*. Then, for any open set T containing J we have
TeuTc e L. Since I'“ ¢ L, T°UT* ¢ L for some open set T containing J. This
is a contradiction. Hence, I'* = (). O

Theorem 3.20. Let (3,A, L) be an ideal-T'S and T, A C 3. If T is open in 3,
then TNA® C(T'NA)°.

Proof. Let T' € A and J € T N A®. Therefore, J € T' and J € A®. Then, we have
AcUuTe e Lforall T € A(J). Since " € A, we get (INA)°UTS = A°U(I'NT)° €
L for all T € A(J). This means that J € (TNA)®. Thus, T'NA®* C (T'NA)*. O
Corollary 3.21. Let (3,A,L) be an ideal-TS and T, A C 3. If T is open in
3, thenTNA*=TnN('NA)* C(CNA)°.

Proof. We have TN (I'NA)* CTNA® Let J€e 'NA® and T € A(J). Then
I'nT e A(J) and J € A®, then TN UA® € £, ie. (TNA)UT €L,
then 3 € ('NA)* and J € I'n ("N A)*. Hence by Theorem 3.20, we have
FNnA*=TnN({TNA)*C(TNA)°. O
Lemma 3.22. Let (3,A,L) be an ideal-T'S and T', A be subsets of 3. Then,
I*—A* D (T —A)°®—A°.

Proof. We have by Theorem 3.4, (I' — A)®* C I'* and hence, (I' = A)®* — A®* C
Ir* —Ae. U
Corollary 3.23. Let (3,A,L) be an ideal-TS and T', A be subsets of 3 with
A ¢ L. Then TUA)* DT* D (I'—A)°.

Proof. Since A ¢ £, A* = (). Again by Lemma 3.22, T'* D (I' — A)® and by
Theorem 3.4, TUA)* DT*UA®* D T*. O

Remark 3.24. Let (3,A,L) be an ideal-TS and T';A C 3. The equality in
Corollary 3.23 need not be true, as seen in the following example.

Example 3.25. Let 3 = {11,35,13} and A = {0,{32}, {33}, {3>,35},3}. We

consider an ideal £ = {0,{11}} on 3. Now, if I' = {I2} and A = {33}, then

I'* =0 and A®* = 0. Hence, T* = £ (T UA)* = ({32,33})* = {31 }. Now, let

?32}{12,33} and A = {J3}. Then, (I'=A)* = ({J2})* =0 #I'* = ({J2,1s})* =
11

Theorem 3.26. Let (3, A, L) be an ideal-TS and L # 2=, Then, the collection
Be={TNP|T €A and P ¢ L} is a base for the ideal topology A* on 1.

Proof. Let A € 8. Then, there exist T € A and P ¢ L such that A =T N P.
Since A C A®, we get T € A®. On the other hand, since [[*(P¢) = P¢, we
have P € A®. Therefore, A € A®. Consequently, S, C A®. Now, let I' € A®
and J € T'. Then, from Theorem 3.17 (i), there exists T € A(J) such that
TUT ¢ L. Now, let A =T N (YT°UT). Hence, we have A € B, such that
J e A CT. Therefore, B, is a base for A®. O
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4. The ()} operator and its topology A%

In this section, we present and study a novel operator in ideal-TSs called
()% Along with providing several counterexamples, we also derive some basic
properties of this new operator. Furthermore, We characterize and study a
novel operator that is a generalized closure operator. This leads to a new
generalized topology that is finer than As, which we name A%,

Definition 4.1. Let (J,A,£) be an ideal-TS. An operator (-)$, : 27 — 27
given by I't, = {J € J: (VY € RO(3,7))(T°U Y € L)} is called the ep-local
function of any subset I of 3 with respect to an ideal £ and a topology A on
3. We can also use the notation I'}, as I'%,(3, A, £) to indicate the ideal and
the topology as per our requirements.

Corollary 4.2. Let (3,A, L) be an ideal-TS and I' C 3. The sets I'}, and T'*
coincide in reqular topological spaces because the families of all open sets and
all reqular open sets are the same in those spaces.

Corollary 4.3. Let (3,A,L) be an ideal-TS and T C 3. If 3 is a compact
Hausdorff space, then the sets I'y, and I'® coincide.

