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ABSTRACT. The main purpose of this paper is to consider the convergence
of iterative algorithms for finding the best proximity points for cyclic con-
traction mappings, that is a new extension of the Mann iteration by drop-
ping some additional assumptions. To this end, the convergence behavior
of the new algorithms is compared with a numerical example.

Keywords: Best proximity point, Cyclic relatively nonexpansive, Mann
iteration, Iterative algorithm.
2020 MSC': 90C48, 47H09, 46B20.

1. Introduction

Let © be a Banach space and © be a nonempty subset of 2. We remember
that a mapping A : © — O is nonezpansive if ||[AT — Av|| < |7 — v] for all
T,v € O. Browder [2] considered that for the uniformly convex Banach space
), the nonexpansive mapping A has a fixed point, if © is a bounded, closed
and convex subset.

Mann [11] in 1953 gave a new iteration algorithm for finding fixed points of
nonexpansive mappings as follows:

(1) Tn+l = (1 - §n)7—n + gnATna

where {s,} is a sequence in (0,1) such that lim, s, = 0 and > 2 | ¢, = o0.
In the following, we suppose that © and A are two nonempty and disjoint
subsets of a metric space 2. A mapping A : © UA — © U A is called cyclic if
A(O®) C A and A(A) C 6.
Let © and A be subsets of a complete metric space ). A mapping A :
OUA — ©OUA is a cyclic contraction if A(©) C A and A(A) C O, and also
for a k € (0,1)

d(Av, A1) < kd(v,7) + (1 — k)d(©,A) Vv € ©,7 € A.

where d(0©, A) := inf{d(v,7) : (v,7) € © x A}. Also, a mapping A : O UA —
© U A is cyclic relatively nonexpansive if A(©) C A and A(A) C ©, and also

d(Av, A1) < d(v,T) Yv € O,T € A.
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In this case, we consider a solution for an optimal problem

2 i — Av||.

) min_ o~ Av]
A point v € ©® U A is called a best prozimity point for the cyclic mapping
A:©OUA - ©OUA if v is a solution for the minimization problem (2), i.e.,
lv—Av|| = d(©,A).

Inspired by cyclic mappings, the mapping A : © UA — O U A is called
noncyclic whenever A(©) C © and A(A) C A. In this case, we can consider
the following, optimal problem:

(3) min [[v — Av||, min |7 — A7||, min v — 7.

vEO TEA (v,T)EOXA
We know that a pair (v*,7*) € © x A for the noncyclic mapping A is called
a best proximity pair if it is a solution of (3), hence, v* = Av*,7* = A7* and
|lo* = 7% = d(©,A) (see [1]). Let © and A be nonempty subsets of a normed
space 2. We put

Op:={veB:|v—7]=d(0,A), forsome 7€ A},
Ap:={reA:|lv—71||=d(©,A), for some v € BO}.

Best proximity point theory of nonself mappings was recently introduced by
Fan [4]. In recent years, the best proximity point problem for nonself mappings
is an interesting topic in optimization theory and many authors have researched
on existence of the best proximity point, see [1,3,7,8,12,13].

For the first time, iteration schemes for finding best proximity point on the
cyclic contraction mapping were introduced by Eldred and Veeramani [3].Some
authors presented a new iteration schemes for finding the best proximity point
[5,9,10,13,14]. Suparatulatorn et al. gave new hybrid algorithms of finding
the best proximity points in Hilbert spaces [15,16]. In a recent paper Aliyari et
al. studied the convergence of best proximity points for cyclic relatively nonex-
pansive mappings in the setting of uniformly convex Banach spaces [1]. Also,
Haddadi et al. [6] presented generalizations of the Mann and Ishikawa itera-
tion algorithms and they got many of strong convergence to the best proximity
point.

We remember that a mapping A : O UA — © U A is relatively nonexpansive
if ||[Av— A7]| < ||lv— 7| for all (v,7) € © x A.

