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ABSTRACT. Let G be a finite simple graph whose vertices and edges are weighted by two functions. In this
paper we shall define and calculate entropy of a dynamical system on weights of the graph G, by using the
weights of vertices and edges of G. We examine the conditions under which entropy of the dynamical system
is zero, possitive or +oo. At the end it is shown that, for » € [0,400], there exists an order preserving

transformation with entropy r.
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1. INTRODUCTION

The study of concept entropy is very important in the current sciences. Entropy plays an important
role in a variety of problem areas, including physics, computer science, general systems theory, information
theory, statistics, biology, chemistry, sociology and others. One of the applied branches of mathematics is
the entropy of a dynamical system. Shannon in 1940 was concerned with the problems of the transmission of

information in the presence of noise. Shannon introduced entropy as a measure of information in a probability
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distribution. If P = (py, ..., pn) € R™ is a probability distribution, he defined its entropy to be the quantity
H(P) ==Y pilogp;.
i=1

In 1958 Kolmogorov introduced the concept of entropy in ergodic theory. Let G be a finite simple graph,
V be the set of vertices and E the set of edges of G. We consider two functions M : V. — [0, 1] and
S:E —[0,1]. (M,S) is called a weight of G. In this paper we define the entropy of a weight of G. We
assume the reader is familiar with the defininition of discrete dynamical system [6].

The definition of the entropy of a dynamical system 7' might be in three stages [1-5]. For example if T is a
measure preserving transformation of probability space (X, 5, m):

i) The entropy of a finite partition, £, of (X, 3.m) is defined in [7] as,

n

H(¢) =— Z m(A;)logm(A;),

i=1
where £ = {A1,..A,} C S.
ii) The entropy of T relative to £ is defined by,
1 ,
WT,€) = lim ~H(ViZjT'¢).
n

n—oo
iii) The entropy of T is defined by,
h(T) = sup h(T\, &),
1

where the supremum is taken over all finite partitions of (X, 3, m). In this paper the definition of entropy
of an order preserving transformation as a dynamical system including the three stages is given. The paper
is organized as follows. In Section 2 weights of a finite simple graph G are introduced as two functions on
vertices and edges of G. Also entropy of the weights and entropy of an order preserving transformatin on
the weights of G is introduced. Finally, some results of the entropy are considered. In Section 3 we examine
the conditions under which entropy of the order preserving transformatin is zero, possitive or +o00, and we
present some examples for each of these cases. At the end we show that, for r € [0,+oc] there exists an

order preserving transformation with entropy r.

2. THE ENTROPY OF WEIGHTS

Let G be a finite simple graph, V be the set of vertices and E the set of edges of G. We define Fy := [0,1]V,
Fg :=[0,1]¥ and F := Fy x Fg. At first let us define join of two weights and refinement of a weight.

Definition 2.1. If (M;, S1) and (M, Ss) are two weights of G, we define their join (Mj, S1) V (Ma, S2) to
be the (min(M;, Ms), min(Sy,.S2)).
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Definition 2.2. A weghit (M3, S2) is a refinement of a weight (M7, .S1), written by (My,S1) < (Maz,S2), if
for any v; € V, there is v; € V, such that

My (vi) < My (vy),

and,
for any e; € E, there is ¢; € E, such that

s2(e;) < si(er).

Hence for i=1,2, (M;, S;) < (My,S1) V (Ma, Sa), for any weight (M7,S1) , (Ma, S2) of G. Now we would
like to define the entropy of a weight of GG. In this definition the entropy of the weight of GG increases as the

weight decreases.

Definition 2.3. Let (M, S) be a weight of G. We define the entropy of M by H(M) = —logmax; M (v;)
and the entropy of S by H(S) = —logmax; S(e;). The entropy of (M, S) is defined by

H(M,S) = —logmax M (v;). max S(e;) = H(M) + H(S).
i J
Theorem 2.4. If (M, S) is a weight of G,Then
(i) H(M,S) > 0.
(ii) H(M,S) = 0, iff there exist io, jo such that M,, =S, =1.
(i) H(M*,S%) = kH(M) + tH(S) for any k,t € N.