Proof. Follows from the fact that every compact Hausdorf space is regular. [

Remark 4.4. Let (3,A, £) be an ideal-TS and I' C 2. The inclusions of 'y, C T
or I' C I', need not always be true as shown by the following examples.

Example 4.5. Let 3 = {11,15,33}, A = {0,{32}, {33}, {32, 35}, {31, 35}, 3}
and L = {0,{32},{33},{32,33}}. For the subset ' = {J5,33}, we get '} = 0
but T' = {Js,35} 7¢_ 0= I's.

Example 4.6. Let 3= {31, 3,35}, A = {0,3) and £ = {0, (B}, {33, {3 J5}).
For the subset T = {11}, we get T, =3 but Ty, =3¢ {11} =T.

Theorem 4.7. Let (3, A, L) be an ideal-TS and T, A C 3. Then, the following

statements hold:
a) T* C T,
b) if T € 5C(T), then T3 C T,
c) if L # 22, then 0% =0,
d) % € 5C(),
&) (T35 C T,

f) if T CA, then T}, C AY,
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9) TRUAR C (TUA)R,

h) (T NA)S, =T% N AS,.

Proof. a) It is obvious since every regular open set in topological spaces is open.
b) Let I' € 6C(3) and I ¢ I'. Our aim is to show that J ¢ I'Y.
resC(d) = T¢es0D)= 3T CROQ))T =UT)A¢T =T
= (3A€ RO())(T e ACTe)
= (A€ RO(Z,I))(A°UT*D (I Ul =TUT*=21¢L)
= (A€ RO(I,1))(A°UTe ¢ L)

= 1¢T%.
)0, ={31€3: (YT € ROT,J))(YeuPc=T°Ud=Te L)} =0.
d) Our aim is to show that I', = §- [[(T'}). We have always I'}y, C 0-[[(T'%).
Conversely, now let J € 6-[[(I'};) and T € RO(3,7).
(T € RO(3,3))A€d-1I(Ty) = YTNIR#0=Fye)(yeTNIYy)
= (FyeJyeT)(yely)

= (T e RO(3,y))(y eTy)
= YeulcelLl.

Then, we have J € T'},. Thus, §-[[(T'%) C I'y;. Therefore, o-[[(T'%) = I'y.
Hence, I'Y, € 6C(3).

e) It is obvious from (b) and (d).
f) Let ' C A and J € I'},. Our aim is to show that J € AY.

Jel'y, =
T CA= A°CT®

(VY € RO(Z,7))(YeuUTe € L) }
(VT € RO(J,1))(TCUAC C TUT® € L) }

L is an ideal on 3

= (VY € RO(3,3))(YUA°e L) =T e A3,
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g) Let I)A C 2.
IMACI=TCIUA=T3C(TUA)S,

}iF%UAkC(FUA)k.
LACOD=ACTUA= AR C(TUANY
h) It is clear from (f) that Iy, NAL O (T'NA)S.
Conversely, let 1€ 'y, N A%;.

JeTyNAy = (AeTy)(deAy) = (VY e RO3,I))(TUT e L)(YUA € L)

= (Y€ RO(3,1)(YeuT“ e L)(T UA®€eL)
= (YeROG,D)(TUTNA=(TUTI)U(TUA®) € L)
= Je(TnAY.

Therefore (N A)% 2 I', N A%. Hence, we have ([N A)% =T NA%. O

Theorem 4.8. Let (3,A, L) be an ideal-TS and T,A C 3. If T € 60(3), then
FNAY C(TNA)Y,.

Proof. Let T € §O(3) and J € T' N A¥.
JeT'nNAy=JelN)@ecAy) = AeD)(YVY € RO3,I)(TUA € L)
reéOd)=3FACROQ)(T=UA) = (3FT€ROQ)(TCD) }

So VY € RO(3,3), we have Y N1 € RO(3,]). Therefore T°U (' NA)¢ =
(YNT)*UASC (YN TN UA® € L. Tt follows that

TCU('NA) e Lforal T e RO3,I).

