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ABSTRACT. This paper extends the notion of module actions on Banach
algebras. It studies strict and quasi-strict topologies on the space of bilin-
ear and separately continuous module actions defined over the dual space
of a Banach algebra. The paper investigates how these topologies behave
and their mathematical properties.
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1. Introduction

In [10,11], Rieffel conducted a comprehensive study of the Banach module
hom 4 (A, W), which consists of the space of continuous homomorphisms from
a topological algebra A into a topological left A-module W.

Let V and W be topological left A-modules, where both are topological
vector spaces and A is a topological algebra. Denote by hom 4 (V, W) the space
of continuous linear A-module homomorphisms from V to W. When V is
endowed with a bimodule structure over A, for each T' € homu(V, W), the
operation (a * T)(v) := T(v - a) equips homa(V,W) with a left A-module
structure. In particular, for any b € A and v € V| the identity

(axT)b-v)=Tb-v)-a=Tb-(v-a)=b-T(w-a)=b-(axT)(v)

holds. This shows that homa (A, W) also inherits a left A-module structure
under this operation. Furthermore, if A is commutative, the action (T*a)(v) :=
T(a - v) defines a right A-module structure on hom 4 (V, W).

In the special case where V' =W = A, the space hom4 (A, A) coincides with
the multiplier algebra M(A) of A. This naturally relates the notions of module
homomorphisms, multipliers, and quasi-multipliers.

Let A be a Banach space. We denote its dual by A*, and for each a € A and
¢ € A*, the pairing (a, ¢) (also (¢, a)) represents the canonical duality between
A and A*. We always view A as canonically embedded in A** via the mapping
7, defined by (7(a),¢) := ((,a) for all a € A and ¢ € A*.
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Assume now that A is a Banach algebra. The bidual A** admits two natural
extensions of multiplication: the first and second Arens products. This paper
is concerned with the first Arens product. Let a € A, { € A*, and F,G € A**.
Define the actions

(¢-a,b) :={((,ab) and (G-(,b):=(G,(-b) forallbe A.
Then, the first Arens product F o G is given by
(FoG,():=(F,G-() forall (e A"

The second Arens product, denoted o', is defined in a similar manner. With
these multiplications, A** becomes a Banach algebra containing A as a subal-
gebra.

A Banach algebra A is called factorable if AA = A. The subspaces A*A :=
{C-a:(e€ A" ac A} and AA* :={a-(:a € A, € A*} are often considered.
We say that A* factors on the left if A*A = A* and on the right if AA* = A*.

In [1-4], we explored extensions of the theory of quasi-multipliers to settings
beyond Banach algebras. In particular, we examined quasi-multipliers in the
context of f-algebras, f-algebras, duals of Banach algebras, and general topo-
logical algebras. Our analysis addressed how classical methods can be adapted
to extend the theory to these broader frameworks.

In this paper, we further investigate module actions and introduce several
notions of strict and quasi-strict topologies on the space By,od(A*), the collec-
tion of all bilinear module actions over A*.

2. Generalized module actions

Definition 2.1. Let m : A* x A — A* be a bilinear map. We say that m
defines a right module action over A* if it satisfies the following conditions:

(1) m(a-¢,b) =a-m((,b) and m({,ba) =m((,b) - a,

for all ( € A* and a,b € A.
Similarly, a bilinear map m’ : A x A* — A* is called a left module action
over A* if the following equalities hold:

m/(a'ba C) =a- m/(ba C) and m/<b7 C ' a) = m/(ba C) - a,
for every ( € A* and a,b € A.

Let Bod(A*) be the set of all bilinear and separately continuous right mod-
ule actions over A*. It is clear that Byoa(A*) forms a linear space. Moreover,
it becomes a Banach space when equipped with the norm

[m[l = sup{[lm(¢,a)]| : ¢ € A", a € A, |[{]| <1, [la] <1}.

