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Abstract. In this paper, we propose a generalized formula for well-

known functions such as (p, q)-Chebyshev polynomials. Our considera-

tion is focused on determining properties of generalized Chebyshev poly-
nomials of the first and second kind, sparking interest in constructing a

theory similar to the classical one. We define complex (p, q)−Chebyshev
wavelets. We estimate the wavelet approximation of a continuous func-

tion f ∈ L2[0, L].
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1. Introduction

In recent years, wavelets have found their way into many different fields of
science and engineering, particularly, in signal analysis, time-frequency analy-
sis and fast algorithms. Wavelets allow an accurate representation of several
functions. The wavelet approximation technique is a new tool for finding and
analyzing unexpected seismic signal processing changes. There is scarcely any
area of numerical analysis where Chebyshev polynomials do not drop in like
surprise visitors, and indeed, there are now a number of subjects in which these
polynomials take a significant position in modern developments, including or-
thogonal polynomials, polynomial approximation, numerical integration, and
spectral methods for partial differential equations.

Chebyshev polynomials appear in many areas of mathematics. In recent
years, this interest has often arisen from outside the subject of orthogonal
polynomials, after their connection with the class of analytic functions.
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In the following table we have Chebyshev polynomials(see [11-12]:

ChebyshevPolynomials Formula Weight Function
F irst Kind Chebyshev Tn(x) = cos n θ, x = cosθ 1√

1−x2

Second Kind Chebyshev Un(x) = sin (n+1) θ
sin θ , x = cosθ

√
1− x2

Third Kind Chebyshev Vn(x) =
cos(n+ 1

2 )θ

cos( θ2 )
, x = cosθ

√
1+x
1−x

Fourth Kind Chebyshev Wn(x) =
sin(n+ 1

2 )θ

sin( θ2 )
, x = cosθ

√
1−x
1+x

2. (p, q)−extension Chebyshev polynomials

We have q−extension Chebyshev polynomials on D = {z : |z| < 1} (see [1,
6]).

Definition 2.1. For x = cosθ, θ ∈ [−π, π], n = 0, 1, 2, 3, . . . and q ∈ (−1, 1]
we have

Kinds q − extension Chebyshev polynomials
F irst−Kind q − extension Chebyshev Tn(q; eiθ) = 1

2 (einθ + qne−inθ)

Second−Kind q − extension Chebyshev Un(q; eiθ) = ei(n+1)θ−qn+1e−i(n+1)θ

eiθ−qe−iθ

Third−Kind q − extension Chebyshev Vn(q; eiθ) = Un(q; eiθ)− Un−1(q; eiθ)
Fourth−Kind q − extension Chebyshev Wn(q; eiθ) = Un(q; eiθ)− Un−1(q; eiθ).

Observe that Tn(1; eiθ) = Tn(cosθ), Un(1; eiθ) = Un(cosθ), Vn(1; eiθ) =
Vn(cosθ) and Wn(1; eiθ) = Wn(cosθ) are ordinary Chebyshev polynomials. We
have (p, q)−extension Chebyshev polynomials on D = {z : |z| < 1},

Definition 2.2. For x = cosθ, θ ∈ [−π, π], n = 0, 1, 2, 3, . . . and p, q ∈ (−1, 1]
we have

Kinds (p, q)− extension Chebyshev polynomials
F irst−Kind (p, q)− extension Tn(p; q; eiθ) = 1

2 (pneinθ + qne−inθ)

Second−Kind (p, q)− extension Un(p; q; eiθ) = pn+1ei(n+1)θ−qn+1e−i(n+1)θ

peiθ−qe−iθ

Third−Kind (p, q)− extension Vn(p; q; eiθ) = Un(p; q; eiθ)− Un−1(p; q; eiθ)
Fourth Kind (p, q)− extension Wn(p; q; eiθ) = Un(p; q; eiθ) + Un−1(p; q; eiθ).