Proof. Tt can be deduced from definition 2.3. a

Theorem 2.5. If (My,S1) and (Ms,S2) are two weights of G. Then
(i) If (My,S1) < (M2, S2), then H(My,S1) < H(Ms, Ss).
(ii) For i=1,2, H(M;, S;) < H(My,S1)V (Ma, S2)) < H(M;, Sy) + H(Ms, So).
Proof. (i) By using the definition 2.2, we have
lefchM2(Ui) < HlZaXMl(Ui)y
max Sa(ej) < m]axSl(ej).

(ii) By (i), we have the first inquality.
Since for i=1,2, 0 < M; <1,0< S; <1, we have

HlZaX(HliIl(Ml, Mg)(vz) Z m?X(MlMg)(’UZ’),

max(min(Sy, S)(e;)) 2 max(515)(e;)-

J
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Definition 2.6. Let (Mp,S1) and (M2, S2) be two weights of G. We define the conditional entropy of
(My, S1) given (Ms, Sa) by

max; (min(M, Ms))(v;). max; (min(S1, S2))(e;) '

H((M, 51)|(Mz, 52)) = — log max; Ma(v;). max; Sa(e;)
i i) J J

Theorem 2.7. If (M, 51), (M2,S2) and (Mg, Ss) are weights of G. Then

(i) H((My,51)|(M2, S2)) > 0.

(it) H(((Mn, S1) V (M, S2)|(M3, S3)) = H((Mi, 51)|(Ms, S3)) + H((Ma, S2)|((Mi, S1) V (Ma, S2)).
(iti) H((My,51) V (Ma, S2)) = H(My, S1) + H((Mz, S2)|(Mn, S1)).

(iv) If (My,S1) < (Ma,Ss), then H((My,S1)|(Ms,S3)) < H((Mas, S9)|(Ms, Ss)).

(v) If (My, S2) < (Ms,Ss), then H((My,S1)|(Ms,Ss)) < H((M,S1)|(Mz,S2)).

(vi) If (M, Se) < (M3, S3), then H((My,S1)|(Ms, Ss2)) < H((M1,S51) V (Ms,S3)).

(vit) H(My, 51) > H((Mx, S1)|(Mz, S2)).

(viii) H((My,51) V (Ma, S2)[(Ms, S3)) < H((Mi,51)[(Ms, S3)) + H((Ma, S2)|(Ms, S3)).

Proof. (i) By the definition 2.6, H((Mi, S1)|(Mz,S2)) > 0.
(i)
maxi(min(Ml, MQ, Mg))(vl) man (min(Sl, SQ, Sg))(ej)
max; Ms(v;). max; Ss(e;)
max; (min(M;, My))(v;). max; (min(S1, 83))(e;)
max; M3 (’Ul) max; Sg(@j)
maxi(min(Mg, Ml, M3))(’Ul) man (min(Sg, Sl, Sg))(@j)
max; (min(M7, M3))(v;). max; (min(Sy, S3))(e;) '

(iii)

mzax(min(Ml, Ms))(v;). mjax(min(Sl, S2))(e;)

max; (min(Ma, M ))(v;). max; (min(Ss, S1))(e;)
max; Ml(’Ui).Hlan Sl(Ej) '

= max M (v;). max S (e;).
i j
(iv) Since (M2, S2) < (M3, S3), for any v; € V, e; € E there exist v, € V, ¢; € E such that
M (v;) < Ma(ve) < max Mo (v;),

Si(ej) < Sa(er) < mjaxsg(ej),

then
max; (min(My, M3))(v;). max; (min(S1, S3))(e;) -, Max; (min(Ma, M3))(v;). max; (min(S1, S2))(e;)

max; M (v;). max; S1(e;) max; M (v;). max; Sa(e;)
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(v) It is similar to (iv).
(vi) Since (M2, S2) < (M3, S3), for any v; € V, e; € E there exist v, € V, ¢; € E, such that