Hence 1€ (I'NA)Y.
(|

Theorem 4.9. Let (3,A,L) be an ideal-TS. Then, the following statements
are equivalent:

a) 3%, =73,
b) RC(\ {3} € £;

c) I CT'Y, for all regular open subsets T' of 3.
Proof. (a) = (b) : Let 3%, = 1.
3% =3 = (MeJ)deyp

= (V1€ J)(VY € RO(3,1))(Teud*=Tc€e L)
= (VIeRCO\{3}H(TeL)

= RCO)\{IccL
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(b) = (a) : Let 3€ Jand Y € RO(3,7).
T € RO(3,]) = T RC(3I)\ {3}
=Teudr="TUh="T°eL.
Hypothesis

Then, we have J € J%. Thus, 3C 3% C Jand so I = 3.

(b) = (¢) : Let T" € RO(3).
I'e RO M **rnas, C(Cnd)s, =T,
=T CT3,.

RO\ {J}CL=2%=2
(¢) = (b): Let T € RC(J)\ {J}.

e e RO(D)\ {0} }
e RCO\{3} = =>TI°C Ty = Mel*)3e(I)%)
Hypothesis
(VI1eTe) (VY € RO(Z,))(Yeu () =T°UT € L)
=
rcyYeur }
Then, I € £. Hence, we have RC'(3) \ {3} C L. O

Theorem 4.10. Let £ be an ideal on TS (3,A) and I' C 3. If ', # 0, then
IreelclL.

Proof. Let I'S, # 0.
I'#0=(F1€J)TeTly) = (VY € ROZ,J))(I“ C YU e L)
=TI°e
L is an ideal on 3

L. O

Corollary 4.11. Let L be an ideal on TS (3,A) and T' C 3. If T° ¢ L, then
re. = 0.
Proof. 1t is obvious from Theorem 4.10. 0

Theorem 4.12. Let (3,A, L) be an ideal-TS and ')A C 3. Then, 'Y, \ A}, D
(CAA)R N\ A%
Proof. Let T,A C 1.
[LACJ = T\ACT
= ([T\ANyRCTIy O

= ([T\MR\AR C TR\ A%

Theorem 4.13. Let (3,A, L) be an ideal-TS and T,A C 3. If A® ¢ L, then
(TUA)R DOTE DT\ A)Y.
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Proof. Let T',A C 1.
F,A c :Theor%n 4.12 F;%\A;% ) (F\A);% \A;%
S TH 2 T\ A
A ¢ L:Coroll;;y 4.11 A® _@
R=

[,AC o= 3 P yA)s, DTS UAS,
= (TUA)y DT,
Ac % r Corolligy 4.11 A;% _ @
Hence TUA)R DT, D (T'\A)%. O

Definition 4.14. Let (J,A, £) be an ideal-TS. We define an operator [[5 :
27 - 27 as [[R(T) =T UTY, and [[3(¢) = ¢ , where T # ¢ is any subset of 2.

Corollary 4.15. Let 3 be a TS and I' C 3. If 2 is a reqular space, then the
sets [[R(T) and [[*(T) coincide.

Proof. 1t is obvious from Corollary 4.2 and Definition 4.14. ]

Corollary 4.16. Let J be a TS and T C 2. If O is a compact Hausdorff space,
then the sets [[5(I") and [I*(T) coincide.

Proof. 1t is obvious from Corollary 4.3. |
Theorem 4.17. Let (3, A, L) be an ideal-TS and T, A C 3. Then, the follow-

ing statements hold:
a) [1%(0)
b) [[r(3) =13,
) T CII*(D) C [TR(D).
d) if T C A, then [T5(T) € ITR(A),
e) IR UA) 2 [Tr(T) ULTR(A),
F) HR(LURT) = zD).
PRTNA) = [TRT) N ITRA).

Proof. a) It is obvious from Definition 4.14.

0,

b) Since 3% C 3, we have [[5(3) =3uly =1

¢) Since [[%(T) = T UTY, we have I' C J[R(I). Also, since I'* C T'},, we
have [[*(T) C [[R(D).
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d) Let T' C A.

PCA=TRCAR=TUlR CAUAL =[] C JTW).
R R
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e) It is obvious from the definition of the operator [ [} in Definition 4.14 and

(g) of Theorem 4.7.

f) Let T' C 3. It is obvious from (c) that [[5(T) C [T%(II%(D)).

