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ABSTRACT. In this paper, we propose a generalized formula for well-
known functions such as (p, q¢)-Chebyshev polynomials. Our considera-
tion is focused on determining properties of generalized Chebyshev poly-
nomials of the first and second kind, sparking interest in constructing a
theory similar to the classical one. We define complex (p, ¢)—Chebyshev
wavelets. We estimate the wavelet approximation of a continuous func-
tion f € L2[0, L.
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1. Introduction

In recent years, wavelets have found their way into many different fields of
science and engineering, particularly, in signal analysis, time-frequency analy-
sis and fast algorithms. Wavelets allow an accurate representation of several
functions. The wavelet approximation technique is a new tool for finding and
analyzing unexpected seismic signal processing changes. There is scarcely any
area of numerical analysis where Chebyshev polynomials do not drop in like
surprise visitors, and indeed, there are now a number of subjects in which these
polynomials take a significant position in modern developments, including or-
thogonal polynomials, polynomial approximation, numerical integration, and
spectral methods for partial differential equations.

Chebyshev polynomials appear in many areas of mathematics. In recent
years, this interest has often arisen from outside the subject of orthogonal
polynomials, after their connection with the class of analytic functions.
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In the following table we have Chebyshev polynomials(see [11-12]:

ChebyshevPolynomials Formula Weight Function
First Kind Chebyshev T,(x) =cos n 0, x = cosb 1£I2
Second Kind Chebyshev | U, (x) = W, x = cosb V1— 22
Third Kind Chebyshev | V,(z) = %, x = cost \/%
Fourth Kind Chebyshev | W, (z) = %, x = costl i;—i

2. (p,q)—extension Chebyshev polynomials
We have g—extension Chebyshev polynomials on D = {z: |z| < 1} (see [1,
6]).

Definition 2.1. For z = cost, 0 € [—m, 7], n =10,1,2,3,... and ¢ € (—1,1]
we have
Kinds q — extension Chebyshev polynomials

First — Kind q — extension Chebyshev T, (q;€%) = 5(e™ + q"e="™7)

- T TD0 _ ntl_—i(nF1)0
) ; Loy _ e —q" e
Second — Kind q — extension Chebyshev Un(g;e?) = Py

Third — Kind q — extension Chebyshev Vi(q; €)= U, (q; €9) — U, _1(q; ")

Fourth — Kind q — extension Chebyshev | W, (q;€") = U, (¢;€%) — U,_1(q; ).

Observe that T, (1;e?) = T, (cost), Un(1;€?) = U,(cosh), V,(1;e") =
Vy.(cosf) and W, (1;e%) = W, (cos) are ordinary Chebyshev polynomials. We
have (p, ¢)—extension Chebyshev polynomials on D = {z: |z| < 1},

Definition 2.2. For x = cosb, 0 € [-m, 7], n=0,1,2,3,... and p,q € (—1,1]
we have
Kinds (p, q) — extension Chebyshev polynomials
First — Kind (p, q) — extension Tn(p; q; ) = %(p”eme + q"e~™Y)

n+le1i(n+l)6_qn+l efi(n+1)9

Second — Kind (p, q) — extension U, (p; q%eie) =Lz D= '
Third — Kind (p, q) — extension | V,(p;q;e?) = Un(p; ;%) — Up_1(p; ¢; €"9)
Fourth Kind (p, q) — extension | W, (p;¢;€) = Un(p; ¢; %) + Un_1(p; ¢; 7).

Observe that T, (1; 1;€%) = T, (cosh), Uy, (1;1;€"?) = Uy, (cosh), V,(1;1; ") =
Vi, (cosf) and W, (1;1;€?) = W,,(cos) are ordinary Chebyshev polynomials.

Theorem 2.3. The trigonometric polynomials T}, (p;q; €, Un(p; q;€%), Viu(p; q; €)
and Wy (p; q; 6’9) satisfy the three-term recurrence relations for n > 0

(i) Tora(p; g;€”)) = (pe” +qe ) Ti1(g; €)= paTn(g; €), To(p; ; €”) =
1 and T1(p; ;") = 5(pe” + qe™ ),

(i) Unt2(p; g; €)) = (pe"+qe™ ) Un11(p; ¢; €°)—paUn(p; ¢; €), Uo(p; ¢; ) =
1 and Uy (p; g; ') = pe + qe=",

(1) Voo (p; 4;€7)) = (pe’+ge™ ) Vuia (p @; ) =gV (p; 1 €), Vo (pi g3 €”) =
1 and Vi(p;g; ™) = 5(pe” +qe™") +p2q2,
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() Waia(p;q; ")) = (pe¥+qe™" 1) Wi (pig; €' ) —pgW (p; q;€), Wo(p; q; %) =
2

1 and Wi (p; q; ') = pe'® + qe=" — p2q=.

