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ABSTRACT. In the present paper, almost poly-Norden and locally almost
poly-Norden manifolds are investigated. Ricci tensor and Riemannian
curvature of integrable poly-Norden manifolds are studied. Geometric
properties of submanifolds of these types of manifolds are studied. More-
over, slant submanifolds of almost poly-Norden manifolds are character-
ized and illustrated by non-trivial examples.
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1. Introduction

One of the important structures that has been investigated and studied on
an odd-dimensional Riemannian manifold is the almost contact structure. The
cosymplectic, Sasakian and Kenmotsu manifolds are three well-known and im-
portant classes among the almost contact manifolds. Most of these structures
have many applications in various sciences, especially in physics and in the
fields of cosmology, relativity and gravity [2,7,12].

Poly-Norden structures have been introduced and studied by Sahin [11] in
2018. After than, in [9], the fundamental and geometrical properties of their hy-
persurfaces and submanifolds were investigated. Poly-Norden structures have
interesting relations with almost contact metric structures. In an special case,
by using an almost contact metric structure one can obtain an induction poly-
Norden structure.

On the other hand, since the notion of slant submanifold is a generalization
of the concepts such as invariant and anti-invariant submanifolds [7-9], many
authors have studied special models of slant submanifolds in various struc-
tures. For example, hemi-slant, invariant, slant, anti-invariant and semi-slant
submanifolds of metallic manifolds have been analyzed in [1,4,6]. Further-
more, in [3,7] slant submanifolds of contact 3-structures, golden manifolds and
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locally conformal Kaehler manifolds have been investigated and the slant light-
like submanifolds of cosymplectic structures have been introduced in [9].

So, motivated by the above works and by using the approaches and proofing
techniques of the papers [9,11], in this paper, we investigate slant submanifolds
of almost poly-Norden manifolds. We first review the notion of an almost poly-
Norden manifold and investigate an example for that in Section 2. In Section 3,
we study ¢-invariant and t-anti-invariant submanifolds of almost poly-Norden
manifolds, and finally in Section 4 we consider slant submanifolds and give an
example of this type of submanifolds in a poly-Norden manifold.

2. Locally poly-Norden Riemannian manifolds

Definition 2.1. [11] On a smooth Riemannian manifold (B,G), an almost
poly-Norden structure is a (1,1)-tensor ¢ which satisfies

(1) 2 =mip — 1,

where [ is the identity tensor on B and m € R — {0}. In this case (B,) is
called an almost poly-Norden manifold.

The Riemannian metric G is said to be y-compatible if

for any E,F € T(B). From this it follows ¢ has symmetric property with
respect to G, which means

(3) GWE,F) =G(E,)F).

In this paper, we denote the Levi-Civita connection with respect to the Rie-
mannian metric G, by ©.

Definition 2.2. [11] An almost poly-Norden structure (B,1)) is called a lo-
cally almost poly-Norden manifold (or integrable), if its Nijenhuis tensor field
Ny is equal to zero, i.e.

Ny(E,F) = ¢*[E,F] + B,y F] = y[YE, F] — Y[B,¢F] = 0.

Note that N, = 0 is equivalent to Dt = 0 ( [11]). This means 1) is parallel
with respect to the Levi-Civita connection associated to G.

Lemma 2.3. Let (B, 1/)le an almost poly—Nordenﬁiemanm’an manifold then
DY) F = (mI —¢)(DgyY)F, for any E,F € T(B).
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Proof. For any E, F € T(B), from definition of almost poly-Norden manifolds,
we have

(D) F = Dp*F — YDy F
=mOpYpF —DpF — YOy F
= (mI —)(DpY)F.
O
Eer&ma 2.4. If (Ei, 1/1,§lis an almost poly-Norden Riemannian manifold then
(D) F,W) =G(F, (Dp)W) for any E,F,W € T(B).
Proof. By using equation (3) we have for any E, F,W € T(B):
G(DpY)F,W) =GDpyF,W) - GDpF, W)
=EGWF,W)—-GWF,DgW)— EG(F,yW)+ G(F,DpyW)
= G(F,(Dpp)W).
O

The fundamental 2-form ¥ on almost poly-Norden manifold (B,,G) is
defined as follows:

U(E,F)=G(E,yF),
for any E, F € T(B).
According to the above definition we, get that W is symmetric because for any
E,F eT(B):
U(E,F)=G(E,yF)=G(E,F)=Y(FE).

