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ABSTRACT. This paper aims to propose and examine two new operators
based on the fundamental structure “ideal” and the notion of “general-
ized” producing a new generalized ideal topological space. The produced
generalized space is finer than the original spaces. Also, the introduced
structures are explained in detail in terms of topological basic theories
and some properties. Moreover, we obtain some results for the produced
generalized ideal topological space. Further, we provide several essential
results related to these new frameworks. We also provide some examples
to further illustrate our discussions and related findings.
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1. Introduction

The field of topology is essential to many areas of mathematics. Numerous
scientific and social researchers have been interested in how various topologi-
cal ideas might be applied to a variety of natural situations. Numerous new
ideas have been added to topology, enriching it with a range of recently cre-
ated fields of study. Closure space, proximity, filters [14], ideals [13], grills [6],
and primals [3] are a few examples of the innovative structures that topologists
have developed in an attempt to discover valid solutions to a number of these
topological issues. Kuratowski created and studied the idea of ideals [14]. Ad-
ditionally, a number of topologists have investigated this concept from different
perspectives [15,16]. The concept of ideals manifests as the dual structure of
filters.

Kuratovski [14] introduced the concept of ideal in 1933, and several math-
ematicians have since examined it from a variety of angles. The notation
(E,V,9) indicates an ideal topological space(ITS, for short), which is a topo-
logical space (2, V) with an ideal § on Z. 3° represents the local function with
regard to § and V for a subset J C =. The definition of the local function
Jof ACEisI(Q,YV)={ e ZE[(VFe V() (TN ¢ )}, where V ()
is the collection of all open subsets containing £ € 3 (see [14]). Specifically,
Vaidyanathaswamy [21] examined more detailed aspects of the local function
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in 1945. x-topology, a new topology introduced to the literature by the concept
of the local function, was later studied by Samuel [18] in 1975 and a number of
other researchers, such as Hayashi [11] in 1964 and Njastad [17] in 1966. After a
15-year gaps, Jankovic and Hamlett [13] revisited this topic in 1990. Along with
compiling all of the information that is already accessible on the topic, they
have also added some new findings. Around 2002, the generalized topological
spaces (GTS, for short) were proposed [7]. Many of its features are examined in
detail in [7,8,20], including the generalized neighbourhood, separation axioms,
generalized interior of a set J, and generalized closure of a set 3. The new terms
“generalized continuity”, “f-continuity” and others draw a lot of attention to
the idea of continuity (see [7,8]). The study examined a variety of generalized
topologies, including “extremely disconnected generalized topology”, “V-and
f-modifications generalized topology,” and others (see [1,5,7-10,20,22]).

Recently, Abbas et al. [2] introduced and examined new operators based on
the structures “ideal” and “generalized” generating two GTSs. Moreover, they
obtained bases for the generated GTSs. Further, they proposed the notion of
topology suitable with an ideal.

In this paper, we define the operators (-)? and iw with the help of the
definition of GTSs [2] and the closure operator > orw—> [12] . We discuss
innovative categories of operators namely ideal local operators. We generate a
GTS via ideals by applying two new local functions. The produced generalized
topological space V¢ is finer than both the original topological spaces V and
V.. Also, we study some essential features of these new structures as well
as these new operators. According to the concept of ideals, the relationships
between the generated GTS and the previous one are obtained. Further, we
study the fundamental characteristics of the produced operators. Furthermore,

we provide number of illustrative examples in addition to some connections.

Motivation and applications of the paper. The exploration of ideal gen-
eralized topological space (GTS) stems from the need to address limitations in
classical topology and to provide more robust frameworks for analyzing complex
mathematical structures. The motivation and applications behind developing
GTS include:

(1) Enhanced Flexibility: GTS allows for the incorporation of ideals
and other structures, enriching traditional topological concepts and
enabling the study of new types of continuity and convergence.

(2) Addressing Complex Problems: The introduction of new opera-
tors and frameworks within GTS facilitates the resolution of various
topological issues, particularly in the context of closure spaces and
ideals.

(3) Development of New Theories: The exploration of GTS in the
frame of ideals and their properties serves to extend existing theories
in topology, leading to the formulation of new mathematical
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(4) Graph Theory: The principles of GTS facilitate deeper explorations
in graph theory, particularly in understanding connectivity and prop-
erties of networks.