Ma(v;) < M3(vt) < max M3 (v;),
SQ(@J’) S 53(61) S mang(ej),
therefore

max; (min(Mq, Ms))(v;). max; (min(St, S2))(e;) - ;). max(min €;
TR TATARTTSNAT > m?x(mm(MhMg))(vz). ; (min(S1, S5)) (e )-

(vii) Since for i=1,2, 0 < M; < 1,0 < S; <1, we can write

max M (v;). max Mo (v;). max Si(e;). max Sa(e;) < max(min(My, Ms))(v;). max(min(St, S2))(€;).

i j
So
max; (min(My, Ma))(v;). max; (min(Si, S2))(e;)
i) i) < .
mZale(vl) mjaxS’l(ej) = max; Ma(v;). max; Sa(e;)
(viii) We have (M3, S3) < (M7,S51) V (M3, S3). The proof is compleet by (ii) and (v). O

Definition 2.8. Let (M, S1) and (M2, S2) be two weights of G. We define relation ~ as follows:
(M, S1) ~ (M, S2) <= max M (v;). max S1(e;) = max Mz (v;). max Sa(e;).
% J J J
The relation ~ is an equivalence relation on F'.

Definition 2.9. Let T': F' — F be a dynamical system. T is said to be an order preserving transformation
if:
M;(vg) < Mj(v)) = M;(vy) < M;(w),
Si(ex) < Sj(er) = Si(ex) < Sj(er)
where T'(M;, S;) = (M;, i), i,7 € {1,2}, k,1 € {1,2,...,n}.
Lemma 2.10. Let T : F — F be an order preserving transformation, then
T (M, S1) VT (Ma, Sa) =T((Mi,51) V (M2, S2)).
Proof. We may assume that for any v € V, e € F,

M (v) < Msy(v), Sa(e) < Sqp(e).
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Let T(MZ,Sl) = (Mi,Si), 1= 1,2, we have

T(<M1,51> V (MQ,SQ))(’U,(?) = T(min(Ml,Mg),min(Sl,Sz))(U,e)

T (M, S2)(v,€e)
(Ml, SQ)(U, 6).

On the other hand since T is an order preserving transformation,
(T(My, 1)V T(My, S5))(v,€) = ((My,81) V (M, 55))(v,e)
= (Mi(v), S2(e)).

O

Theorem 2.11. If T : F — F is an order preserving transformation and (M,S) is a weight of G and
T(M,S)~ (M,S), then lim,_, %H(\/?:_OlTi(M, S)) exists.

Proof. Let a,, = H(\/?:_OlTi(M, S)). We show that for p € N, a,yp, < ay, + a, and then by theorem 4.9 in
[7] lim;,—, ~ay, exists and equals inf,, %=. Since for any i € N T*(M, S) ~ (M, S), by lemma 2.10, we have

Unip = HNVIPT'TH(M,S))

IN

H(N" ) T(M, S)) + HVEPI (M, 9))

= an+HNZ T (M, S))

= an+ H(T"(VIZ;T*(M, S))

= a,+ H(VIZ, T (M, S))

= an + ap.

U

Definition 2.12. Let (M, S) be a weight of G and T : F' — F be an order preserving transformation and
T(M,S) ~ (M,S). The entropy of T relative to (M, S) is defined by

h(T,(M,S)) = lim lH(v;;—(}Ti(M, S)).

n—o00 N

Definition 2.13. Let T : F — F be an order preserving transformation. Entropy of T is defined by

MT) = sup h(T,(M,S)),
(M,5)

where (M, S) ranges over all weights of G.
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Theorem 2.14. Let T : F — F be an order preserving transformation, then
(i) KT, (M, S)) < H(M,S).

(i) If (M7, S1) < (M3, S2), then h(T, (M, S1)) < h(T, (Ms,S2)).

(i) M(T, (Mx, S1) V (M2, S2)) < h(T, (M1, 51)) + h(T, (M2, S2)).

() W(T, (M, S1)) < h(T, (Ma, S2)) + H((My, S1)|(Mz, S2)).