Lemma 2.5. Let (B,v,G) be an almost poly-Norden Riemannian manifold
then
(DpV)(F,W) =G(F,(®py)W) for all E,F € T(B).

Proof. According to the definition of W, directly we conclude
D) (F,W)=EV(E,W)—-Y®DgF,W)— Y (F,DgW)

= EG(F,yW) - G(DpF,yW) — G(F, D W)

=G@pFYW) +G(F,DpyW) - GDpF,yW) - G(F,¢DpW)
= G(F,(®pp)W),
for all E,F,W € T(B). O
Theorem 2.6. If (E,Q/J,?)J'S a locally almost poly-Norden Riemannian man-
ifold then for E, F,\W € T(B), we get

dV(E, F,KV) —dU(E, Y F,yW) = Q{W(F,EEW) +Y(E,[W,F])
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Proof. Before proving the proposition, we obtain the following equation
dV(E,F,W) =2{U(F,DgW)+ V(E,[W, F])}.

By direct computations and since v = 0, we have
dY(E,F,W)=EV(F,W)—-FUY(E,W)+W¥(E,F)—-Y(E,F|,W)+¥(E,W],F)
—~U([F,W],E) = @pV)(F,W)+Y(F,DgW) - (Dp¥)(E,W) - U (E,DpW)

+ @OwY)(E,F)+Y(E,DQwF) +Y(DpW,F) - V(DpW,E) + ¥(DwF,E)
=G(F,(@p)W) - G(E,(@r)W) + G(E, Dwi)F) + 2{U(F,DpW)

+ (B, (W, F])} = 2{U(F.DpW) + ¥(E, [W, F])}.

Now, by using the above equation and previous lemmas, for all E, F, W € T(B),
we obtain

+ V(E,[YF,yW])}.
|
Definition 2.7. A Matrix A is called an almost poly-Norden matrix if there

exists a real number m # 0 such that A2 = mA — I, where I denotes the
identity matrix and we show it as a pair of (A, m).

10 2
Example 2.8. The pairs (A,2), (B, E) and (C, g) in which A, B and C are

defined as follows are almost poly-Norden matrices.

0 O g 0

3 0 0 1 8

0 2 1 0o = o0 -2
2 00 3 5 Y 3 (1)
0o 1 0 <

3

3. Curvatures and submanifolds of integrable poly-Norden
manifolds

Suppose (B, G) is a submanifold of an almost poly-Norden structure (B, G, ),
where G is the induced metric on B.
We denote the Levi-Civita connection on the submanifold B by the notation
®. So, the Gauss and Weingarten formulas can be written as follows

(4) DpF =DpF — h(E,F),
(5) DpC = -AcE + D5C.
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In which A is the second fundamental form, A is the shape tensor and we have

Lemma 3.1. Let (B,v) be a locally almost poly-Norden Riemannian manifold
and let o be a (1,1)-tensor on a submanifold B of B such that o = |g. Then,
(B, o) is a locally almost poly-Norden submanifold if and only if h(E,cF) =
ch(E,F).

Proof. First, we show that (B, o) is an almost poly-Norden Riemannian sub-
manifold and then by using equation (4) we prove that it is locally almost
poly-Norden. We have

o’E=y* g E=my |p E—E=moFE —E,
and

(DpY |B)F =0,

e | F—1 |pDpF =0,

DpoF + h(E,cF) — oc®gF —ch(E,F) =0,
(Dgo)F + h(E,cF) —och(E,F) = 0.

So (B, o) is a locally almost poly-Norden if and only if h(F,cF) = oh(E, F).
U

Definition 3.2. Let B be a submanifold of B, B is called the 1)-invariant
submanifold of B if ¢(T'B) C T'B and B is y-anti-invariant of B if ¢(T'B) C
TB*([9)).