The motivation behind this paper stems from the need for efficient methods
in solving optimization problems and fixed-point problems in various math-
ematical and applied fields. Finding the best proximity points can help in
minimizing distances in optimization problems, which is essential in fields like
operations research and economics. Also, algorithms for proximity points are
vital in areas such as machine learning, where they can assist in clustering and
classification tasks.

In this paper, we consider the convergence of the best proximity points for
cyclic contractions by new iterations for the best proximity points. Hence,
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the paper introduces three new algorithms that extend the traditional Mann
iteration by relaxing certain assumptions, thereby improving convergence rates.
This advancement is significant as it provides more robust tools for researchers
and practitioners facing complex problems where traditional methods may be
insufficient.

It is noteworthy that new algorithms outperform the method of Theorem
2.5 and Theorem 2.6 in terms of both conditionality and convergence. Also,
we introduce new hybrid algorithms for finding of the best proximity points
in the setting of uniformly convex Banach spaces. At the end, we also give a
numerical example to illustrate the convergence behavior of all algorithms and
we compare the convergence behavior of iterations.

2. Preliminaries
In this section we give some preliminaries that needs for main results.

Theorem 2.1. ( [3]) Let © and A be nonempty closed convex subsets of a
uniformly convexr Banach space Q and let A : O UA — © UA be a cyclic
contraction. If © or A is boundedly compact, then A has a unique best prozimity
point.

Lemma 2.2. ( [17]) Let Q be a Banach space. Then  is uniformly convex
if and only if for each € > 0, there is a continuous strictly increasing function
¢ :[0,00) — [0,00) such that $(s) =0< s =0 and

o+ @ =)7)* < Allol? + 1 = PII7l? =~ =Né([lv = 7)),
for all v € [0,1] and v, 7 € Q, where ||v|| <€ and ||7|| < e.

It is notable that if (©, A) is a nonempty, weakly compact and convex pair
in Q, then (©¢,Aq) is also nonempty, closed and convex pair. A set-valued
mapping Pe : Q — 29 is called a metric projection if

Po(v) ={re€eB:|v—-71]=d(v,0)}.

It is famous that if © is a nonempty, bounded, closed and convex of a uniformly
convex Banach space €, then Pg is a single-valued mapping. Furthermore, for a
nonempty, closed and convex subset © of a Hilbert space H, Pg is nonexpansive.
Hence, if v € Ay, then we have Pa,(v) € O such that ||v —Pa,(v)] = d(v, ©).
Also, if v € B¢, then we have Pa,(v) € A such that ||v — Pe, (v)| = d(v, A).

Lemma 2.3. ( [1]) Let (©,A) be a nonempty, bounded, closed and convex pair
of a uniformly convexr Banach space Q. Suppose that P : ©g U Ay — Og U Ay
1s defined as follows

_ JPe,(v) ifve A,
@ Plo) = {PAO (v) ifv € Oy,
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Then the following statements hold:
(1) For every v € ©g U Ay, |[lv — Pv|| = d(©, A).
2)For every (v,T) € Og X Ag, ||Pv — P71 = |lv— 7.

(2)
(3)
(4)P%e, =ie, and P*|a, =in,-
(5)

5)Ple, and Pla, are continuous.

Lemma 2.4. ( [17]) Let {a,} C [0,00), {8} C [0,00) and {y,} C [0,1) be
sequences such that

Op41 S (1 - ’Yn)an + Bn Vn S N7

o0 o0
Z'yn = o0 and Zﬂn < 00.
n=1 n=1

Then, lim,, s a,, = 0.

Theorem 2.5. ( [1]) Let Q be a uniformly convexr Banach space, (©,A) be a
nonempty, disjoint, bounded, closed and convex pair, A : © UA — © U A be
cyclic relatively nonexpansive and 19 € ©. Define

(5) Tn+1 = (1 - ’Yn)Tn + 7nA2Tn» (n > 0)7

where v, € (7,1 —7) and v € (0,1/2]. Then we have ||7, — A%7,|| — 0. Also,
if A2(©) lies in a compact set and d(1,,,00) — 0, then {7, } strongly converges
to a fized point of A2.