Proof. Parts (i) and (ii) are proved in [6]. Here is the proof of (iii):
Vo (pi ;€)= Unia(pig€”) = Unia (i ;)

(pe’” + ae™ ") Un i1 (03 ") = paUn(p; g; ")
(pe" + qe™"")Un(p; 4; €”) +paUn — 1(p; q; e'’)
= (pe” + qe7 ) Unsa(p; q:€”) — Un(p; q:€")
— pa(Un(p; g;€") — Un—1(p; ¢ €"))

= (pe” + qe™Woia (i ¢:€”) — paVa(p; 4 €”).
The part (iv) is proved below:

X2

Woi2(0i ;) = Ungo(p33:€”) + Upnia (i 5 )

)
= (pe” +qe” 19)Un+1(p7q, ) — pqUn(p; q;¢*)
+ (pe” + g™ ") Un(pi ;") + paln — 1(p; ;™)
= (" +4e7) (Una(pr ;) + Un(ps ;)

— pa(Un(p; q;€) + Un 1(p,q, )

(pe' + e\ Voi1 (03 4 €) — paViu(p; g; €).

O

Note that T),(1;1; ") = Ty, (cos8), U,(1;1;€") = T, (cos), V,(1;1;¢) =
T, (cosf) and W,,(1;1;¢e') = W, (cosf) are ordinary Chebyshev polynomials.

Theorem 2.4. The trigonometric polynomials satisfy the following orthogo-
nality relations:

(i)
. 0 if m#n
/ To(p; ¢; €*) T (D3 q,€°)dO = § Z(p*" +¢*")  if m=n#0 .
o o if m=n=0,
(i)
- - el et 0 if m#n
/ Un(p;q;e’g)Um(p;q,ew)lTl dd =5 +¢*") if m=n#0.
o o2 if m=n=0,
(iii)
0 if m#n

T N van Loy P —qe™? on | 2n .
Va(ps ¢ €™)Vin(pr g, ™) =5 ——d0 = § 7(p*" +¢™") if m=n7#0 .
4 if m=n=0,
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(iv)
i P o pei® — ge=i? 0 z:f m#n
Walp; g )W (pi g, ™) =—7——db = { 7(p*" +¢™) if m=n#0 .
o 47T Zf ’[’n:n:O7

Proof. The parts (i) and (ii) are proved in [6] and [12].
Part (iii) if m = n or m =n — 1 is proved below:

.0 —1i6
9\ _.ov, PEY —qe
7 V(g€ )Vin(psq.e™ ™) 5 2o

" i 'Y iy T _ioy pe’ —qe7?
(Un(pi ;€)= Un—1(p3 @) (Ui g €)= U (3¢ ™) [ ————"d0

- /[U"(p;‘ﬁew)m(p;q;e’w)*Un(p;q;em)m(p;q;e’ie)

;€N U (p; ;e ¥ i gy € —gqeT?
o Un_1(p,q,e ))U’m(p7Q7e )+Un—1(p7q7e )Um—l(p7qve )]lT‘ de
= 71-(p2n _‘_q2n),
Ifm#n,n-1
i i0
7 Vapigi e )Vin(p; q,e”’)ll%ﬁda =0,
and
w 0\T oy pe’ +qe™?
JTe Volpi g e)Vo(psq, ) [ ——[*d0 = 4.

part (iv) if m =n or m = n — 1 is proved below:
i _ geif
2

77 1ONTT7 6y P¢
I Wapi €)Y Wa(piq,e)| 2df

" Unlpigi e 0 N T ) 4 T (s s €19 PEe =8~ 1240
( n(paQ76 )+Un_1(p,q,e ))(Um(p,q76 )+Um—1<p7q,€ ”T'

- /[Un(P;q;ew)W(p;q;ew)+Un(p;q;eie)Um_l(p;q;eiG)

iO\\TT— i0 i0 vy pe’ —qe "

