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ABSTRACT. In this paper by use of mathematical modeling of an observer [14,
15] the notion of relative information functional for relative dynamical systems
on compact metric spaces is presented. We extract the information function of
an ergodic dynamical system (X,T') from the relative information of 7' from
the view point of observer x x, where X denotes the base space of the system.
We also generalize the invariance of the information function of a dynamical
system , under topological isomorphism, to the relative information functional.
AMS Classification: 37A35, 28D05, 28E05, 28D99.
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1. INTRODUCTION

Shannon [22] firstly introduced the concept of information function and investi-
gated some properties of this function. Then, McMillan [12], Dumitrescu [6] and Tok
[25] has proved some properties of the fuzzy information function. Recently, Guney,
Tok and Yamankaradeniz defined fuzzy local information function and stated some
properties of this function in [8]. The importance of information in ergodic theory
arises from it’s invariance under isomorphism. Therefore, systems with different
information functions cannot be isomorphic. One of the main objects in physical

phenomena is the "observer”. A modeling for an observer of a set X is a fuzzy set
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©:X —[0,1] [14,15,16,17,18,19]. In fact this kinds of fuzzy sets are called ”one
dimentional observes”

In this paper we would like to use of the notion of observer to define the relative
information functional for topological dynamical systems. The idea of the definition

”

is based on the relation between ”experiance ” and ”information” from the view
point of an observer. We assign a weight factor f(x) to any point € X, where
X denotes the base space of the system. The weight factor can be cosidered as the
local loss of information caused by the lack of experience of any intelligent point.
we also generalize the invariance of the information function of a system, under
topological isomorphism, to the relative information functional.

In this article the set of all probability measures on X preserving T is denoted by

M(X,T). We also write E(X,T) for the set of all ergodic measures of T.

2. PRELIMINARY FACTS

Definition 2.1. Let £ = {A1,...,A,} be a finite measurable partition of X and
w€ M(X,T). Then if A; € &i=1,...,n is an observed event. The information
I(&, 1) carried by & may be defined as;

I(&, 1) = —log pu(Ay);
and the quantity

I(w,& p) = ZXA )log 1(As);

for each x € X is called mformatwn functzon. Where xa is the characteristic
function of A defined by

() 1 if zeA
xTr) =
xa 0if azcA

Definition 2.2. A partition £ is a refinement of a partition n, if every element of

1 is a union of elements of € and it is denoted by n < &.

Definition 2.3. Given two partitions £,n their common refinement is defined as
follows:

EVvn={A;,NBj;A; € Bj €n}.
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Theorem 2.4. Let & and n be two partitions of X with I(x,&, 1) < oo and I(xz,n, pn) <
00, for allx € X. Then, for allx € X

(i) I(z, & p) =05

(i) Iz, &V n,p) = (2, & p) + 1(z,m, ).

Proof : See, [2] and [25].

Lemma 2.5. Let {an}nen} be a sequence of real numbers such that is positive and

sub additive. Then lim,, oo n exists and equal to inf,eN a—n.
n n
Proof : See, the Theorem 4-9 of [26]. O

Theorem 2.6. If £ is a finite measurable partition of X with I(x,€, 1) < oo, for
each x € X then, lim,_, ., —I(x, \/?:_()ITfif,,u), for each v € X exists and is equal
n

to infimum.
Proof : See [8].

Definition 2.7. Let £ is a finite measurable partition of the dynamical system

(X, T) with I(z,&, 1) < oo, for each x € X, the quantity
I(z,T,p) =sup I(x,T,§, p);
3

is called the information function of dynamical system (X,T). Where the super-
mum is taken over all finite measurable partitions of X with the finite information

functions.
In the following we recall some classical results that we need in the sequel.

Theorem 2.8. (Choquet) Suppose that Y is a compact conver metrisable subset
of a locally cover space E, and xy € Y. Then, there exists a probability measure
T on Y which represents xo and is supported by the extreme points of Y, that is,

®(x0) = [, Pdr for every continuous linear functional ® on E, and 7(ext(Y)) = 1.