Conversely, let J € [[R(I[R(D)) = [[r(D)U (]_H%(I‘));% and T € A(J). Then,

we have the following two cases:

(i) 3 € [I%(T). This means that [[5([I%(T)) C [T%(T).
(ii) Let 3¢ [[R(I). Then, we have

Je(MUTy)s, = [TUTUTL eLVYeAMETeAQ): TU(T) ¢ L]

= YTeLlLandT°¢ L
= YeuTc¢Lforall T € A(J*),7* €1

= TI'%=0=1€][%(T), which is a contradiction

= [r(IIr@D) € RD).
Thus, from (i), (i) we have [[%([[%(I)) € [I%(I).

Consequentially [[%(J[%(T)) = [IR(D).
g) Let T,AC 3.

[HETNA) = (TNA)UTNAY
= TNA)UTENAR)
C (DUTS)N(AUAS)

= [r@NIIRA).
Conversely, let T € [[R(T) N[1%(A).
TN ITHA) = (@eT)EeTs,
(VY € RO(3,3
(Y € RO(3,))(
(T e RO(3,1))TeT and J€ A)

and (Je A)(J e AY)

O

JeT'nAandJe (I'NA)Y,.

(TeU (D NA) = (TEUTE) U (T UAS) € L)

)
NEET and T € A)(YeUTE € £)(TCUAC € L)
JeTandIe A)(YCUTE € £)(TCUAC € L)

Thus 1 € [[5(T'NA). Therefore [[5(I'NA) D [1%(T)N][R(A). Hence, we have

(T'NA)y, =T NAY.

O
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Corollary 4.18. Let (3,A, L) be an ideal-TS. Then the operator []% : 29
2= defined by ]_H%(l") =T UTY,, where T' is any subset of 3, is a generalized
closure operator. But it is not a Kuratowski’s closure operator.

Definition 4.19. Let (3,A, L) be an ideal-TS. Then, the collection A}, =
{I' € 3: []R(@°) = '} is a generalized topology on 3 introduced by the
generalized topology A and ideal £. Also, we can use the notation A;%( ) instead
of A% to illustrate the ideal as per our requirements.

Corollary 4.20. Let 3 be a TS and I' C 3. If 3 is a regular space, then AY,
and A* coincide.

Proof. 1t is obvious from Corollary 4.16. O

Corollary 4.21. Let A be a TS and T’ C 2. If 3 is a compact Hausdorff space,
then the generalized topologies A%, and A® coincide.

Proof. It is obvious since every compact Hausdorff space is regular. O

Theorem 4.22. Let (3,A, L) be an ideal-TS. Then, the following statements
hold:

a) As C A%y, where Ag is the collection of all §-open sets in a TS (3,A).
b) A}, C A°.
Proof. a) Let I' € As. Our aim is to show that I" € A¥,.
FrelA; = TI°edC(I)= () CIe

= (U@ =T)([IRT*) =TU ([)}%)

= [[R@°¢) =T¢=T e AY}.
b) Let I" € A%,. Our aim is to show that T € A®.

I'e Ay = [1%(@Tc) =T
= ey (Ie)s, = Te
Theorgn 4.17 (FC). C (1-‘(.);% c e

= (F¢)* UTe =Te
= ey =t

= I'eA*. O
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Remark 4.23. Let (3,A, £) be an ideal-TS. If £ # 2=, then we have the fol-
lowing diagram from Theorem 4.22.

A®-open

/ N
A%-open A-open

N /
As-open

Remark 4.24. Let (3,A, L) be an ideal-TS. The following examples demon-
strate that the reverses of the implications stated in the above diagram need
not be true. Furthermore, there is no interdependence between the concepts of
A%-open and A-open.

Example 4.25. Let 3 = {1y, 1,33} with the topology A = {0,3,{31,32},{32,3},
{32}} and let £ ={0,{31}, {32}, {31,32}}. Simple calculations show that As =
{0,3}, A% = {0,3,{3s},{31,33}, {32, 33} }, and A® = 2=, By computing, we
find the following results:

1) The set {d3} is AY-open but it is not As-open.

2) The set {11} is A®-open but it is not A% -open.

3) The set {13} is A%-open but it is not A-open.

4) The set {J2} is A-open but it is not A% -open.