Observe that Tn(1; 1; eiθ) = Tn(cosθ), Un(1; 1; eiθ) = Un(cosθ), Vn(1; 1; eiθ) =
Vn(cosθ) and Wn(1; 1; eiθ) = Wn(cosθ) are ordinary Chebyshev polynomials.

Theorem 2.3. The trigonometric polynomials Tn(p; q; eiθ), Un(p; q; eiθ), Vn(p; q; eiθ)
and Wn(p; q; eiθ) satisfy the three-term recurrence relations for n ≥ 0

( i) Tn+2(p; q; eiθ)) = (peiθ+qe−iθ)Tn+1(q; eiθ)−pqTn(q; eiθ), T0(p; q; eiθ) =
1 and T1(p; q; eiθ) = 1

2 (peiθ + qe−iθ),

( ii) Un+2(p; q; eiθ)) = (peiθ+qe−iθ)Un+1(p; q; eiθ)−pqUn(p; q; eiθ), U0(p; q; eiθ) =
1 and U1(p; q; eiθ) = peiθ + qe−iθ,

( iii) Vn+2(p; q; eiθ)) = (peiθ+qe−iθ)Vn+1(p; q; eiθ)−pqVn(p; q; eiθ), V0(p; q; eiθ) =

1 and V1(p; q; eiθ) = 1
2 (peiθ + qe−iθ) + p

1
2 q

1
2 ,
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( iv)Wn+2(p; q; eiθ)) = (peiθ+qe−iθ)Wn+1(p; q; eiθ)−pqWn(p; q; eiθ),W0(p; q; eiθ) =

1 and W1(p; q; eiθ) = peiθ + qe−iθ − p 1
2 q

1
2 .

Proof. Parts (i) and (ii) are proved in [6]. Here is the proof of (iii):

Vn+2(p; q; eiθ)) = Un+2(p; q; eiθ)− Un+1(p; q; eiθ)

= (peiθ + qe−iθ)Un+1(p; q; eiθ)− pqUn(p; q; eiθ)

− (peiθ + qe−iθ)Un(p; q; eiθ) + pqUn− 1(p; q; eiθ)

= (peiθ + qe−iθ)(Un+1(p; q; eiθ)− Un(p; q; eiθ)

− pq(Un(p; q; eiθ)− Un−1(p; q; eiθ))

= (peiθ + qe−iθ)Vn+1(p; q; eiθ)− pqVn(p; q; eiθ).

The part (iv) is proved below:

Wn+2(p; q; eiθ)) = Un+2(p; q; eiθ) + Un+1(p; q; eiθ)

= (peiθ + qe−iθ)Un+1(p; q; eiθ)− pqUn(p; q; eiθ)

+ (peiθ + qe−iθ)Un(p; q; eiθ) + pqUn− 1(p; q; eiθ)

= (peiθ + qe−iθ)(Un+1(p; q; eiθ) + Un(p; q; eiθ)

− pq(Un(p; q; eiθ) + Un−1(p; q; eiθ))

= (peiθ + qe−iθ)Vn+1(p; q; eiθ)− pqVn(p; q; eiθ).

�

Note that Tn(1; 1; eiθ) = Tn(cosθ), Un(1; 1; eiθ) = Tn(cosθ), Vn(1; 1; eiθ) =
Tn(cosθ) and Wn(1; 1; eiθ) = Wn(cosθ) are ordinary Chebyshev polynomials.

Theorem 2.4. The trigonometric polynomials satisfy the following orthogo-
nality relations:

(i)

∫ π

−π
Tn(p; q; eiθ)Tm(p; q, eiθ)dθ =


0 if m 6= n
π
2 (p2n + q2n) if m = n 6= 0

2π if m = n = 0,

.

(ii)

∫ π

−π
Un(p; q; eiθ)Um(p; q, eiθ)|pe

iθ − qe−iθ

2i
|2dθ =


0 if m 6= n
π
2 (p2n + q2n) if m = n 6= 0

2π if m = n = 0,

.