+ Una (g€ )Un(pi g €) + Una (95 63 € Un1(p3 g; )| ————["d¥

= (" + "),
ifm#nn—1

T N7 0y e —qe™
S Wapi g ) Win(ps g, €)= ——|*d6 =0,
and
peie _ qe—iG

ST Wolpi i €Y Wo(ps g, | ————[*d0 = 4.
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O

In the following corollary, we found L?— norm of T}, Ty, Uy, Uy, Vi, Vi and
an WO

Corollary 2.5. Ifn # 0, it is proved below:

I Tu(piq; )3
= |[Un(p;a:e")l3
= g(p% +q"),
I Valpige)|3
= |[Wap;g; )3
(P> + ¢°"),

and

I To(pig;e®)|3
= |Uo(p;q;e™)|3

= |Vo(psq;e™)|3
= |Wo(psq;e™)|3
2

3. Complex (p, q)—Extension Chebyshev Wavelets

In this section, we consider multiresolution analysis (MIRA). The multires-
olution analysis of wavelets is an important property in the multilevel approxi-
mation of engineering problems. Multiresolution analysis (MRA) can be viewed
as a sequence of approximations of a given function f(¢) at different resolutions.
Multiresolution analysis is an important tool to construct an orthonormal basis
of L(R). It used this tool to construct a class of compactly supported wavelets
with arbitrary regularity and Multiresolution analysis is a general method for
constructing wavelet bases.

Definition 3.1. Multiresolution Analysis: An MRA with scaling function
¢ is a collection of closed subspaces {V;}jez of L?((R), such that

() V - ‘/J+17

(i) f(@) € V) = f(20) € Vi

(iii) UV, = LQ((R)

(iv) ﬂV = 0;

(v There exists a function ¢ € Vj such that the collection {¢(z—k) : k € Z}
is a Riesz basis of Vj
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The sequence of wavelet subspaces W; of L?(R), are such that V; LW;, for
all j and Vj11 = V; @ W;. Closure of @ W; is dense in L?(R) for L?— norm.

Now we state Mallat’s theorem, which guarantees that in the presence of an
orthogonal MRA, an orthonormal basis for L?(R) exists. These basic functions
are fundamental in the wavelet theory, which helps us to develop advanced
computational techniques.

Lemma 3.2. [Mallat’s Theorem, 9] Given an orthogonal MRA with scaling
function ¢, there is a wavelet 1 € L*(R) such that for each j € 7, the family
{¥j k}rez is an orthonormal basis for W;. Hence, the family {1 r}rez is an
orthonormal basis for L?(R).

Definition 3.3. If the family {1; }rez is an orthonormal basis for L*(R).
(i) Let P,(f) be the orthogonal projection of L?([—1,1]) onto V;,. Then

Po(f) =3 < fibnk > b, n=1,23,...

(ii) The wavelet approximation of these polynomials a defined by
1

E(f) = |f Palf)2 = / F(B)Pu(f)(®)dt = o(6(n)),

-1
and
limy,—00d(n) = 0.

(iii) Suppose P, is a set of all polynomials of degree n and smaller on [a, b]
in L?(a,b], if for f € L?[a,b], there exists ¢gx € P, such that ¢* is wavelet
approximation and lim,_~E,(f) = 0. Then ¢* is called uniform wavelet
approximation to f on [a, b].

Definition 3.4 ((a.k.a. vanishing) moments). For a wavelet 1, the scalar
k € N is degree of multiresolution, if

/ 2PY(x)de =0 for p=10,1,2,...,k
R

Definition 3.5. Suppose k£ € N (degree of multiresolution), m > 0, n =
1,2,...,25=1. We define
i) first kind complex (p, ¢)—extension Chebyshev wavelets on [0, L]

it 2k+1 (2 t—2n41)
Tn,m(p7Q7e ) = Tm(p;Q§€ L )X (=1L nL_ (t)
n [ 2k—1 »2k71)

ii) second kind complex (p, ¢)—extension Chebyshev wavelets on [0, L]

2k+1

) ok
Un,m(pv%en) = Um(p;q;el(%tiw’wrl))X[ﬂ _nL_ (t)

ok—T '3k—1

iii) third kind complex (p, ¢)—extension Chebyshev wavelets on [0, L]

. 2]€+1 X ﬁ —om,
Vn,m(pv%en) = \/ n Vm(pQQ; el( =2 +1))X[ n—-1)LL Ll)(t)

ok—1 3k—
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iv) fourth kind complex (p, ¢)—extension Chebyshev wavelets on [0, L]

) ok+1 L
W (P, q,e™) = W (p; q; €T 12040
n

X[(nfl)L nL (t)

ok—1 '3k—1

Theorem 3.6. Let f € L2[0, L] be a continuous function and there is Q > 0
such that | f'(t)] < Q.