Also, A satisfies the following condition

(6) If forv e ©g, |lv—Av|>d(©,A), then |[A*v—Av|| < |v—Av.

Furthermore {7,} converges to a best proximity point of A.

Theorem 2.6. ( [6]) Let (©,A) be a nonempty, disjoint, bounded, closed and
convex pair in a uniformly conver Banach space Q, A : O UA — OUA be a
cyclic contraction and 19 € ©. Put

(7) Tt = (L =)0 + ’YnAQTm n >0,

where v, € (7,1 —7) and v € (0,1/2]. Then the sequence {1,} strongly con-
verges to a best proximity point of A.

3. Generalizations of Mann’s iterative algorithm

In this section, we present new iterations for finding the best proximity
points. Throughout this section, we assume that € is a uniformly convex
Banach space and (©, A) is a nonempty, disjoint, bounded, closed, and convex
pair in Q. First, consider the convergence of iterative algorithms for finding best
proximity points for cyclic contractive mappings that is a new extension of the
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Mann iteration. We give a new convergent theorem that has fewer conditions
with respect to Theorem 2.5. We will omit the conditions d(7,,©¢) — 0 and

(8) ||A%v — Av| < |jv — Av|| whenever |jv— Av| > d(©,A), Vv € Q.

Theorem 3.1. Let A : O UA — O U A be a cyclic relatively nonexpansive
mapping. Also, let {vn} C (v,1—7), v € (0,1) and {7} be a sequence generated
by 19 € © so that

(9) Tni1 = (1 = 7)A%7, + A7, ¥n € NU {0}.

If A(©) is compact, then {T2,} converges to v € © such that ||[v — Av|| =
d(©,A).

Proof. From Theorem 2.1, we have a unique ¢ € Ay such that ||¢ — Tq|| =
d(©,A). Since A is relatively nonexpansive, ||[A%2¢ — Ag|| = d(©,A). Since
(©,A) has P-property, we have ¢ = A%q. Hence we have
17 = all = (1 = Yo 1) ATm 1 + Y 1A% T 1 = (1= Y1) A%g — 1 Ag
< (1= m-1)Ima—1 — Agll + Yn-1llTn—1 — Ad]
< ||7n—1 — Aql|.
Also,

71— Agl| = [[(1 = n—2)ATn_2 + Va2 A’T 2 — (1 = Yu_2)Aq — yn—2A%q|
S (1 - 7n72)||A7_n72 - ACIH + ’7n72||A37—n72 - A3qH
< |Tn-2 —qll.

Thus {||72n, — ¢||}n>1 is a nonnegative decreasing sequence. Suppose that
lim |72, — ¢l > d(©, A).
n—roo

By Lemma 2.2 there are strictly increasing and continuous functions ¥, ¢ :
[0,00) — [0, 00) with ¥(0) = ¢(0) = 0 such that
720 — all®> = 1(1 = Y2n—1)AT2n—1 + Y2n—1AT2n—1 — (1 — y2n-1)Aq
— Y2n-1A%q?
= (1 = y2n-1)(AT2n—1 — A%q) + 70 (A’72n 1 — Atg)||?
< (1= y2n-1)[[AT2n—1 — A%q||* + Yon—1[|AT2n—1 — Aq|?
—Yon—1(1 = Y2n-1) (| AT2n—1 — A%T2p 1 |
< m2n—1 = Adgl® = 22n-1(1 = 20-1)@([|AT20—1 — A>T2n1]]).
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On the other hand
7201 = Aq[|* = (1 = 72n—2) (ATon—2 = Tq) + 10 (A*T2n—o — A%g)||?
< (1= Y2n-2) [ AT2n—2 — Mgl + Yan o[ APTan 2
= A%q? = yan—2(1 = y2n—2)Y([[AT2n—2 — A%, o))
< lr2n—2 — all® = v2n—2(1 — Y2n—2)¥(||[AT2n—2 — A’72,_s|).
If