Theorem 4.26. Let (3,A, L) be an ideal-TS and T' C 3. Then, the following
statements hold:

a) I' € A%, if and only if for all 3 in T, there exists a regular open set Y
containing I such that Y¢UT ¢ L,

b) if I' ¢ L, then T € AY,.
Proof. a) Let ' € A%,
FeAs, & [T =re

& Teu (e, =T¢

& (IR cre

& ()R

& (VeD)@¢ @)%

& (V1eD)(AT € RO D)) (YU ((Te)e=YeUT ¢ L).
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b) Let I ¢ £ and J € I'. We will make use of (J).

(T:=J)(TeT) = (T € ROG, 1) =T°UT) }
= YUT ¢ L. O
I¢r

Remark 4.27. Let (3,A, L) be an ideal-TS. The reverse of Theorem 4.26 (b)
need not be always true as shown by the following example.

Example 4.28. Let 3 = {11,1,33} with the topology A = {0,3,{3:}, {I=},
{31,32}} and £ = {0,{31}, {32}, {31, 32} }. Simple calculations show that A% =
2. It is obvious that the set {Io} belongs to both A% and L.

Theorem 4.29. Let (3,A, L) be an ideal-TS. Then, if £ = {0}, then A%, = 2.

Proof. We have always A}, C 2=. Now, let I' € 2=. Our aim is to show that
e A%
[T7(T¢) =T u (g
= [[R@T°) =T°=T e As,.
L={0} = T)%r=0
Then, we have 22 C A%. Hence A%, = 2=, (]

Remark 4.30. Let (3,A, L) be an ideal-TS. The reverses of Theorem 3.16(a)
and Theorem 4.29 need not be true as shown by the following example.

Example 4.31. Let 3 = {1,72,33} with the topology A = {0,3,{3:}, {3},
{31,32}} and £ ={0,{31}, {32}, {31,32}}. Simple calculations show that A% =
23, but £ # {0}.

Theorem 4.32. Let (3,A, L) be an ideal-TS. Then, the collection 5 = {T' N
P|(T € As)(P ¢ L)} is a base for the topology Ay, on 3.

Proof. Let A € 5.
A€ = (BT e A))(3P ¢ L)(A=TNP)
Theor%n 4.26 (T,P c A;%)(A _
As C A;{
TNP)=AcAy,.

Then, we have § C A%. Now, let I' € A% and J € T'. Our aim is to find

A c Bsuchthat J€ A CT.

Jel e As, 2420 (37 ¢ RO(Z,1))(YCUT ¢ L)

}é(Aeﬂ)(JeAg
A:="TN(TeUul)

r).
Hence, § is a base for the topology A%, on 3. |

Theorem 4.33. Let (3,A, L) and (3, A, Q) be two ideal-TSs. If L C Q, then
Ak € By
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Proof. Let I" € A;%(Q).
I'e A;%(Q) = (V1eT)(3YT € RO(3,3))(YcUT ¢ Q)
= (V1 e )@AT €
LCQ
RO(3,1)(YeuT ¢ L)=T¢€ A;z(g)- O

5. Topology suitable for an ideal

In this section, we study various properties and introduce topology compat-
ible for an ideal on an ideal-TS.

Definition 5.1. Let (3,A, £) be an ideal-TS. Then, A is said to be suitable
for the ideal L if T°UT® ¢ £, for all T' C 3.

Example 5.2. Let J = {J1,J2,13} and A = {0,{31},{3=},{31,32},3}. We
consider an ideal £ = {0,{31}, {32}, {J1,32}} on 3. By computing, we obtain
the following table.

TABLE 1. Illustration of Definition 5.1

rca re re reure reur* ¢ L?
[ pul 0 3 Yes
{31} {32, 33} @ {:[235} Yes
{32} {31,:3} @ {31733} Yes
{3 .5} i 3 Yes
{31, 12} {33} 0 {33} Yes
(0. 35) {3} i {32,357 Yes
{32, 33} {31} 3,5 {:[1]5} Yes
: @ 33 {33} Yes

From Table 1, the topology A = {0,{31},{32}, {31, 32}, 3} is suitable for the
ideal £ = {0, {11}, {32}, {31, 32}}. Clearly, if L = 22, then the topology A is
not suitable for the ideal L.

We now give some equivalent descriptions of this definition.
Theorem 5.3. For an ideal-TS (3, A, L), the following are equivalent:

(1) A is suitable for the ideal L,

(2) for any A®-closed subset T of 3, T°UT® ¢ L,

(3) whenever for any T' C 3 and each 3 € T there corresponds some U, €
A(J) with US UTC & L, it follows that T ¢ L,

(4) forT C 3 and TNT® =0, it follows that T¢ ¢ L.