2. Preliminaries

Throughout this paper, (Z,V) (briefly, =) represents a topological space,
unless specified otherwise. Moreover, 3,77 are two subsets of Z and 2% de-
notes the power set of =. For any subset J C =, the closure and interior
are denoted by > (3) and int(3), respectively. The symbol V(&) or O(E,§)
denotes the family of all subsets © € V that contains £. The collection of
all closed sets of 2 is denoted C(Z) and the collection of all closed sets of =
containing a point ¢ of = is denoted by C(Z,£). The notion of w-open was
proposed in 2003 [4]. A subset 3 C = is said to be w-open if there exists
an open neighborhood ¥ € V such that £ € T for all £ € J and N 3°
is countable. The symbol V, mentions the family of all w-open sets in Z,
that is, V, = {3 € E| for all ¢ € 3 there exists T € V(&) such that & €
% and T N 3¢ is countable}. The w-interior of 3 C E, denoted by int,(3J), is
the union of all subsets T € V,,. The set [int,(3J)]° =w — > (3°) = > (39
is the w-closure of 7= 23°C = and 3 = )__(3) means that 3 is w-closed. A
set J is w-closed iff Y",(3) = {£ € 2: TN # P for all T € V,,(¢)}. Further,
the family V,, formed by all w-open sets is a coarser topology on = than the
topology V. The symbol V,(£) or wO(Z,£) denotes the family of all subsets
T € V that contains £&. The collection of all w-closed sets of = is denoted
wC(E) and the collection of all w-closed sets of = containing a point £ of = is
denoted by wC(Z, ). The operator >.* : 25 — 2= denoted by >.*(3J) = JuJ*
is a closure operator. The topology proposed by the closure operator Y " is
V*($,V) ={3 CZ[>"(=\ ) = 2\ 3} and denoted by *-topology which is
finer than the topology V. A subset 3 of a space = is said to be regular open if
J=T]02(3)) [19]. A family & is said to be GTS if ) € & and arbitrary union
of members of & belongs to & (see [7]). A subset 3 C E is said to be &-open if
Je 6. Jissaid to be G-closed if E—1 € &. If & isa GTS on Z and = € &,
then & is called a strong generalized topology or supra topology.

Definition 2.1. [13] Consider a non-empty set =. An ideal on = is a collection
S C 2% that meets the following criteria:

(1) Peg,

(2) f 3e Y and TC 3, then Te S,

(3) if3,7€S, then JUT € 3.

The triple (£,V,S) formed by an ideal & with a topological space (2, V),
is called an ideal topological space (briefly, ITS). Along this paper, all defined
ideals are proper ideals, that is, 3 # 25 and & # {0}.

Definition 2.2. [2] Let (Z,V,3) be an ITS. A map (+)® : 2= — 2= defined by
(EV,Y) ={{e€Z: (forallT e V(£))(3°UZ° e F)} is called the e-local
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function of J C = utilizing an ideal § and a topology V on Z. We may write
& as 3°(E, V, Q) to specify the ideal as per our requirements.

Definition 2.3. [2] Let (Z,V,S) be an ITS. Then a map _° : 25 — 2% given
by >2°(3) = Ju 1°*, is a generalized closure operator.

Definition 2.4. [2] Let (£,V,S) be an ITS. Define V® as V* = {1 C = :
$7%(3) = 3°}. Moreover, V* is a generalized topological space on = formed by
V.

3. The (-)?, operator and its basic properties

In this section, we propose and study a novel operator in ITSs namely (-)¢,
with the aid of several examples. Also, we derive some basic properties of the
given operator. Furthermore, We define and study its generated generalized
closure operator.

Definition 3.1. Let (Z,V,S) be an ITS. An operator (+)?, : 25 — 2= denoted
by 32 ={{ € E: (VT € wO(E,§))(T°UZT°® € Q)} is said to be the o,-local
function of a subset 3 C = utilizing an ideal & and a topological space V on
E. Some times we use the notation 32, as 32 (5, V, ) to indicate the defined
ideal and topology as per our requirements.

Remark 3.2. Let (E,V,S) be an ITS and 3 C =. The inclusions of 32, C J or
3 C 3¢ need not be true in general as shown by the following examples.