Proof : See [21]. O
Let 4 € M(X,T) and f : X — R be a bounded measurable function. As we
know that E(X,T) equals the extreme points of M (X, T'), applying the Choquets
Theorem for £ = M(X), the space of finite regular Borel measures on X, and Y =
M(X,T), and using the linear functional ® : M(X) — R given by ®(u) = [ fdu,

we have the following Corollary:
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Corollary 2.9. Suppose that T : X — X is a continuous map on the compact
metric space X. Then, for each p € M(X,T), there is a unique measure T on the
Borel subsets of the compact metrsable space M(X,T), such that T(E(X,T)) =1

and

[ 1@in) = [ o | s@yim(a)ar(m)

for every bounded measurable function f: X — R.

Under the assumptions of Corollary 2.9, we write p = fE(X 7) mdr(m), called

the ergodic decomposition of pu.

3. RELATIVE INFORMATION FUNCTIONAL OF RELATIVE DYNAMICAL SYSTEMS

This section is presenting the notion of information from the view point of differ-
ent observers which describe a relative perspective of complexity and uncertainty
in fuzzy systems. In this paper we assume that X is a compact metric space, and
© is a one dimentional observer of X [14], that is, © : X — [0,1] is a fuzzy set
[29]. Moreover we assume that 7 : X — X is a continuous map. In this case
we say that (X,T,0) is a relative dynamical system. Infact if £ C X, then the
relative probability measure of E with respect to an observer © is the fuzzy set
m&(E) : X — [0,1] defined by

n—1

mT (E)(z) = lim sup % S xa (T ()0 (T ().

Where xg is the characteristic function of E [14].

Theorem 3.1. Let (X, 5, m) be a probability space, and let © : X — [0,1] be the
characteristic function xx. Moreover let T : X — X be an ergodic map, then for

each x € X, m&(F)(z) is almost everywhere equal to m(E) where E € 3.

Proof : See [15]. O
So relative probability measure is an extension of the notion of probability measure.
In the rest of this paper m, is a relative measure with respect to an observer © at
z € X,i.e.my(E) =m&(E)(z) for any E C X.
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Definition 3.2. Suppose that T : X — X is a continuous map on the topological
space X,x € X and A a Borel subset of X. Then

n—1

ma(A) = limsup — ! > xa(T'(x)O(T" (x)).

n
n—00 i—0

Now, let v € X and & = {41, As, ..., A} and n = {By, Ba, ..., B,,} be finite Borel
partitions of X. We define

(x,T,¢): ZXA ) logm(A;);
and
, T, r)log ——~—— 12,

(We assume that log0 = —o0 and 0 x oo = 0).

Note that the quantity pe(x,T,£|n) is the conditional version of pg(z,T,&). It
is clear pg(z,T,£) > 0.

Theorem 3.3. Suppose that T : X — X is a continuous map on the topological
space X,x € X and &,m,(C are finite Borel partitions and x € X then

(1) pe(z,T,&Vn[¢) = pe(z,T,&|C) + po(z, T,nl€ Vv ();
(i) po(z, T,V n) = pe(z,T,§) + pelx, T,nl¢);
(ili) If & < then pe(z,T,&|C) < po(x, T, n|C);
(iv) If &€ <n then po(x,T,&) < po(xz,T,n).

Proof : Let £ = {A1,As, ..., An},n = {B1,Bs,...., B}, = {C1,Cs,...,Ci} be
finite Borel partiotions of X and assume, without loss of generality, that all sets
have the property that m,(A) # 0.

(i) By definition we have

ma(A; N Bj N Ck)
ma(Ck)

pe(x,T,§Vn[() = ZX(A NB; mck)( )log
1,5,k

But we may write

mx(AiﬂBjﬂCk) mx(AiﬁBjﬁCk) mx(AiﬂCk)

my(Ch) o ome(AinGCr) T me(Cr)
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unless m, (A; NCk) = 0, in latter case the left hand side is zero and we need

not consider it; therefore

mz(AiﬂCk I(AiﬂBj ﬂCk)
x, T, EV = - AB. xr)log —————= lo
mg(A; NC
= > X(anBncy log 1l c 2 pe(x,T,nlE V() 3.1
ik ma(Cr)

But we have

Now multiplying both sides by — log m((g)Ck) and summing over ¢ and
ML (Ck
k we will obtain
my AZ n C
*ZX(AmBmck)(x) IOgW = po(z,T,¢[C). 3.2

ik
Combining 3.1 and 3.2 we will have
po(z, T,EVn|¢) = pe(z,T,€[C) + pe(z, T, nl§ V().