0 = van—1(1 = Yon—1) (| AT2n—1 — A3T2n_1]]),
then

2P(|[AT2n—1 — A*Ton_1]]) < Y2n—1(1 = y2n—1)0(|AT2n—1 — A’T2n_1]|) + 0

< 72n — qll* = lI72n—2 — all*.

Now, if n — oo, we have lim,, oo ¥(||AT2n_1 — A%72,_1]|) = 0. Since 1 is
strictly increasing, we have ||A7z,_1 — A7, _1|| — 0. Since € is a uniformly
convex Banach space and A is weakly compact, {72,,—1}n>1 has a weak conver-
gent subsequence {72y, —1}x>1, converging to some point z* € ©. Therefore,

|ATan—1 — A*Ton_1|| = [[AT2n—1 — AP7op_1| + |[A*T2n—1 — A’Top_1]|
< || AT2n—1 — A37op || + K| AT2n_1 — A%To, 4|
4 (1-k)d(O,A)

hence
(1 — /{3)”1\7’271,1 — A27'2n,1|| S ||AT2n,1 — A3T2n71|| + (1 - k’)d(@, A),

and so ||T2n—1 — ATan—1]] = d(©,A). Now, since {72n,—1}r>1, converges to
T € © we have

||’7'* — AT*” S lim inf ||7'2nk,1 — ATan,1”
k—oc0

= hm HTan,l — ATan,1H = hm ||T2n,1 — A72n71|| = d(@,A)
k—o0 n— 00

Since (O, A) has P-property, from the uniqueness of the best proximity
point, ¢ = 7* and therefore 7, — 7*. O

Theorem 3.2. Let ©g be a nonempty compact set and A : A — O be a
nonexpensive mapping such that AAg C ©¢ and f : © — O is a contractive
mapping. Also suppose

Tn+1 = 'Ynf(Tn) + (1 - 'Yn)A'PTny
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for all n € NU {0}, where {v,} C [0,1] so that >~ | [vn+1 — n| < 00. Then
there is a subsequence of {7, } that converges to a best proximity point of A.

Proof. From compactness of O¢, we have {P7,} is bounded, and since ||P7,, —
Tnll = d(0,A), {7,} is bounded. If A = maz{supl| f(7.)|, sup|TPT,||} we
have
701 = Tl = [ f () + (1 = W)APT: — (Vn—1.f (Tn-1)

+ (1 = n-1)APT )|

= v f(mn) = Y f (Tn-1) + W0 f (Tn=1) + (1 = 1) APTy)

= -1 f(Tn—1) + (1 = 1) APTa—1 — (1 = ) APTR 1

+ (L= yn-1) APl

< Ynalmn — Ta—1ll + 2A1vm — V-1l + (1 = W) |PT0 — Pyl

where a € [0,1). We have ||7, — P7,|| = ||Tn—1 — PTo—1]| = d(6, A), and so
from P-property (|7, — Tn—1| = ||P7n — P7n—1|. Hence

ITnt1 = 7ol < (1 =1 = @))lITn = Tnall + 2A]yn = Y.