Let A be a Banach algebra. A mapping T': A* — A* is called a right module
action over A* if

T(a-¢)=a-T(C), forall(e A", ac A.
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We denote by Mod(A*) the space of all bounded linear right module actions
over A*. Tt is clear that for each a € A, the right multiplication operator R,
defined by

is a right module action over A*.

Definition 2.2. A bounded approximate identity {ex : A € I} in a Banach
algebra A is called an ultra*-approzimate identity if, for every m € Bpoa(A*)
and every ¢ € A*, the net {m((,ex) : A € I} is Cauchy in A*.

Theorem 2.3. Let A be a factorable Banach algebra equipped with an ultra®-
approzimate identity {ex}. Then the mapping

p: Mmod(A*) — Bmod(A*)a pT(Cv a’) = (TC) - a

for all T € Mpoda(A*), ¢ € A*, and a € A, is bijective with ||p|| < 1. Further-
more, if {ex} is an approzimate identity of norm one, then p is an isometry.

Proof. Let T € Myoa(A*) be arbitrary. It is clear that pr defines a bilinear
mapping from A* x A into A* and that it is bounded with norm at most ||T°]].
For ( € A* and a,b € A, we compute:

pr(a-¢b)=T(a-¢)-b=(a-T¢)-b=a-(T¢-b) =a-pr(¢.b),
and
pr(¢,ba) = (TC) - (ba) = ((TC) - b) - a = pr(¢,b) - a.
Clearly, pr is bilinear and separately continuous, hence pr € Bpoa(A*). There-
fore, the mapping p: Muyod(A*) — Bmoa(A*) is linear and satisfies ||pr| <
||, which implies ||p| < 1.
If pr =0, then (7¢) -a =0 for all ( € A* and a € A. Thus, for any b € A,

(T¢ - a,b) =(T¢,ab) = 0.

Since A is factorable, it follows that T' = 0.
Now let m € Biod(A*) be arbitrary. Define a mapping T': A* — A* by

T< = 11}r\nm(§, 6)\),

which exists in A* by the assumption that {ey} is an ultra*-approximate iden-
tity. Then T' € Muoa(A*) and

pT(Ca CL) = (TC) a4 = 11)1\11771((, €>\) a4 = m(C? (I),

so p is surjective.

Finally, suppose that {e)} is an approximate identity for A of norm one.
Let T € Mpoa(A*) and € > 0 be arbitrary. Choose ¢ € A* such that ||(|| <1
and ||T¢|| > ||IT|| —e. Since for any a € A,

li{n<T§ cey,a) = li{n<T§,e>\ ~a)y =(T¢, a),
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it follows that
lorll > timlpr(C.ex)]l = W [T - ex]| > 7] ~ .
Since € > 0 was arbitrary, we conclude that ||pr|| = ||T']], so p is an isometry. [

Let A be a factorable Banach algebra with an ultra*-approximate identity.
Using Theorem 2.3, we can define a multiplication operation on Bp,oq(A*) that
turns it into a Banach algebra. The procedure is as follows:

Let my1,m2 € Bmod(A*). By Theorem 2.3, there exist 71,75 € Mod(A*)
such that my = pp, and mg = pr,. We define their product by

my ©p M2 = P1,Ty,

which is a well-defined multiplication in Bp,eq(A4*).

3. Strict topology and quasi-strict topology on B,,,:(A*)

This section is devoted to the definition of the strict and quasi-strict topolo-
gies on the space Byod (4*), and to extending certain related results from [5,7,9]
to the setting of bilinear module actions.

Note that Bpnoa(A*) can be endowed with an A-bimodule structure as fol-
lows. For m € Bpoa(A*) and a € A, define the left and right actions a xm and
m * a as functions from A* x A to A*, given by

(a‘ * m)(<7 b) = m(C @, b)7
(m * a)(C’ b) = m(C7 ab),

It is straightforward to verify that a * m and m * a both belong to Bumoed(A4*),
thus confirming that Boq(A*) indeed forms an A-bimodule.
Let 7 denote the norm topology on Bp,eq(A*).