Example 3.3. Let = = {51,52,53}, V = {@, {§2}7{53}7{52753}7{51753}75}
and S = {0,{&}, {&},{&, &} For the subset 3 = {&3,&3}, we get 32, =0
but = {&,&} € 0 =232,

Example 3.4. Let = = {£1,&,&}, V ={0,Z} and S = {0, {&}, {&}, {&2, &3} )
For the subset 3= {&1}, we get 33 =2 but 32, == ¢ {& =2,

Theorem 3.5. Let (2,V,S) be an ITS with S # 2% and 3,71 C Z. Then, the
following hold:

(a) 3* 232,

(b) 4f 3 € wC(E), then 32, C 3,
(c) 05 =0,

(1) 3% e wC(@),

(e) (32)s €3,

(f) i3 C T, then 32, C 712,
(g) VT C AU,

(h) BNy =3NT2.

Proof. (a) The proof is straightforward from the definition of w-open and
Definition 3.1.
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(b) Let 3 € wC(E) and £ ¢ 3. Our aim is to show that & ¢ 32 .

Jewl(E) = X ecwo(®) = (3ICwoE) (@ =UI)(E¢I=¢ce)
= (FTewo(E)(EeTC )

= (T€wO(E)(TFUIF 2 () UIF=TUI=2¢9)
= (TewO(5,€))(Tul¢S)
= (¢

(€) 08 = {€ €= (VS € wO(E, €))(SC U =T UE=E € 3)} = 0.
(d) Our aim is to show that 3° = w->(3?%). We have always 32 C
w->2(32)-
Conversely, now let £ € w->.(3%) and T € wO(E, ).
(TewOEEew-2(3) = TN, #0=(FyeE)(yeTNI)

= (GedyeDye)
= (TewO(E,y))(yeI})
= TUIeq.

Then, we have £ € 32. Thus, w- > (3%) C 3¢, Therefore, w->(32) =
3. Hence, 32, € wC(2).

(e) It is clear from (b) and (d).

(f) Let 3C T and £ € 32. Our aim is to show that & € 2.

(VT € wO(E,9))(T°UT e )
el =

JCO="ecCxe
(VT e wO(E,6))(TUTCTUI )
& is an ideal on =

= (VT ewO(E9)(TUuTeI)=Le.

(g) Let 3,71 C E. Then, we have
J9CE=3CIuTd=2C(3u
=207 C(3uTe.
J9CE=TCIUT="T C (U
(h) It is clear from (f) that 32 N7 2 (3N )2
Conversely, let £ € 3° N 72

Ee!NT, = (€€e)(EeT)=(VEewO(E£))(TUTeI)(TUT e)
= (TewO(E,9)(TUTeI)(TUT€)
= Tewo(EE)(FTU@NTNe=(TUI)U(RUT)eT)
= £e@nme.

Therefore (3N )2 2 32, N T8, Hence, we have (3N )2 =32 N2,
g
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Theorem 3.6. Let (2,V,S) and (2,V, Q) be two ITSs and 3C =. IfS C Q,
then 32(S) C 22(Q).

Proof. Let £ € 32(J) and S C Q.
e (V)= (VU ewO(E))(U°UDeQ) =€ (Q).
O

Theorem 3.7. Let (2,V,S) and (Z,0,F) be two ITSs and I C =. If V C o,
then 32(2,0,3) C 32(E,V, ).

Proof. Let £ € 32 (2,0,9) and V C 0.
e (E,0,9)=> (VU cwO,(E,8))(UcUD €X)
VCo
Thus, for all U € wOv (5, &), we have U°U ° € . Hence, £ € 32 (5,V, S).
O

Theorem 3.8. Let (Z,V,S) be an ITS with S # 2=. Then, for any two subsets
3 and 7T of 2, the following hold:

(1) 3% €33,
(2) (32X
(3) 2\ € A\,
(4) 3\TE = @A\
Proof. (1) Let € ¢ > (3). Our aim is to show that £ ¢ 3¢ .

e } ~ (AU € wO(=,6) (A< UF).
So, there exists U € wO(Z,&)) such that = =3uU3J* CU°UI ¢ Q.
As aresult, £ ¢ 32.