By Lemma 2.4, we have

nh—>120 lTne1 — 7nll = 0 and nh_}n(go |PTni1 — Prall =0,
also
HTn - APTnH = ||7n717-n71 + (1 - ’Y’rLfl)A/PTnfl - APTn||
< ’Yn71||7—n71 - APTn” + (1 - ’ynfl)”Alan - APTnle
and so
(10) lim ||, — AP7,|| =0.
n—o0
Therefore
I = Amnll < |l7n — APTR|| + || AT — APT,|]
< Nl = AP7|| + |70 — Prall-
Hence

(11)

Since © is compact, there is a subsequence {7,,} of {7,} that converges to
v € O and so by (11) we have |jv — Av|| = d(©,A) and 7, — v. O

|7n — ATy = d(O, A).

lim
n— o0

In the following we consider the convergence of best proximity points for
cyclic relatively nonexpansive.
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Theorem 3.3. Let A: © UA — © UA be a relatively nonexpansive mapping
such that A(©) C A and A(A) C © and d(ag,bo) = d(©,A). Suppose

~vag + (1 —v)A7,, if n odd,

T0 €O, Ty = { vbo 4+ (1 —Y)AT,, if n even,

where n € NU{0} and 0 < v < 1. If either © or A is boundedly compact, then
there is T € © U A such that 7o, — 7 and |7 — A7|| = d(©, A).

Proof. Choose 1y € © and let n be odd. Then we have

ITn1r =7l < Yllao = boll + (1 = )|A7y — A7n |

1Tn1 = 7l < llao = boll + (1 = ) ll7 — Tl
< (=@ =?)lao = boll + (1 =77 = 7ol
< (=@ =7)"llao = boll + (1 =7)"[[1 = 7o

= (1=(1=9)"d(©,4)+ (1 =7)"m =70l

Thus ||Tht1 — Tl — d(6,A). Now, we show that the sequences {r2,} and
{Tan+1} are bounded. Since ||T2,, — Tan11]| converges to d(0,A), it is enough
to show that {72,+1} is bounded. Suppose {72,,+1} is not bounded. Then for
every M > d(©,A) there exists ng € N such that

||7'2 — 7-2n0+1|| > M and ||To — T2n0_1|| < M.
Therefore
M < |Im2 = m2ng+1ll < ll70 = T2n -1,

and so M < d(©,A) which is a contradiction. Since © is boundedly compact,
there is a convergent subsequence {Ta,, } of {m,} that {m,, } converges to
some 7 € ©. Now

d(©,A) < (|7 = an, 1l < 17 = 72, [| + 1720, — T2n, -1l
Thus, we have |7 — T2, —1]| converges to d(0, A). Since

d(©,A) < [|72n, — 700 — (1 —7)AT||
< llag — boll + (1 = ¥)[|Am2n, -1 — AT||
<Ad(0,A) + (T = )lIm2ne—1 — 7l

and, since A is nonexpansive, we have |7 — A7|| = d(0, A).
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4. Numerical example

In this section, our goal is to consider the convergence of the new iterative
algorithms that is presented in this paper and we show that they converge to the
best proximity point faster than algorithm of Theorem 2.5 and Theorem 2.6.
Consider 2 = R? with the usual metric, © = [1,2] x [0,2],A = [-2,—1] x [0, 2]
and 7y € O. Define the mapping A: OUA — © UA by

B (7%72,2751111%72), x=(m,72) €O,
(12) Aw) = { (=% +35,2-singm), z=(r,7) €A,
Obviously, A is cyclic on ® U A which satisfies the condition (6). Initially, we
show that A is a cyclic contraction. For 7 = (11, 72) € © and v = (11,12) € A

we have

I [ - S P LA
< \/1/1;7'1_§|2+[Sin1—l/2—sinz—72]2
< Slv-Tl+3
- 3 3
= L= u]+2d(©,A), k=1,d(0,A) =2
3 3 AN

< kv =7+ (1 - k)d(©,A),
that is, A is a cyclic contraction mapping and v* = (1,1) is the best proximity
point ||v* — Av*|| = ||(1,1) — (—1,1)|| = d(©,A). Now, all four iterative
algorithms are presented.
(1) Suppose that v, € (y,1 —~) and v € (0,1/2].
) Tot1 = (1= )T + Y A27,, ¥ > 0.