(Ce A", be A).

Definition 3.1. The strict topology 8 on Boda(A*) is defined by the family of
seminorms

m— ||mxal, (a € A).

Definition 3.2. The quasi-strict topology v on Bmoa(A*) is defined by the
family of seminorms

m— [m(Ca)ll,  (C€ A", acA).
Lemma 3.3. If A is a factorable Banach algebra, then v C 5 C 7.

Proof. Let {mq}acr be a net in Bpoq(A*) converging to m € Bpod(A*) in the
B-topology. Fix an arbitrary ¢ € A*. Since A is factorable, for every a € A
there exist b,c € A such that a = bc. By the definition of the S-topology, we
have ||mq * b —m x b|| — 0, and hence

Ima (¢, a) —m(C, a)ll = [[ma(C, be) —m(C, be)|
= [[(ma * 0)(¢, ¢) = (m xb)(C, ¢)|| = 0.
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This proves that {m,} converges to m in the y-topology. The inclusion § C 7
is immediate from the definition. O

Proposition 3.4. Let A be a factorable Banach algebra equipped with an ultra®-
approximate identity. Suppose that A* factors on the right. Then the map

¢a: (A7) = (Bmod(A"),B)
defined by
(¢a(a))(¢,0) = C-ab
18 a continuous injective homomorphism.

Proof. Let {aq} be a net in A converging to a € A in the topology 7. For any
¢ € A* and b,c € A, we compute

[(@a(aa) *b)(C, ) = (¢ala) x b)(C, c)[| = [[(pa(aa))(C, be) — (da(a))(C, be)]
= ||¢ - agbc — ¢ - abc|| — 0.
Therefore, ¢ 4(aq) —? ¢a(a). This establishes continuity.
We now show that ¢4 is multiplicative. Let aq1,as € A. By Theorem 2.3,
there exist Th, Ty € Mpod(A*) such that
palar) = pr,, dalaz) = pr,.
For all ( € A* and b € A, we have
Tl(C)~b:(-a1b7 TQ(C)bZCCLQb
Thus,
(¢A(a’1) ©p ¢A(a2))(§u b) = PTLT, (C? b) = T2(T1(<)) b= Tl (C) ' (a2b)
= C . alagb = (bA(CLlag)(C, b)

To prove injectivity, suppose ¢4(a) = 0 for some a € A. Then for all { € A*
and b € A, we have

(C,ab)y=0 = (b-(,a)=0.
Since A* factors on the right, the functionals b - ( span a dense subset of A*,

so it follows that a = 0. Hence, ¢ 4 is injective. O

Proposition 3.5. Let A be a factorable Banach algebra equipped with an ultra®-
approzimate identity. If A* factors on the right, then the image p(A) is closed
in the B-topology.

Proof. Letm € @A(A)B, so there exists a net {a,} C A such that v 4(an) LN
By the definition of the S-topology, for each b € A, we have

palag)*b— m=*b in norm.

Since
(palaq) *b)(¢,¢) =C-anbe forall (€ A", c€ A,
we deduce that ¢ - anbc — (m xb)((, ¢) for all {, b, c.
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This implies that {a,} is Cauchy in the T-topology of A. Since A is complete,
there exists a € A such that a, —- a.
By Proposition 3.4, ¢4 is continuous, hence

B
palaa) = pala).
Because limits in Hausdorff spaces are unique and ¢ 4 (a4 ) i m, it follows that
m = @a(a). Therefore, m € p4(A), and so the image is S-closed. O

Theorem 3.6. Let A be a factorable Banach algebra equipped with an ultra™-
approximate identity. Then the topological vector spaces (Bmod(A*),7), (Bmoa(A*),T),
and (Bmod(A*), B) have identical collections of bounded subsets.