(iii)

∫ π

−π
Vn(p; q; eiθ)Vm(p; q, e−iθ)|pe

iθ − qe−iθ

2i
|2dθ =


0 if m 6= n

π(p2n + q2n) if m = n 6= 0

4π if m = n = 0,

.



58 H. Mazaheri, A.W. Safi and S.M. Jesmani

(iv)

∫ π

−π
Wn(p; q; eiθ)Wm(p; q, e−iθ)|pe

iθ − qe−iθ

2i
|2dθ =


0 if m 6= n

π(p2n + q2n) if m = n 6= 0

4π if m = n = 0,

.

Proof. The parts (i) and (ii) are proved in [6] and [12].
Part (iii) if m = n or m = n− 1 is proved below:∫ π
−π Vn(p; q; eiθ)Vm(p; q, e−iθ)|pe

iθ − qe−iθ

2i
|2dθ

=

∫ π

−π
(Un(p; q; eiθ)− Un−1(p; q; eiθ))(Um(p; q; e−iθ)− Um−1(p; q; e−iθ)|pe

iθ − qe−iθ

2i
|2dθ

=

∫ π

−π
[Un(p; q; eiθ)Um(p; q; e−iθ)− Un(p; q; eiθ)Um−1(p; q; e−iθ)

− Un−1(p; q; eiθ))Um(p; q; e−iθ) + Un−1(p; q; eiθ)Um−1(p; q; e−iθ)]|pe
iθ − qe−iθ

2i
|2dθ

= π(p2n + q2n),

If m 6= n, n− 1∫ π
−π Vn(p; q; eiθ)Vm(p; q, eiθ)|pe

iθ + qeiθ

2i
|2dθ = 0,

and ∫ π
−π V0(p; q; eiθ)V0(p; q, eiθ)|pe

iθ + qe−iθ

2i
|2dθ = 4π.

part (iv) if m = n or m = n− 1 is proved below:∫ π
−π Wn(p; q; eiθ)Wm(p; q, eiθ)|pe

iθ − qe−iθ

2i
|2dθ

=

∫ π

−π
(Un(p; q; eiθ) + Un−1(p; q; eiθ))(Um(p; q; eiθ) + Um−1(p; q; eiθ)|pe

iθ − qe−iθ

2i
|2dθ

=

∫ π

−π
[Un(p; q; eiθ)Um(p; q; eiθ) + Un(p; q; eiθ)Um−1(p; q; eiθ)

+ Un−1(p; q; eiθ))Um(p; q; eiθ) + Un−1(p; q; eiθ)Um−1(p; q; eiθ)]|pe
iθ − qe−iθ

2i
|2dθ

= π(p2n + q2n),

if m 6= n, n− 1∫ π
−π Wn(p; q; eiθ)Wm(p; q, eiθ)|pe

iθ − qe−iθ

2i
|2dθ = 0,

and ∫ π
−π W0(p; q; eiθ)W0(p; q, eiθ|pe

iθ − qe−iθ

2i
|2dθ = 4π.
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�

In the following corollary, we found L2− norm of Tn, T0, Un, U0, Vn, V0 and
Wn,W0

Corollary 2.5. If n 6= 0, it is proved below:

‖ Tn(p; q; eiθ)‖22
= ‖Un(p; q; eiθ)‖22
=

π

2
(p2n + q2n),

‖ Vn(p; q; eiθ)‖22
= ‖Wn(p; q; eiθ)‖22
= π(p2n + q2n),

and

‖ T0(p; q; eiθ)‖22
= ‖U0(p; q; eiθ)‖22

= ‖V0(p; q; eiθ)‖22
= ‖W0(p; q; eiθ)‖22
= 2π

3. Complex (p, q)−Extension Chebyshev Wavelets

In this section, we consider multiresolution analysis (MRA). The multires-
olution analysis of wavelets is an important property in the multilevel approxi-
mation of engineering problems. Multiresolution analysis (MRA) can be viewed
as a sequence of approximations of a given function f(t) at different resolutions.
Multiresolution analysis is an important tool to construct an orthonormal basis
of L2(R). It used this tool to construct a class of compactly supported wavelets
with arbitrary regularity and Multiresolution analysis is a general method for
constructing wavelet bases.