(2) Suppose {yn} C (7,1 —7), v € (0,1) and {7,} is a sequence generated by
To € © and

(IT) To1 = (1 = ) AP7, 4+ ATy, V0 > 0.
(3) Suppose n > 0,0 <~ <1,

_ 760 + (1 - FY)ATTH 7’f n Odd7
(I11) Tntl = { vbo + (1 —y)AT, if n even,

where ag = (1,2) and by = (—1,2).
(4) Suppose f : © — © is contractive and let {(7,, P7,)} in Og x Ag such that

(IV) Tnt1 = Y f(Tn) + (1 — ) APy,

for all n > 0, where {7, } C [0,1] satisfies >~ | [ Y41 — n| < 0.
Let 79 € © be an arbitrary element and by considering the iterative sequence
defined in (II), set
71 = (1 = 70)A%70 + 7oA.



236 M.R. Haddadi, M. Aliyari

SiHCGAT():*‘%O*%EA and A370:7%7%6A,

71 = — = [(1+ Sy0)70 — (87 — 26)]

3
and so 12
Ty = ((;3))2 [(1 + 8’)/1)27'0 — (8’7 — 26)2]
and
—1)*! 2n—1 2n—1
Ton—1 = W[(l +87) To — (87 —26)™""]
(-1

™ = gy (1 F 87)*" 0 — (87 — 26)*"].

It can be easily proved that 75, — z* = (1,1) € © and T9,-1 — y* =
(—=1,1) € A is a best proximity point of A in ©. Similarly, we estimate 7, for
(III) and (IV). It is notable that stopping criterion for our testing method is
E(n) := |1, — 2*|] £ 1077, where 2* is the best proximity point. From Table
1 we see (II), (IIT) and (IV) algorithms converge to the best proximity point
faster than (I).

Algorithms | Number of Iterations
) N=39
(IT) N=14
(I11) N=16
(IV) N=8

TABLE 1. The rate of convergence for iterative algorithms (T)-

(V)

The enhanced convergence of Algorithms (IT), (III), and IV can be attributed
to:

e These algorithms use adaptive steps that adjust based on proximity to
the best point, facilitating quicker convergence.

e By leveraging information from prior iterations, the algorithms make
more informed decisions, reducing redundancy.

e This flexibility allows for broader applicability, leading to faster con-
vergence in various scenarios.

e The algorithms exploit the geometric properties of the space and the
structure of the mappings, keeping iterates in regions that promote
rapid convergence.

Overall, the innovative approaches of Algorithms (II)—(IV) significantly im-
prove their efficiency compared to Algorithm (I), as shown in Theorem 2.5 and
Theorem 2.6. The results of Table 1 is illustrated with Figure 1.
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o aigorim 1
+ aigortm
Agortom I
Aigorthm v

Etm=linpell

FIiGURE 1. The rate of convergence for iterative algorithms
@D-(1v)

5. Conclusion and future work

In conclusion, this paper has successfully addressed the convergence of it-
erative algorithms for finding best proximity points in the context of cyclic
contractive mappings. By extending the Mann iteration and relaxing certain
assumptions, we have introduced three new algorithms (II), (IIT), and (IV)
that demonstrate improved convergence rates compared to previous methods.
The results indicate that these algorithms converge more quickly to the best
proximity point, providing a significant advancement in the field.

Also looking ahead, several avenues for future research can be explored:

e Investigating additional relaxations of assumptions in the iterative pro-
cesses could lead to even more robust algorithms applicable to a wider
range of problems.

e Conducting extensive numerical experiments to compare the perfor-
mance of the new algorithms against existing methods in various prac-
tical scenarios will help validate their efficiency and applicability.

e Exploring the application of these algorithms in diverse fields such as
machine learning, optimization, and control systems could uncover new
insights and enhance their utility.

By pursuing these directions, future research can build upon the foundation
laid in this paper, contributing to the development of more effective algorithms
for solving complex mathematical problems.
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