(i) If f(t) = 3020 Xomeo tnmTnm(p: a,€™), then complex (p, q)—extesion
Chebyshev wavelet approzimation f, for every l, is the partial sum

2" -1 i
SQk,l—l(t) = anl Zm:() tn,an,m (pa q, elt)a and

Eyega(f) =0 ) #)7

n=1m=Il

also, sor ;1 1s a uniform wavelet approzimation,

(i) If f(£) = o 0 Dore o tnmUn,m (P, q, €'), then complex (p, q)— Chebyshev
wavelet approximation f, for every l is the partial sum

k _ .
SQk,l71<t) = 2727,:1 Zflmio tn,mUn,m(pa q, elt)7 and

2k o

Eyra() = o33 (= + ——)2,

m m+1
n=1m=l

also, sor ;_1, is a uniform wavelet approzimation.
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Proof. Since f is continuous, there is P > 0 such that |f(¢)] < P.
(i) We have

lenm| = | < (1), nm>|
| / ()T (p. 0,
2k: 1
-1y [n o SO T (..t
n=1
2k 1
=12 (oo TOT (P 2 ]
2k
put u = —t—2n+1

p,q L-I-QnL L iw
2| / £ VT (p, 4, €

k_ ul +2nL — L mimu m ,—imu
A 1
0

k cos+2n+1_1 »
< 2F[(f () (R e )
1 Lo, cosO+2n+1 1 ima o —imau
+ *|/ zf'(T)%(—pme " g e ™ )dul
k 1 2
< 2§+1 m+ m _’_77
< ( (Ip™ + [al™) Em
= -
therefore
k2
|Cn,m|2 > -
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and
2 e [* 2+ 2
ITnmllz = 2’5/ |Tm(ft—2n+1)| dt
0
2k nL
_k 2k 2k 9
= 272 Zﬂmu |Tm(ft— 2n —1)|°dt
n=1 ok
2k:
tu = t—2n—1
put u 7 n
2k 1
= 23 Z/ Ty (u)?du
n=1 0
ok
T _k .
< 52 > I Tm(pia.e™)3
n=1
ok
— 7_‘,2§—1 Z(|p|2n + |q|2n)2.
n=1
E22k,zf1 = ||f - sm_l\lﬁ
2k o ko—1
= || Z Z cn,an,’m - Z Z Cn,an,mH%
n=1m=0 n=1m=0
2k o
= [ Z Z CmmemH%
n=1m=l
2k o
< ‘CanHTan%
n=1m=l

for some k € R

It follows that

and
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|C”»m| = | < f nm > |
pe'
- 22\/ FOUnm(p; q; €™ )| =7 2 |dt\
— 2
= nm ) 7 A dt
|Z/< i (p, g, ") | [dt]
gk—1 gk o
; 2k, . pei(ft_zn"rl _qel(ft—Qn—‘rl
— |Z[ﬂ 1 f(t)Um(p’%eq(Lt 2L+1))‘ 5 \2dt|
2k
put u = ft—2n—|—1
1 ) »
k uL+2nL—L iu pelu qe u
- 22‘/ 5 Un(p, ¢, ™) = ——[*dul
0 7
_ QQ/L f(uL+2nL—L)pm+1ei(m+1)u,qm+1e—i(m+1)u (peiu7q67iu)(peiuiqeiu))d0|
0 2k pett — ge~iu 4
L
E_ ul +2nL — L\ o1 ittty _ me 1 —i(mDuy () —iu i
= 22 2I/ f(2—k)(p +1,i(m+1) —q +1,—i(m+1) )(pe —ge ))du\
0
L
k_ uL—|—2nL—L m imu m i(m u m —imu m i(m m
-7 2'/ e L e A N 1]
0
) m+2 m+1 m+2 m-+1
m m+ 2 m m + 2
B L2Q pmt? gpmtl . g2 qpm+1)
2k m m 4+ 2 m m 42
m+2 m+1 m+2 m—+1
5 N a» q ap
= (227'P 4+ L2Q2>
( L2 +m+2+m+m+2)
1 1
< k(= 4+ ——).
B (m m—|—1)
therefore
1 1
lenml® < K=+ —2)7,