Proof. Since v C 7, every 7-bounded set is necessarily y-bounded.
Conversely, suppose that K C Byod(A*) is y-bounded. Then for each a € A
and ¢ € A*, there exists a constant r = r(a, () > 0 such that

(2) [lm(a,¢Q)|| <r, forall me K.
For each m € K and ¢ € A*, define the operator M : A — A* by
Mc(a) = m(a,), (a € A).
Let K := {M¢ : m € K}. By inequality (2), we have
| Mc(B)]| = |[|m(b, )|l < 7(b,¢), forallme K, be A.

Thus, K is pointwise bounded. By the principle of uniform boundedness, there
exists a constant ¢ = ¢(¢) > 0 such that

(3) |Mc|| < e, forallme K.
Now, for each m € K, define a seminorm A, on A* by

Am (€)= [[Mc|| = sup. Im(a, Q)ll, (¢ € A%).

llall<

To verify continuity of A, let {(,} € A* converge to (y € A*. Then
|)\m(<n) - )\m(C0>| < )\m(Cn - CO) = Supl ||m(aa Cn - CO)” — Oa

llall<

SO A\, is continuous.

Since the family A := {\,, : m € K} is pointwise bounded and each A, is
continuous, the Banach—Steinhaus theorem (see [6, p. 142]) implies that there
exist a ball

B(Go,r) :={Ce A" : [( =Gl <7}

and a constant ag > 0 such that
A () < ap, forall ¢ € B((o,r), m € K.
Now, for any ¢ € A* with ||¢|| < 1, we estimate

A6 60 =0) < L (00 4 Co) + AmlGo)) < 222,

<

Am(C) =
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Hence,
2a

lmll =~ sup —[im(a,{)l| = sup Am(¢) < —=,
lall<1li¢lI<1 Il r

which shows that K is 7-bounded. This establishes that the bounded sets in
(Bmod(A*),7) and (Bmoa(A*), ) coincide.

Finally, by Lemma 3.3, we conclude that the bounded sets in all three topolo-
gies 7, 7, and 8 on Byed(A*) coincide. O
Theorem 3.7. Let A be a factorable Banach algebra equipped with an ultra®-
approzimate identity.

(i) The space (Bmoa(A*),7) is complete.
(ii) If A admits a norm-one approzimate identity, then the space (Boa(A*), 8)
is also complete.

Proof. (i) Let {mq}acr be a y-Cauchy net in By,,q(A*). By the definition of
the v-topology, for any ¢ € A* and a € A, the net {m,({,a)}acr is Cauchy in
the norm topology of A*. Define

m(¢,a) =limmy((,a).

Clearly, m is a bilinear mapping on A* x A satisfying condition (1). Moreover,
by the Uniform Boundedness Principle [8, p. 172], m is separately continuous,
and thus m € By,oq(A*).
(ii) Suppose now that {mq}acr is a S-Cauchy net in B,0q4(A*). For each
a € A, define the operator
I3 A" = A% T3(C) = ma(Ca),

which belongs to M,0q(A*). It follows that pra = mgq * a. By the definition
of the B-topology, the net {pra }acr is Cauchy in the norm of By,oa(A*).
Using Theorem 2.3, we know that the map p is an isometry, so the net {7}
is Cauchy in the norm of M,,,q4(A*). Since M ,,q4(A*) is a Banach space, there
exists T, € Mod(A*) such that ||T — T,|| — 0.
By Lemma 3.3, the net {m4} is 7-Cauchy. From part (i), we conclude that
Binod(A*) is y-complete. Hence, there exists m € B,,,4(A*) such that

li;nma(c,a) =m(¢,a) forall ( € A", a € A.
Now, for each b € A, we compute:
p1. (€, b) = lim pra (¢, b) = lim(mq + a)(C, )
= lim me, (¢, ab) = m(C,ab) = (m » a)(¢.b).
Therefore,
Ima *a —mxal = |lprg — pr, | = 115 — Tall = 0,

which implies that m is the S-limit of the net {mg}acr. Hence, Byoq(A*) is
complete with respect to the S-topology. O
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