Proof. (1) = (2): Tt is trivial. (2) = (3): Let I' C 3 and assume that for every
J € T there exists T € A(J) such that Y¢UT“ ¢ L. Then, J ¢ I'* so that
'nI® = 0. Since TUT™* is A®-closed, by (2) we have (TUT*)cU (T UTl*)* ¢ L.
That is, (TUT*)U (I'* U (I'*)*) ¢ L by Theorem 3.4, i.e.,, (T UT*)CUT* ¢ L
by Theorem 3.4, i.e., T¢ ¢ L (as TNT* =0).
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3)=(4): T CJand I'NI* =0, then ' C I\ TI'*. Let J € I'. Then
J ¢ T*. So there exists T € A(J) such that Y*UT*“ ¢ L. Then by (3), I'“ ¢ L.

(4) = (1): Let I' C 3. We first claim that (D\T'*) N (T \I'*)* = 0. In fact,
ifJe(T\I'*)N(C'\I*)*, then Je T'\I'*. Thus J € I" and J ¢ I'*. Then, there
exists T € A(J) such that Y¢UT*¢ ¢ £. Now, YeUT* C YU (T'\I'*) since L
is an ideal, T¢U (I'\T'*)¢ ¢ L. Hence, 1 ¢ (I \ I'*)*, which is a contradiction.
Hence, by (4), (\T'*)°=T°UTI* ¢ £ and A is suitable for the ideal £. O
Theorem 5.4. For an ideal-TS (3, A, L), the following conditions are equiv-
alent and any of these three conditions is necessary for A to be suitable for the
ideal L.

(1) ForanyT C3, T'NT* =0, then I'* =0,
(2) forany T C 3, (T'\T*)* =0,
(3) foranyT' C 3, (T NIT*)* =T°.

Proof. (1) = (2): Tt follows by noting that (I'\ T'*) N (T \ I'*)* = 0, for all
rca

(2) = (3): Since I' = (T'\ ('NT*))U(I'NT*), we have I'* = (I'\ (T'NT*))* U
(CNre)* =T \r*)*u@nre)*=Tnr*)* by (2).

(3) = (1): Let ' CJand I'NI* = . Then by (3), I'* = (I'NT*)* =§*

Corollary 5.5. If (3,A, L) is an ideal-TS such that A is suitable for L., then
the operator e is an idempotent operator, i.e., T'* = (I'*)* for any T C 3.

Proof. By Theorem 3.4 (iv), we have (I'*)* C I'*. By Theorem 5.3 and Theo-
rem 3.4 (v), we get IT'* = (T'NT*)* C (T*)°. O
Theorem 5.6. Let (3,A,L) be an ideal-TS such that A is suitable for L.
Then, a subset T of 3 is A®-closed if and only if it can be expressed as a union
of a set which is closed in (3,A) and a complement not in L.

Proof. Let T be a A®-closed subset of 3. Then, I'* CT". Now, I' = T*U(T'\T'*).
Since A is suitable for £, by Theorem 5.3 (I' \ I'*)¢ ¢ £ and by Theorem 3.4
(ii), I'* is closed.

Conversely, let I' = F U A, where F is closed and A® ¢ £. Then, I'* =
(FUA)® = F* by Corollary 3.23, and hence by Theorem 3.4(ii) I'* = (FUA)® =
F* =][(F)=F CT. Hence, I is A®-closed. O
Corollary 5.7. Let the topology A on a space 3 be suitable for an ideal L
on 3. Then, B ={YTNP: (T e A)P ¢ L)} is a topology on I and hence,
Be = A*