m m+1
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and
. (L ‘ peit — ge—it
Ul = 2% | |[Unm(pia;e™)P| —— [
0 21
ok—1 - pez’t _ qe—it )
— 1
= - | Un(py g, €| 5| dtl
2" ! (2 t—2n+1 (2 t—2n+1
_ (2 t—ant1)y 2/ PE T —gett
- (n l)L |Um(paQ7e L )| | 21
2k
tu = —t-2n+41
put u 7 n
2k 1 i
~ 9b / U (| 22 P
n=1 0
7r
S 5 Z”U b;qg,€ |2
= Zp +q*"
Egk’l,1 Hf_82k',lfl||§

It follows that

and

SIS 2k -1
1222 comUnm =2 D cnmUnmllz

n=1m=0 n=1m=0
2k o

= 112 2 cnmUnm3
n=1m=l
1 1

< h(—+——)2

m m+1

B 11—022 )2,

n=1m=I

lzml_mozz - m—l—l) =0.

n=1m=I

O

Corollary 3.7. Let f € L?[0, L] be a continuous function and there is Q > 0

such that |f'(t)| < Q.

|2dt
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(i) If f(t) = ZZO:O anozo trm Vam(P, ¢, ett)., then complex (p,q)—extension
Chebyshev wavelet approzimation f, for every l is the partial sums sqx ;1 (1) =

Zn 127” 0 n,m nm(p,q, ) and

2k oo
1 1 1 1
Ear_y = o( E E (kl(a + mrl 1)2 + 7‘32(m 1 + E)Q))a
n=1m=l

also sqr ;1 is uniform wavelet approrimation.

(i) If F(£) = 3o 0 > o tnmWa,m(p, ¢, €), then complez (p, q)— extension
Chebyshev wcwelet approzimation f, for every l is the partial sums sqr ;1 (1) =

Zn 12 nm nm(p7q, )7 and

E Zi )k + )
210 = o m+1 m—-1"m’
n=1m=lI
also, sor ;1 1s uniform wavelet approzimation.
Proof. (i) We have
Ezk,lq = Hf - 32'&',171“2
2k oo 2k -1
= H Z Z Cn,mVn,m - Z Z cn,mVn,mHQ
n=1m=0 n=1m=0
2k
= H Z Z Cn,mVn,m||2
n=1m=l
2k
< Z Z Cn,m||Vn,m||2
n=1m=lI
oo
S chnm”Unm_ n,m— 1”2
n=1m=lI
2F
S Z Z Cn,m||Un,mH2 + Un,m71||2
n=1m=l

IN
N
7
=
=
+
-
e
+
=
—_
+

| —
=

It follows that

PR b (g )?))

n=1m=Il
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(ii) We have
Ezk,lq = ||f - 82’6,171”2

2k oo k-1
= n, m CnomWn,m
1222 cnmWom =3 > eomWamllz

n=1m=0 n=1m=0

2k o
= 1> comWamll2

n=1m=l

2k
DD cumlWamll2

n=1m=l

IN

2k oo

Z Z Cnml|Unm + Unm—1ll2

n=1m=Il

Qk [e'e)
SN nmllUnimllz + Unim—1 12

n=1m=l

S kil 4 P k(T )

m+ 1 m—1 m

IN

IN

IN

n=1m=l

It follows that

2k oo
1 1
Eox 1, = O(Z Z(kl(a +——)+ kz(m

m+1

n=1m=l

4. Conclusion

In this paper, we will explore the sequences of polynomials of the generalized
Chebyshev polynomial of the second kind U, (p, q;e"?) and of the first kind
T (p,q;€?). Each of these sequences is useful in applications for a particular
reason. The Chebyshev polynomials of the second kind are defined by the fact
its connections with the generalized typically real functions; similarly as was
in the classical case.

Also, we define wavelets on complex (p, ¢) —extension, which is useful in Wavelet
theory.

In further research we can
1. define complex (p, ¢)—extension a—Chebyshev,

2. Solve differential equations for |z| > 1.
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