Definition 3.1. Multiresolution Analysis: An MRA with scaling function
φ is a collection of closed subspaces {Vj}j∈Z of L2((R), such that

(i) Vj ⊂ Vj+1;
(ii) f(x) ∈ Vj ⇐⇒ f(2x) ∈ Vj+1;

(iii) ∪Vj = L2((R),
(iv) ∩Vj = 0;
(v) There exists a function φ ∈ V0 such that the collection {φ(x–k) : k ∈ Z}

is a Riesz basis of V0
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The sequence of wavelet subspaces Wj of L2(R), are such that Vj⊥Wj , for
all j and Vj+1 = Vj

⊕
Wj . Closure of

⊕
Wj is dense in L2(R) for L2− norm.

Now we state Mallat’s theorem, which guarantees that in the presence of an
orthogonal MRA, an orthonormal basis for L2(R) exists. These basic functions
are fundamental in the wavelet theory, which helps us to develop advanced
computational techniques.

Lemma 3.2. [Mallat’s Theorem, 9] Given an orthogonal MRA with scaling
function φ, there is a wavelet ψ ∈ L2(R) such that for each j ∈ Z, the family
{ψj,k}k∈Z is an orthonormal basis for Wj. Hence, the family {ψj,k}k∈Z is an
orthonormal basis for L2(R).

Definition 3.3. If the family {ψj,k}k∈Z is an orthonormal basis for L2(R).
(i) Let Pn(f) be the orthogonal projection of L2([−1, 1]) onto Vn. Then

Pn(f) =

∞∑
−∞

< f, φn,k > φn,k, n = 1, 2, 3, . . .

(ii) The wavelet approximation of these polynomials a defined by

En(f) = ‖f–Pn(f)‖22 =

∫ 1

−1
|f(t)–Pn(f)(t)|2dt = o(φ(n)),

and
limn→∞φ(n) = 0.

(iii) Suppose Pn is a set of all polynomials of degree n and smaller on [a, b]
in L2(a, b], if for f ∈ L2[a, b], there exists q∗ ∈ Pn such that q∗ is wavelet
approximation and limn→∞En(f) = 0. Then q∗ is called uniform wavelet
approximation to f on [a, b].

Definition 3.4 ((a.k.a. vanishing) moments). For a wavelet ψ, the scalar
k ∈ N is degree of multiresolution, if∫

R
xpψ(x)dx = 0 for p = 0, 1, 2, ..., k

Definition 3.5. Suppose k ∈ N (degree of multiresolution), m ≥ 0, n =
1, 2, ..., 2k−1. We define

i) first kind complex (p, q)−extension Chebyshev wavelets on [0, L]

Tn,m(p, q, eit) =

√
2k+1

n
Tm(p; q; ei(

2k

L t−2n+1))χ
[
(n−1)L

2k−1 , nL

2k−1 )
(t).

ii) second kind complex (p, q)−extension Chebyshev wavelets on [0, L]

Un,m(p, q, eit) =

√
2k+1

n
Um(p; q; ei(

2k

L t−2n+1))χ
[
(n−1)L

2k−1 , nL

2k−1 )
(t).

iii) third kind complex (p, q)−extension Chebyshev wavelets on [0, L]

Vn,m(p, q, eit) =

√
2k+1

n
Vm(p; q; ei(

2k

L t−2n+1))χ
[
(n−1)LL

2k−1 , n

2k−1 )
(t).
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iv) fourth kind complex (p, q)−extension Chebyshev wavelets on [0, L]

Wn,m(p, q, eit) =

√
2k+1

n
Wm(p; q; ei(

2k

L t−2n+1))χ
[
(n−1)L

2k−1 , nL

2k−1 )
(t).