For any F € T'(B) and C € I'(B*) we put

(6) WE =TE + NE,
(7) vC = tC + nC,

where these projection maps act as T : I'(B) — I'(B) , N : I'(B) — I'(B*)
and

t:I'(B+) —T(B),n:I'(BY) — T(Bt).

From (6) and (7) we can easily get the following equations [4]

(8) G(TE,F)=G(E.TF),
(9) G(nU,C) =G(U,nC),
(10) G(nE,C) = G(FE,tC),

for any E,F € T(B) and U, C € T'(B1).
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Lemma 3.3. For any E,F € T'(B) and U,C € I'(B'), the following relations
hold.

(11) T? =mT — I —tN,
1

(12) N = —(NT + nN),
m
1

13 t=—(Tt+t

(13) —(Tt+tn),

14 n? =mn— I — Nt.

(14)

Proof. Apply the 1 to the (6), then we have
V?E = ¢yTE 4+ ¢yNE,
now using the (1),(6) and (7) we get
myE — E =T?E + NTE +tNE + nNE,
mTE +mNE —~E=T?E+ NTE+tNE+nNE, VEcT(TB).

Now, we separate the tangential and normal components of the above state-
ment, then (11) and (12) obtained.
Similar to the previous case, apply the ¢ to the (7), then we have

?C = YtC + YnC,
now using the (1), (6) and (7) we obtain
myC — C = TtC + NtC + tnC + n*C,
mtC +mnC — C = TtC + NtC + tnC +n*C, VYO € I'(TBh),
by separating the tangential and normal components, we get (13) and (14). O

Note if B is an invariant submanifold, it implies N = 0, so from (11) and
(14) we have
T? =mT —1, n?=mn—1I,

hence (T, G) and (n,G) is an almost poly-Norden structure on B.

Moreover, by taking covariant derivative on the project operators we get
(DpT)F =9pTF —TOgF,
(DpN)F = ®5NF — NDgF,
(Dpt)C =DptC —tDEC,
18) (DEn)C = DEnC — nD%C.
for any E, F € T'(B) and C € I'(B*).

[ e SR
N O Ot
- = =

(
(
(
(

Lemma 3.4. If B is a submanifold in B and almost poly-Norden structure 1
on almost poly-Norden manifold (B, g,1) is integrable, then we obtain

G((DeN)F,.C) =G((Dpt)C, F),
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for any E,F € T(TB) and C € T(TB%1).

Proof. Since the ¢ is integrable then for any F, F' € I'(T'B) we have DpyF =
YD pF, now by using Gauss and Weingarten formulas and Equations (6) and
(7) we have

DpTF +DpNF = (DpF + h(E, F)),

DpTF + h(E,TF) — ANpE+®tNF =TOpF + NOgF +th(E, F) + nh(E, F),
by separating the tangential and normal components we have

(19) (DpT)F = AnpE+th(E,TF),

(20) (DpN)F = nh(E,F) — h(E,TF).

And for any E € I'(B) and C € I'(B*) we get D gypC = D pC.
Similarly, we can state

DptC +DpnC = h(—AcE + D5C),

DptC + h(E,tC) — Ay E +D3nC = ~TAcE — NACE +t9%C + n®%C.

So we get it by separating the tangential and normal component

(21) (Dpt)C = A, cE —TACE,

(22) (Dpn)C = —h(E,tC) — NACE.

And finally, by using the above equations, (8) and (9)
G(DeN)F,C)=G(h(E,F),nC) - G(h(E,TF),C)

=G(A,cE—-TAcE,F)

g
G((Dpt)C, F).

O

Theorem 3.5. Let B be a submanifold of an integrable poly-Norden mani-
fold (B, g,v), then we have (DgN)F = 0 and (Dgt)C = 0, for all E,|F €
[(TB),C € T(TB%) if and only if A satisfies

A,oE =TACE = AoTE.
Proof. By using (20)
G(h(E,F),nC)—G(h(E,TF),C)=0.
Given the relation between h and A and Equality (8) we have
G(A,cE,F)—G(AcE,TF) =0,
G(A,cE,F)—G(TAcE,F)=0.