() Let3cz 3cz¥3 c Y@ = £E) C TEE) = £O).
(3) Let 3,77 C E. Then, we have

J7CE=1Cc@\TNUT
=2 Cl@ADUTL =@\, VT
=2°\72 € (3\T):.
(4) Let 3,71 C E. Then,we have
JICE=N\TCI=O\M,CI, = O\D\Te <2\ }

gege

27cz¥ I\ T c @Dy = @I\ T = 3\ T < (DTS
Hence, 22\ T8 = (I\ D)\

Theorem 3.9. Let (£,V,S) be an ITS and 3,71 C E. If 3 € wO(E), then
N7 C@nTe.
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Proof. Let 3 € wO(=Z) and £ € 3N TS
EedNT=(EeDEeT) = (VT ewO(E,)(TUT €Y
JewO(E)= (3T CwO(E)(3=UIT) = 3FTewo(E)(TCI .
So, for all T € wO(E,€), we have TN T € wO(E, €). Therefore
TU@NTDY=EFNIHUTCENDUT e
It follows that
FTUE@NTeSforall T ewO(E ).
Hence € € (3N )2,
g

Corollary 3.10. Let (2,V,S) be an ITS and 3,71 C Z. If 3 is open in Z, then
N7 C(@an)e.

Theorem 3.11. Let (2,V,S) be an ITS. Then, the following statements are
equivalent:

(a) 5
(b) wC
(¢) 3 C 3¢ for all w-open subsets 3 of =.

—_
— .
—

b

ol
——
(1]
—
N
W

= wO(E)\{=}CS.

(b) = (a): Let £ € E and ¥ € wO(E, §).
TewO(E,§) =T cwlC(E)\ {E}
}:>‘ZCUEC:§CU®:TCES.
Hypothesis
Then, we have { € Z,. Thus, = C E! C Z and so E?, = =.
(b) = (¢): Let 3 € wO(E).
Jewo(z) MR a0 E

€
ce

}:Dg:l;.
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3 ewO(E)\ {0}
JewC@E)\{E} = = 2°C (398 = (V€ e ) (€ € (3)2)
Hypothesis

(V€ € 29) (VT € wO(Z, ) (T U (I9) =T UT € Q) }
= .

Jc%euld

Then, 3 € §. Hence, we have wC(Z2) \ {E} C Q.
]

Theorem 3.12. Let (£,V,S) be an ITS and AC E. If 32 # 0, then 3¢ € S.
Proof. Let 32, # .
2 £0=(Fes)(¢e) = (VT ewO(EE)(I*CTUIE)
S is an ideal on =
Hence 3¢ € .

Corollary 3.13. Let (2,V,S) be an ITS with S # 2% and JC =. If 2 ¢ S,
then 32, = 0.

Proof. 1t is clear from Theorem 3.12.

Theorem 3.14. Let (2,V,S) be an ITS and 3,71 C
E\NTDEN T

Proof. Let 3,71 C =.
J9C= = 3\17cC3

Then, 32\ 712, 2

(n

= B\

= @G\ RN

Theorem 3.15. Let (£,V,S) be an ITS and 3, TCE. If 1€ ¢ S, then
QUL 23 23\ 8.

Proof. Let 3,1 C E.

I e 3t gy e o (a\ T\ T

=235 23\ e
0

Corollary 3.13
AN = e,

:’ —i g = Theogm 3.5 (: U —l):} 2 ::) U —l:,v
= 3u: 23:.

Corollary 3.13
TS TR T =0

Hence (UM 232 2 (3\T)e. O
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4. The operator iw and its generalized topology

The purpose of this section is to present a new generalized closure opera-

tor denoted by > ,,. This structure’s fundamental properties are illustrated.
Further, we study the associated generalized topology V.

Definition 4.1. Let (Z,V,S) be an ITS with & # 2=. Define an operator
w25 = 2% as iw(:l) = JUJL, where 3 # () is any subset of =.

Theorem 4.2. Let (Z,V,S) be an ITS with S # 2% and 3,71 C Z. Then, the
following statements hold:

C T, then > ,(3) > (),

3

if _g

~EAUT DY, UD L,

ST = Tu(3),
AN =3, N> (.