Proof. Let T € A®. Then by Theorem 5.6, 3\ T = F U A, where F is closed
and A ¢ £. Then, T =3\ (FUA) = 3\ F)n((3\A) = TN P, where
T=F¢ecAand P=A°¢ L. Thus, every A®-open set is of the form TN P,
where 7€ A and P ¢ L. The rest follows from Theorem 3.26. g
Theorem 5.8. Let (3,A,L) be an ideal-TS and T be any subset of 3 such
that T C T*. Then, [[(T) = [["(T) = [[(T*) = T".
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Proof. Since A® is finer than A, [[*(T') C [[(T) for any subset I' of J. Now
J¢ [I°(T), there exist 7€ A and A € £ such that J € TNA and (TTNA)NT = 0§,
then [(TNA)NT]* = 0. Thus [(TNT)\ A°]* = 0, hence by Corollary 4.10
we have (7N T)® = (. By Theorem 3.20, we get TN (I')* =@ and TNT =0
(as T' C T'*), then J ¢ J[(T'). Thus, [](T) = JI*(T'). Now, by Theorem 3.4
(ii), I'* = [J(T*). Now, let I ¢ [J(T"). Then, there exists T € A(J) such that
TN =0. Thus, (YN =7"YeUI'*=23¢ L. So,1¢ I'* and hence I'* C [[(T).
Again as T'* C [[(T), so we have [[(T*) C [I(JI(T")) = [I(T"). Also, T C T,
then [[(T') C IJ(T®*). Thus, [[(T) = [J(T'*) =T*. O
Theorem 5.9. Let (3,A,L) be an ideal-TS such that A is suitable for L.
Then, for every ' € A and any A C 3, (TNA)* =T NA®)*=][(TNA*).

Proof. Let ' € A. Then by Corollary 3.21, TNA*=TnNn T NA)* C(I'nA)*
and hence, (TN A®)* C[(T'NA)*]* = ("N A)* by Corollary 5.5.

Now by using Corollary 3.21 and Theorem 5.4, we obtain [I'N (A \ A®)]* =
FN(A\A®)*=TnNn0=0.

Also, TNA)*\TNA®)* C(TNA)\NTNA)*=[TNA\A®*)]*=0Dby
Lemma 3.22. Hence, (TN A)®* C ('NA®)® and, we get (T NA)* = (T'NA®)°.

Again (TNA)* = (T'NA®*)* C (T NA®), since A® is finer than A. Due
toI'NA® C(I'nA)®, we have [[(TNA®) CTI((TNA)®) = ('NA)*. Hence,
(TNA) =TT NA*). O

Corollary 5.10. Let (3, A, L) be an ideal-TS such that A is suitable for L. If
FeA andT¢ ¢ L, then T C 3\ 2°.

Proof. Taking A = 3 in Theorem 5.9, we get (' N 3)* = [[(I' 1 3*). Thus,
I*=J[(T'N3*), forallT' € A. Now if I'“ ¢ L, then I'* = (). Thus, (’N3)* =
[I(TN3*) =0. So, ' N 3* = @ by Theorem 3.20 and hence, ' C 3\ J*. O

6. Conclusion

Coinciding with the great spread of many literatures in various fields im-
portant mathematical structures appeared in the theory of topology coinciding
with this scientific revolution. For example, the concept of generalized topol-
ogy appeared, which is based on the concept of “generalized open set” and this
space was more generalized than the topological space as the intersection con-
dition was neglected. This space has been extensively studied; much literature
has been written about it, and many properties and theories have been studied
about it.

Using the concept of “ideal” and the notion of “generalized open set”, we
create and examine two new local functions in this research, (-)® and ()%, in
order to define two new closure operators, [[* and [[%(+). Thus, we were able
to derive two new, finer generalized topologies than As denoted by A® and
A%. On the other hand, we demonstrated the independence of the concepts
of A%-open and A-open. Moreover, we proved several fundamental results
related to the operators (-)®, ()%, [[°(-), and [[%(-). Furthermore, we give not
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only some relationships but also several examples. Finally, we present topology
appropriate for an ideal and establish some matching conditions.

In future work, we will define more concepts that are related to the gener-
ated operators and their ideal-Ts (3, A, £). Based on the proposed generalized
closure operators, we will introduce new operators and explore their main char-
acteristics. Using these new operators, we will create new versions of topology.
Additionally, we will present some results related to compatibility. Further, we
will propose and study pre-local functions, semi-local functions, #—local func-
tions and a—local functions with respect to an ideal-Ts (3, A, £) and study
there related closure operators. Furthermore, we will propose some topological
notions such as separation axioms and connectedness of these spaces. If pos-
sible, we are looking forward to connecting the proposed operators with some
ideas like supra-topology and infra-topology.
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