Theorem 3.6. Let f ∈ L2[0, L] be a continuous function and there is Q > 0
such that |f ′(t)| ≤ Q.

(i) If f(t) =
∑∞
n=0

∑∞
m=0 tn,mTn,m(p, q, eit), then complex (p, q)−extesion

Chebyshev wavelet approximation f , for every l, is the partial sum

s2k,l−1(t) =
∑2k

n=1

∑l−1
m=0 tn,mTn,m(p, q, eit), and

E2k,l−1(f) = o(

2k∑
n=1

∞∑
m=l

1

m2
),

also, s2k,l−1 is a uniform wavelet approximation,

(ii) If f(t) =
∑∞
n=0

∑∞
m=0 tn,mUn,m(p, q, eit), then complex (p, q)−Chebyshev

wavelet approximation f , for every l is the partial sum

s2k,l−1(t) =
∑2k

n=1

∑l−1
m=0 tn,mUn,m(p, q, eit), and

E2k,l−1(f) = o(

2k∑
n=1

∞∑
m=l

(
1

m
+

1

m+ 1
)2,

also, s2k,l−1, is a uniform wavelet approximation.
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Proof. Since f is continuous, there is P > 0 such that |f(t)| ≤ P .
(i) We have

|cn,m| = | < f(t), Tn,m > |

= |
∫ L

0

−f(t)Tn,m(p, q, eit)dt|

= |
2k−1∑
n=1

∫ nL

2k−1

(n−1)L

2k−1

f(t)Tn,m(p, q, eit)dt|

= |
2k−1∑
n=1

∫ nL

2k−1

(n−1)L

2k−1

f(t)Tm(p, q, ei(
2k

L t−2n+1))dt|

put u =
2k

L
t− 2n+ 1

= 2
k
2 |
∫ 1

0

f(
u(p; q : L+ 2nL− L

2k
)Tm(p, q, eiu)du|

= 2
k
2−1|

∫ 1

0

|f(
uL+ 2nL− L

2k
||(pmeimu + qme−imu)|du|

≤ 2
k
2 |[(f(

cosθ + 2n+ 1

2k
)

1

im
(−pmeimcu + qme−imu)10|

+
1

2
k
2

|
∫ 1

0

if ′(
cosθ + 2n+ 1

2k
)

1

im
(−pmeimu + qme−imu)du|

≤ 2
k
2+1(

1

m
(|p|m + |q|m) +

1

2
k
2

2

m

=
k1
m
,

therefore

|cn,m|2 ≤ k21
m2

.
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and

‖Tn,m‖22 = 2−
k
2

∫ L

0

|Tm(
2k

L
t− 2n+ 1)|2dt

= 2−
k
2

2k∑
n=1

∫ nL

2k

(n−1)L

2k

|Tm(
2k

L
t− 2n− 1)|2dt

put u =
2k

L
t− 2n− 1

= 2
k
2

2k∑
n=1

∫ 1

0

Tm(u)2du

≤ π

2
2
k
2

2k∑
n=1

‖Tm(p; q, eit)|22

= π2
k
2−1

2k∑
n=1

(|p|2n + |q|2n)2.

E2
2k,l−1 = ‖f − s2k,l−1‖22

= ‖
2k∑
n=1

∞∑
m=0

cn,mTn,m −
2k∑
n=1

l−1∑
m=0

cn,mTn,m‖22

= ‖
2k∑
n=1

∞∑
m=l

cn,mTn,m‖22

≤
2k∑
n=1

∞∑
m=l

|cn,m|2‖Tn,m‖22

for some k ∈ R

=

∞∑
m=l

k

m2
.