So equality is achieved on the left.
On the other hand, since (D gt)C = 0 then by using (21) we get

G(AncE — TACE,F) =0,
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the right-hand equation can also be obtained by the following statement,
G(E,A.cF)—G(E,AcTF) =0.
Conversely, All of the above steps are reversible. O

Theorem 3.6. The Riemannian curvature tensor R of an integrable almost
poly-Norden manifold (B, g,v) satisfies
i) R(E,F)Y =¢yR(E,F).
R@WE,F) =R(E,{F). _
R(LZJE YF)=mRWE,F)—R(E,F).
v g( (E,F)'(/)W W) = Q(R(E,F)W, ¢W)

Proof. By using (2), (3), equation R(E, F)W = [Dg, Dp|W — D mW and
the integrability property ¢ the result is achieved. |

)
)
)
)

Theorem 3.7. Let S be the curvature Ricci tensor of B and almost poly-
Norden structure 1) on almost poly-Norden (B, g,) be integrable, then
i) SW?E,F) =mS(WE, F) - S(E, F).
it) S(E,Y°F) =mS(E,yF) - S(E, F).
1) S(WE,F)=S(E,YF).
iv) SWE,YF)=mS(WE,F) —S(E,F).

Proof. Let {e;}, i =1,...,n be an orthonormal basic on T,,B then by using (1)
we obtain

i) SWE, F) = S R(es, VB, Fe;)
=mX!"  Rle;, VE, F,e;) — X R(ei, E, F, e;)
=mSWE,F) - S(E,F).
1) Similar to part (7).
iii) SWE, F) = X1 R(e;, vE, F, ;)
= Z” "\ R(e;i, E, F,e;)
=¥ YR(F,e;, e, F)
=Y" R(e;, E,9F, e;)
= S(E,yF).
1) By using items (i) and (4i7) we have
SWE,yF)=SW?*E,F) =mS@E,F) —S(E, F).
O

Theorem 3.8. On the integrable almost poly-Norden manifold (B, g,1), the
following relations hold:

i) OwR)(E, F)yW = (DdwR)(E, F)W.
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ii) OwS)(WE, F) = (DwS)(E, ¢ F).

Proof. i) By using Theorem 3.6 part (¢) and the integrability property ¢ we
get:

OwR)(E, F)yW = DwR(E, F)YW — R(DwE, F)yW — R(E, Dw F)yW
—R(E,F)DwyW
= P(@wR)(E, F)W.

1) We use the Theorem 3.7 to prove this part

@w3)(WE, F) =Dy S(sz F) = S@®wyE,F) - SWE,DwF)
=DwS(E,YF) —S®@wE,F) — S(E, y®wF)
= (OwS)(E,¢F)

4. Slant submanifolds of integrable poly-Norden manifolds

Definition 4.1. A submanifold (B,G) of an almost poly-Norden manifold
(B, g,v) is said to be a slant submanifold if VE € T, B, the a(E) angle between
TpB and ¥ E, does not depend on the choice of p € B and E € T,B. Also,
a := a(F) is called the slant angle.

It should be noted that, if

i) a =0, B is t-invariant,

1) a= g , B is 1-anti-invariant,
i) 0 < a< g, B is a proper slant.
According to the above definition we have:

(23)
GWEpTEy) _ G(TEy, TEp) + G(NEp, TE,) ITE|?  _ |ITEy|l

costx = = =

[T Ep|l|lEp| [T Ep|l[lvEp| ITE [V El — ¥E ]

Example 4.2. ([11]) Consider Euclidean space R* with map v, such that

¢ RY — R?

(w1, 22,23, 24) — (Bmx1, BmTa, B3, Bimta)
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VmZ—4

where B, = % and g = Zledxi ® dx;.

(R*,4, G) is an almost poly-Norden manifold because

—2 —2
V2 (21, 32,23, 24) = (BL71, B,, w2, B3, B,,74)

=m(Bnx1, Bmr2, Bnrs, Bray) — (21,22, 23, 74)
=mip(z1, T2, T3, 24) — (T1, T2, T3, T4).