Proof. (a) The proof is straightforward from Definition 4.1.
(b) Since E?, C =, we have éw(E) =ZUE =E.
(c) Sincegw(:l) =3JUZ3¢, we have 3 C f (3). Also, since 3* C 3¢, we
(

have S(3) € S3u(3).
(d) Let 3C .

[1

N

— —
JCT=2,C T =3u3CTUTe =D T (D)

(e) It is straightforward from the definition of the operator iw in Defini-
tion 4.1 and Theorem 3.5 (g)

(f) Let 3 C E. It is clear from (c) that f i (f (3))
U (3%.0)

Conversely, let £ € iw(iw(:l)
V(£). Then, we have the following two cases:

(i) €€ iw(:l). This means that iw(iw(:l)) C iw(:l)
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(ii) Let € ¢ iw(:l). Then, we have
e (AU, = [TTURUI eSVIEVEOETeVE): TEUQ) ¢ 9]
= TecQand I ¢S
= FUI¢JforallTe V() ekl
= B =0=¢¢c iw (3), which is a contradiction

= SLGe@) c T

Thus, from g), (i) we have Sou (S0 (D)) € 3 (2). Consequen-

tially, So(Sow(3)) = S50 (D).
(g) Let 3,7 C =,

S0 = @nThu@En)e

3NnTHu@enTe)

N

Fu)NnCTuTe)

- F.@nTL0D

Conversely, let £ € iw N iw )

eT.DNT(D = (EeEe)md(EcTEeT)
= (VTewOE )¢ cTand e NI UIFeI)(TUTES)
= (TewOE¢))(¢eTand £€TN(TUIEF)(TUTE)
= (T cwO(E,¢))(¢eJand E€ )
= (FU@NTN=(FTUT)YU(TUT)e)
~ feanTand e (AN,

Thus £ € S50 (3N ). Therefore 5 (INT) 2 30 () NS (7). Hence,

we have (AN ), =32 N 7T,

0

Corollary 4.3. Let (2,V,SQ) be an ITS. Then the operator iw 125 — 2%
defined by >, (3) =3U 32, where A C E, is a generalized closure operator.

Definition 4.4. Let (2, V,S) be an ITS. Then, the collection VS, = {3 C =

iw (3°) = 3°} is a generalized topology on Z introduced by the generalized
topology V and ideal . Also, we can use the notation V;(S) instead of V, to
illustrate the ideal as per our requirements.

Theorem 4.5. Let (2,V,S) be an ITS. Then, we have V. C V® C V.
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Proof. We have V C V* from [2]. Now, let 3 € V*. We will prove that 3 € V,.

Qevi=3tE) =21 S (3 c
ACE= (29, @) =2u@)c X (@) ) )

Therefore, 3¢ = iw (3¢. Hence, J € V¢, O

Theorem 4.6. Let (2,V,S) be an ITS. Then, we have V.C V, C V.

Proof. We have V C V,, from [4]. Now, let 3 € V,. We will prove that
JeVe.

—>
Jev, Mm@ =Y (39 =2°0(39), U =2
Therefore, 3¢ = iw (3¢). Hence, 3 C V. O

Remark 4.7. We have the following diagram from the definitions in the litera-
ture (see [2]) and Definition 4.4:

V%-open — V®-open — V¢-open

T T T

Vs-open — V-open — V,-open

Remark 4.8. Let (2, V, <) be an ITS. The following examples indicate that the
converse of the implications stated in the diagram in Corollary 4.7 need not be
true.

Example 4.9. Define the topology V.= {U | 0 ¢ U} U {R} with the ideal
S = 28O} on R. Then, [0,00) € V?, but [0,00) ¢ V..

Example 4.10. Let = = {&1,&,&3} with the topology V = {0,=2,{&1,8}}.
Define the ideal S = {{&1}, {3}, {€1, 631} on E. Then, {&1,&3} € VI, =V, =
2= but {51,53} ¢ Ve =V.

Theorem 4.11. Let (£,V,S) be an ITS and 3 C =. Then, the following
statements hold:

(a) 3 € V? iff for all £ in 3, there exists an w-open set T containing &
such that T¢U3J ¢ S,
(b) if3 ¢S, then3 e V).
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Proof. (a) Let € V.
Jeve o S =2
& U, =2°
& () C
& JC((@))°
& (VEeJ)(€ ¢ (2)2)

& (VEeI)(IT cwO(Z,6))(TU (D) =% U ¢ Q).