It follows that

E2k−1,l = o(

∞∑
n=1

(
k

m2
),

and

liml→∞

∞∑
m=l

k

m2
= 0.
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(ii) We have

|cn,m| = | < f(t), Un,m > |

= 2
k
2 |
∫ L

0

f(t)Un,m(p; q; eit)|pe
it − qe−it

2i
|2dt|

= |
2k−1∑
n=1

∫ nL

2k−1

(n−1)L

2k−1

f(t)Un,m(p, q, eit)|pe
it − qe−it

2i
|2dt|

= |
2k−1∑
n=1

∫ nL

2k−1

(n−1)L

2k−1

f(t)Um(p, q, ei(
2k

L t−2n+1))|pe
i( 2k

L t−2n+1 − qei( 2k

L t−2n+1

2i
|2dt|

put u =
2k

L
t− 2n+ 1

= 2
k
2 |
∫ 1

0

f(
uL+ 2nL− L

2k
)Um(p, q, eiu)|pe

iu − qe−iu

2i
|2du|

= 2
k
2 |
∫ L

0

f(
uL+ 2nL− L

2k
)
pm+1ei(m+1)u − qm+1e−i(m+1)u

peiu − qe−iu
(peiu − qe−iu)(peiu − qeiu))

4
dθ|

= 2
k
2−2|

∫ L

0

f(
uL+ 2nL− L

2k
)(pm+1ei(m+1)u − qm+1e−i(m+1)u)(pe−iu − qeiu))du|

= 2
k
2−2|

∫ L

0

f(
uL+ 2nL− L

2k
)(pm+2eimu − qpm+1ei(m+2)u + qm+2e−imu − pm+1qei(m+2)u)du|

≤ 2
k
2−1P (

pm+2

m
+
qpm+1

m+ 2
+
qm+2

m
+
qpm+1

m+ 2
)

− L2Q

2k
(
pm+2

m
+
qpm+1

m+ 2
+
qm+2

m
+
qpm+1

m+ 2
)

= (2
k
2−1P + L2Q2

k
2 )(

pm+2

m
+
qpm+1

m+ 2
+
qm+2

m
+
qpm+1

m+ 2
)

≤ k(
1

m
+

1

m+ 1
).

therefore

|cn,m|2 ≤ k2(
1

m
+

1

m+ 1
)2,
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and

‖Un,m‖22 = 2
k
2

∫ L

0

|Un,m(p; q; eit)|2|pe
it − qe−it

2i
|2dt|

=

2k−1∑
n=1

∫ nL

2k−1

(n−1)L

2k−1

|Un,m(p, q, eit)|2|pe
it − qe−it

2i
|2dt|

=

2k−1∑
n=1

∫ nL

2k−1

(n−1)L

2k−1

|Um(p, q, ei(
2k

L t−2n+1))|2|pe
i( 2k

L t−2n+1 − qei( 2k

L t−2n+1

2i
|2dt

put u =
2k

L
t− 2n+ 1

= 2
k
2

2k∑
n=1

∫ 1

0

Um(u)2|pe
iu − qe−iu

2i
|2du

≤ π

2
2
k
2

2k∑
n=1

‖Um(p; q, eit)|22

= π2
k
2−1

2k∑
n=1

(p2n + q2n)2.

E2
2k,l−1 = ‖f − s2k,l−1‖22

= ‖
∞∑
n=1

∞∑
m=0

cn,mUn,m −
2k∑
n=1

l−1∑
m=0

cn,mUn,m‖22

= ‖
2k∑
n=1

∞∑
m=l

cn,mUn,m‖22

≤ k(
1

m
+

1

m+ 1
)2.

It follows that

E2k−1,l = o(

2k∑
n=1

∞∑
m=l

(
1

m
+

1

m+ 1
)2,

and

liml→∞

2k∑
n=1

∞∑
m=l

(
1

m
+

1

m+ 1
)2 = 0.