Suppose B = {(uLv) | w,v EB} is a submanifold of R* and f : B — R*, that
f(u,v) = (Bnu, B, Bpv, Biv).
In this case, the tangent space of the T B is generated by the following vectors

€1 = (Bm,Em,0,0), €2 = (OvoaBm,Em)a
On the other hand we have:

lexll = llezl| = vim? -2,
ler|| = [[wea]] = Vm* —4m? — 2,
cosy — G(er,e1) m(m? — 3) |
el lledll — \/(m2 =4)(m* — 4m — 2)
G(es, e m(m? — 3
o= ||sz2| ||e2)|| v 4(><m4 )4m2)’
m(m? — 3)

so v = [ = arccos(

V(M2 —4)(m* —4m — 2) )
Therefore B is a proper slant submanifold of R*.

Lemma 4.3. On a slant submanifold (B, G) of an almost poly-Norden manifold

(B.g,1), we get
i) G(TE,TF) = cos®’almG(E,TF) — G(E, F)],
ii) G(NE,NF) = sin*almG(E,TF) — G(E, F)].

Proof. i) From Equation (23) we have
(24) G(TE,TE) = cos*aG(YE,YE),
in the above equation, put F + F instead of E,
G(TE+TF,TE +TF) = cos?aG(VE + F,wE + ¥ F),
now by using the linearity feature of the metric g we have:
G(TE,TE)+G(TE,TF)+ G(TF,TE) + G(TF,TF) = cos*a[G(VE,yE)

T GWEVF) + GWF YE) + G F, v F)),
given the Equation (24)

G(TE,TF) = cos*aG(YE,yF),
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and the finally by using (3), (1) and (6) we have:
G(TE,TF) = cos’almG(E,TF) — G(E, F)|.

i1) To prove this part, we use part (i) and (6), the similarly to the previous
case we have:

G(NE,NF)=GWE -TE,yF —TF)

— G(WE,YF) — G(TE,TF) — G(TE,TF) + G(TE, TF)

= G(E,¢*F) —mcos’aG(E,TF) + cos’aG(E, F)

=mG(E,TF + NF) - G(E,F) —mcos*aG(E,TF) + cos*aG(E, F)

= (1 —cos’a)mG(E,TF) — (1 — cos*a)G(E, F)

= sina[mG(E,TE) — G(E, F)].

O

Theorem 4.4. Let (B, G) be a submanifold of an almost poly-Norden manifold

(B,g,v). Then B is a slant submanifold of B if and only if we have X\ belong
to interval [0,1] such that T? = \(mT —I).

Proof. Let B be a slant submanifold of an almost poly-Norden manifold B with
the constant slant angle a, so put A = cos?a € [0, 1].
By using the previous lemma

G(T?E,F) = G(TE,TF) = cos’a[mG(TE, F) — G(E, F)]
(25) = cos’aG(mTE — E, F) = cos’aG((mT — I)E, F),
for any E, F € T(TB), therefore we have T2 = \(mT — I).
Conversely, suppose there exist a real number \ in the interval [0, 1] such that

T? = \(mT — I). Let a be the angele between v and the tangent space of B.
Thus from Equation (23), for any FE € T'(TB), we have

TE
(26) cosa = ITE]|

~lvEl
On the other hand, by using (3), we obtain
G(VE,TE)  G(E,JTE)  G(E,T%E)

ITENE] — ITENE]  ITE|[VE|
So, (26) and (27) imply

(27) cosa =

9 G(E,T?E) G(E,T?’E)
= OB GWE.UE)
In account of the Equation (2), by putting 72 = \(mT — I) in (28), we get
AG(E,mTE — E)
G(mTE —E,E)

(29) cos*a =
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This means A = cos?«a, hence « is constant and independent of the choice
E. |

Theorem 4.5. Let (B, G) be a submanifold of an almost poly-Norden manifold
(B,g,v). If B is slant submanifold with slant angle o, then

(DpT?*)F = mcos*a(DpT)F,
for any E,F € T(TB).
Proof. By using Lemma 4.3 we have:
(DpT?*)F = DpT*F — T?*QpF
mcos?a® gTF — cos*a®pF — mcos?aTOpF + cos?a® g F

mcos*a(DgT)F.
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