(v) (T, T~Y(M,S)) = h(T,(M,S)).

(vi) If k > 1, h(T,VE_,T*(M, S)) = h(T, (M, S)).

(vii) If T is invertible and k > 1, then h(T,VE__, T*(M,S)) = h(T, (M, S)).
(viii) For k> 1, h(T*) = kh(T).

(iz) If T is invertible, then h(T*) = |k|h(T), Vk € Z.

Proof. It is similar to the proof of theorems 4.12 and 4.13 in [7]. O

Corollary 2.15. If T : F — F is an order preserving transformation with T* = id for some k € N, then
h(T) = 0.

Proof. h(T*)=0, Since T* = id. So by theorem 2.14 (ix), we have h(T) = £h(T*) = 0. O
3. MAIN RESULTES

In this section we would like to calculate entropy of an order preserving transformation on weights of the
graph G. We examine the conditions under which entropy of the dynamical system is zero, possitive or 400
and we give some examples about these cases. Finally we show that for r € [0, +00], there exists an order

preserving transformation with entropy r.

Theorem 3.1. If T : F — F is an order preserving transformation with T > id, then for any n € N,
h(T™)=h(T)=0.

Proof. Since T' is order preserving transformation and 7' > I, we have Ty > Ig,, T > Ip, and for any
n € N, weight (M, 9),
M<TyM<.. <Ty" 'M,
S<TpS<...<Tp" 'S
So
ViZg T (M, 8)) = Vi (Tv' M, Tp'S) = (M, S).
Hence 1
hT,(M,S)) = nh_}rr;@ EH(M’ S) =0.
Therefore h(T)=0. Now by corollary 2.15, h(1T™) = nh(T), for any n € N. So h(T") =0 for any n € N. O
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Example 3.2. Let T : F' — F be defined by T(M, S) = (v/M, ¥/S). Then h(T) = 0 because T is an order

preserving transformation and 7" > I.

Corollary 3.3. If T : F — F is an order preserving transformation and (Mg, So) is a fized point for T.
Then there exists a proper subset A of F, such that h(T) = h(T|4).

Proof. Let B = {(M,S) € F;T(M,S) > (M,S)}. Define A = F — B. Since T(My, So) = (Mo, So),
B # ¢, therefore A& F. Since T|g > I and T is an order preserving transformation, then by theorem 3.1,
h(T|g) = 0. So we have

MT) = WT|aus)
< W(T|a) +N(T|B)
= N(T|a)
On the other hand h(T'|4) < h(T). Therefore h(T) = h(T|4). O

Theorem 3.4. If T : F — F is defined by T(M,S) = (PM,QS) where P € Fy, Q € Fg. Then h(T) =
H(P,Q).

Proof. We have Ty M = PM, TgS = QS. So for i € N, Ty'M = P'M, Tg'S = Q'S. Since 0 < P <1,
0 < @ <1, then for n € N we have

SO

VIS T (M, S)) = Vis) (Tv'M, Tg'S) = (Ty" ' M, Tg"'S).
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Hence
1
WT,(M,S)) = lim —H(Ty" "M, Tg""'S)
n—oo N
1
= lim —H(P"'M,Q"19)
n—,oo N
1
= lim ——logmax(P" ' M)(v;). max(Q"'S)(e;)
n—oo n ) J

= i~ logmax(P" ) (). max(@" ) e;)

n—oo n 1

lim —" L log max P(v;). max Q(e;)
= m — og max V; ). Max €;

n—oo n 8 7 7 J

= —log max P(vi)~ max Q(ej)
i J

]

Corollary 3.5. Let T : F — F be an order preserving transformation with T(M,S) = (PM,QS) where
PeFy,QeFg, P<1,Q<1. Then h(T) > 0.

Example 3.6. Let T : F' — F is defined by T(M, S) = (aM,bS) where a,b € (0, 1], then by theorem 3.4,
h(T) = log 2.