�

Corollary 3.7. Let f ∈ L2[0, L] be a continuous function and there is Q > 0
such that |f ′(t)| ≤ Q.
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(i) If f(t) =
∑∞
n=0

∑∞
m=0 tn,mVn,m(p, q, eit)., then complex (p, q)−extension

Chebyshev wavelet approximation f , for every l is the partial sums s2k,l−1(t) =∑2k

n=1

∑l−1
m=0 tn,mVn,m(p, q, eit). and

E2k−1,l = o(

2k∑
n=1

∞∑
m=l

(k1(
1

m
+

1

m+ 1
)2 + k2(

1

m− 1
+

1

m
)2)),

also s2k,l−1 is uniform wavelet approximation.

(ii) If f(t) =
∑∞
n=0

∑∞
m=0 tn,mWn,m(p, q, eit), then complex (p, q)−extension

Chebyshev wavelet approximation f , for every l is the partial sums s2k,l−1(t) =∑2k

n=1

∑l−1
m=0 tn,mWn,m(p, q, eit), and

E2k−1,l = o(

2k∑
n=1

∞∑
m=l

(k1(
1

m
+

1

m+ 1
)2 + k2(

1

m− 1
+

1

m
)2)),

also, s2k,l−1 is uniform wavelet approximation.

Proof. (i) We have

E2k,l−1 = ‖f − s2k,l−1‖2

= ‖
2k∑
n=1

∞∑
m=0

cn,mVn,m −
2k∑
n=1

l−1∑
m=0

cn,mVn,m‖2

= ‖
2k∑
n=1

∞∑
m=l

cn,mVn,m‖2

≤
2k∑
n=1

∞∑
m=l

cn,m‖Vn,m‖2

≤
2k∑
n=1

∞∑
m=l

cn,m‖Un,m − Un,m−1‖2

≤
2k∑
n=1

∞∑
m=l

cn,m‖Un,m‖2 + Un,m−1‖2

≤
2k∑
n=1

∞∑
m=l

(k1(
1

m
+

1

m+ 1
)2 + k1(

1

m− 1
+

1

m
)2).

It follows that

E2k−1,l = o(

2k∑
n=1

∞∑
m=l

(k1(
1

m
+

1

m+ 1
)2 + k2(

1

m− 1
+

1

m
)2)).
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(ii) We have

E2k,l−1 = ‖f − s2k,l−1‖2

= ‖
2k∑
n=1

∞∑
m=0

cn,mWn,m −
2k∑
n=1

l−1∑
m=0

cn,mWn,m‖2

= ‖
2k∑
n=1

∞∑
m=l

cn,mWn,m‖2

≤
2k∑
n=1

∞∑
m=l

cn,m‖Wn,m‖2

≤
2k∑
n=1

∞∑
m=l

cn,m‖Un,m + Un,m−1‖2

≤
2k∑
n=1

∞∑
m=l

cn,m‖Un,m‖2 + Un,m−1‖2

≤
2k∑
n=1

∞∑
m=l

(k1(
1

m
+

1

m+ 1
)2 + k1(

1

m− 1
+

1

m
)2).

It follows that

E2k−1,l = o(

2k∑
n=1

∞∑
m=l

(k1(
1

m
+

1

m+ 1
)2 + k2(

1

m− 1
+

1

m
)2)).

�

4. Conclusion

In this paper, we will explore the sequences of polynomials of the generalized
Chebyshev polynomial of the second kind Un(p, q; eiθ) and of the first kind
Tn(p, q; eiθ). Each of these sequences is useful in applications for a particular
reason. The Chebyshev polynomials of the second kind are defined by the fact
its connections with the generalized typically real functions; similarly as was
in the classical case.
Also, we define wavelets on complex (p, q)−extension, which is useful in Wavelet
theory.

In further research we can
1. define complex (p, q)−extension α−Chebyshev,
2. Solve differential equations for |x| ≥ 1.
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