(b) Let 3¢ S and £ € 3.
(T:=E)((eT)=(TcwO(E,¢))(3=%°UT)
=%T°Ude¢S.
3¢9
According to (a), 3 € V?,.
|

Remark 4.12. Let (E,V,S) be an ITS. The reverse of Theorem 4.11 (b) need
not be true in general as shown by the following example.

Example 4.13. Let = = {£1,&,,&} with the topology V = {0,2,{&1},{&},

{&1,6}} and S = {0, {&1},{&},{&1, &} Simple computations show that Ve, =
2%. It is clear that the set {2} belongs to both V¢ and S.

Theorem 4.14. Let (£,V,S) be an ITS. If S = {0}, then VS, = 2=.
Proof. We have always V¢ C 2%. Now, let J € 2. Our aim is to show that
JeVve,.
Zu(3) =T U@
} SR =F = Teve.
S={0} =25 =10

Then, we have 2= C V¢, Hence V2 = 2=. O

Remark 4.15. Let (2,V,<) be an ITS. The reverses of Theorem 4.11 (a) and
Theorem 4.14 need not be true as shown by the following example.

Example 4.16. Let = = {£1,&,,&3} with the topology V = {0, 2, {&1},{&},
{&, &1} and S = {0,{&:}, {&}, {&, &1} Simple computations show that VE, =
2% but 3 # {0}.

Theorem 4.17. Let (£,V,S) be an ITS. Then, the family 8 = {T N P|(T €
Vu)(P ¢ )} is a base for the topology Ve, on Z.
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Proof. Let 7€ 8.
Tef=EFrevV,)3FP¢3)(T=TnNnP) - i
(T, P e ve)(T =
Vi, C VS,
TNP)=TeV.
Then, we have § C V¢. Now, let 3 € V¢ and £ € 3. Our aim is to find

T e B such that £ € TC 3.
Theorem 4.11

£edevVv? = (IT € wO(E,€))(F°U3 ¢ %)
= (Tep)cecC

T:=%N (U
J). As a result, 8 is a base for the topology V¢ on =. O

Theorem 4.18. Let (2,V,S) and (E,V,Q) be two ITSs. If & C Q, then
Vi) € Viey

Proof. Let J € Vo
eV = (VeDEFT e wO(E())(TUI ¢ Q)
= (V¢ € J)(3% €
REENO)
wO(E,§)) (TUIEQ) =T Vg, O

5. Conclusion

Generalized topology had a great deal of literature and several features and
hypotheses have been investigated.

Applying the concepts of “ideal” and “generalized open set”, we continue
on the results of [2]. We create and examine a new local functions in this

research, denoted by (-)?, and fw with the help of the definition of the closure
operator » orw— Y [12], to derive a new GTS. Moreover, we extend several

fundamental results related to the operators (-)?, and iw. Furthermore, we
give not only some relationships but also several examples.

In future work, we will define more notions that are related to the generated
operators and their ITS (£,V,S). Based on the proposed GTSs in ideals
frame, we will introduce new operators and examine their main properties.
We will create new styles of GTSs. Additionally, we will propose some results
related to suitability. We will also suggest additional topological concepts, such
connectedness of these spaces and separation axioms. We would like to link
the suggested operators with concepts such as infra-topology, if that is feasible.
Applying these results to graph theory is also our aim in the future.
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9. Nomenclature

A list of symbols used in the paper and their meaning are provided in Table

Symbol Description

= Universal set

2= Power set of =

3,7 Two subsets of 3

3 an element of =

v Topology on =

>-(3) and int(3) Closure and interior of V, respectively
V(&) or O(F,¢) Neighborhood of € in V

C(E) Closed sets in V

C(E,¢) Closed sets of V containing &

Vi Family of all w-open sets in =

Vu(§) or wO(E,€) Family of all w-open sets in = containing &
wC(E) w-closed sets in V

wC(E,¢§) w-closed sets of V containing &

R An ideal on =

a° e-local function of 3 by ¥, V on =

Ve Generalized topology by (.)*

>*(D) Generalized closure operator by (.)®
3 o -local function of J by $ and V on 2
Ve, Generalized topology by (.)?,

iw Generalized closure operator by (.),
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