Example 3.7. Let T; : F — F, i = 1,2, be defined by

2 3
Tl(Ma S) - (gMa ZS)’

2 5
T2(M,S) = (gM, 65)’

then by example 3.6, we have h(Ty) = log2, h(T,) = log3.
Theorem 3.8. If T : F — F is an order preserving transformation and T < I, then

BT, (M, S)) = lim ~H(T™(M,S)).

n—o00 N

Proof. Since T is an an order preserving transformation and 7' < I, we have
VI TH M, S) =T"(M,S).
Therefore

h(T,(M,S)) = lim lH( n,TH(M,S)) = lim lH(T”(M, S)).

n—o0o N, n—o00 N
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Theorem 3.9. If T : F — F is an order preserving transformation with Ty M = M* or TgS = S* for
k€ (1,+00), then h(T) = 4oc.

Proof. Case (a). Let Tyy M = MF. Since Ty'M = Mki, 0< M <1, then for n € N

min(M, Ty M, ..., Ty™ M) = M*"".

So
VT M, T S) = (MF" " min(S, TS, ..., Te"'S)).
Therefore
1 . ,
W(T,(M,8)) = lim EH(V?;&(TVZM,TE’S))
1 n—
= lim —= logmax(M* 1)(vi).maxmin(S,TES’,...7TE"_1S)
n—oo n T J
n—1
> lim — ,
> nh_{lgo - log max(M)(v;)
= +o0.

Therefore h(T) = +oc.
Case (b). Let TS = S*. It is similar to case (a) to see that h(T) = +oo. O

Example 3.10. Let T; : F — F, 1 =1,2,3,4 be defined by

Ti(M,8) = (M2, 25),

T,(M, 5) = (M, 5%),
Ty(M, ) = (M*,V/3),
Ty(M, S) = (M3, 8%
Then for ¢ = 1,2,3,4, h(T;) = +00, because 2, %73, % € (1, +00).

The next corollary implies that, for » € [0, +o0] there exists an order preserving transformation with

entropy r.

Corollary 3.11. Let U denote the set of order preserving transformations. Then the function £ : U —
[0, +00] which is defined by E(T) = h(T), is surjective.

Proof. It E(T) = 0, by corollary 2.15 it is sufficient to put T = I. Let E(T) = h(T) < 4oc0. Since log is
surjective, example 3.6 implies that the function E is surjective. If E(T) = h(T) = +o0, then example 3.10

implies that there exists an order preserving transformation with entropy +oo. (Il
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4. CONCLUSION

This paper has introduced and calculated entropy of an order preserving transformation on weights of a
finite simple graph G by using the changes of the weights of vertices and edges of G. We presented some
conditions as to when the entropy of dynamical system 7' is zero, possitive or +o0o. Also we presented some
examples for the cases of zero, possitive and 400, and we have shown for r € [0, 4+00] there exists an order
preserving transformation with entropy r.

For future research we present some questions:
o If h(T1) = h(T3), then what is the relation between 77 and T5 ?
o Is there an order preserving transformation 7" such that 7' < I and h(T) =07

REFERENCES

(1] D. Dumitrescu, Entropy of a fuzzy dynamical system, Fuzzy Sets and Systems., Vol.70,(1995), 45-57.

[2] D. Dumitrescu, C. Haloiu and A. Dumitrescu, Generators of fuzzy dynamical systems, Fuzzy Sets and Systems.,
Vol.113,(2000), 447-452.

[3] M. Ebrahimi, Generators of probability dynamical systems, Geom.Dyn. Syst., Vol.8,(2006), 90-97.

[4] M. Ebrahimi and N. Mohamadi, The entropy function on an algebraic structure with infinite partitions and m-preserving
transformation, Applied Sciences., Vol.12,(2010), 48-63.

[5] M. Ebrahimi and U. Mohamadi, m-Generators of Fuzzy Dynamical Systems, Cankaya University Journal of Science and
Engineering., Vol.9,(2012), no. 2, 167-182.

[6] Ya. G. Sinai, Ergodic theory with applications to dynamical systems and statistical mechanics, Springer, 1990.

[7] P. Walters, An introduction to ergodic theory, Springer, 1982.