(ii) We can write

A,NB;)= 22 27 A;).
mg (A; N ]) Mg (A7) mg(A;)
So we have
Mg ( A ﬂB
po(z,T,EVn) = _ZX(A nB;) (@) log ——— =2 ZX(A ng,) (@) log ma(A;)

- Z X(ainzy) (@) logma(As) + pe (e, T,7lE)

= po(z, T, + po(z,T,n|é).
(iii) By (i) we have

pe(x,T,n|¢)

p@(,’L‘7T,§ \4 77|<)
pe(x,T,&[C) + po(z,T,nl§ V()
pe(x,T,&|C).

(iv) Tt follows from (ii) and (iii).

Y
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Definition 3.4. Suppose that T : X — X is a continuous map on the topological
space X,z € X and & be a finite Borel partition of X. The map Io(.,T,€) : X —
[0,00] is defined as
1 )
Io(x,T,€) = limsup 7 pe (, T, ViZgT~'€).

l—o0

Theorem 3.5. Let & be a finite partition of X. Then for every k € N,
(i) If € < n then Io(x,T,§) < Io(x,T,n);
(ii) Ie(x,T,€) = lo(z, T, Vi_(T~I¢).

Proof :
(i) If £ < n then \/}‘;&T—j €< \/}L:_OlT‘j n for all n > 1. This easily leads to the
result.
(ii) We obtain immediately
Io(z,T, \/fon_Jf) = limsup Ep@(x, T, \/?;OlT_l(\/f:OT_Jé))

n—00

1
= limsup —pe (z, T, Vi ' T71%)

n—oo N

p 1 PP
k.;p@(x,T, VPZ T )

= limsup
pP— 00

- I@(x7Ta€)'

O

Definition 3.6. Let T : X — X is a continuous map on the topological space X.
Then a partition & of X is called a relative generator of T if there exists an integer
k > 0 such that

n =< VT~

for every partition n of X.

Theorem 3.7. Let £ be a relative generator of T then Ig(z,T,n) < Ig(x,T,§), for
every partition 1 of X .

Proof : Since £ is a relative generator of T', then for partition 7, there exists an
integer k > 0 such that
n =< Vi T €.
Hence
Io(z,T,n) < Ig(x,T,Vi_ T7€) = Ig(z,T, €).
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O

Definition 3.8. Suppose that T : X — X is a continuous map on the topological
space X,z € X and & be a finite Borel partition of X. We define the relaive

information of T at x by

Io(z,T,m,) =sup lo(z,T,§).
3
Theorem 3.9. Let £ be a relative generator of T then Ig(x, T, &) = Ig(x, T, my).

Proof : Theorem 3.7 implies that Ig(z,T,n) < Io(x,T, &) for each partition n of
X. So sup,, I@(‘Ta T, 77) = I@(fﬂ, T, E) Thus I@(fﬂ, T, é-) - I@(.’E, T, mr) o
In the following theorem, we extract information function for ergodic dynamical

systems from the relative information of T" as a special case.

Theorem 3.10. Suppose that T : X — X 1is a continuous map on the compact
metric space X. If © : X — [0,1] is the characteristic function xx, then for all

r € X we have,

Io(x,T,my) = I(z,T,m).

Proof : Since m € E(X,T), for each Borel set A and = € X, applying Theorem
3.1 we have m,(A) = m(A). So by replacing m, by m we have,

I@(l‘,T, mw) = I(J},T, m)
O

Definition 3.11. Suppose that T : X — X is a continuous map on the compact
metric space X, and & be a relative generator for the relative dynamical system
(X,0,T). Let p € M(X,T). The relative information functional of T ( with
respect to ), 15 (., 11,€) : C(X) — R, is defined as

18719 = [ 1)o7, 6dua)
forall f € C(X) (again 0 x 0o :=0).

In the following, we will prove the independence of weighted information func-

tional from the selection of the generator.
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Theorem 3.12. Definition 3.11 s independent of the choice of relative generator

i.e if € and n are two relative generators of T' then,

I§(f.11,6) = 18 (f, ).
for all f € C(X).
Proof : Let £,1 be relative generators of T. Then by Theorem 2.11 we have
Io(z,T,6) = 1o(T,my) = Io(x,T,n).
So, if f € C(X), then,

f(a:)I@(x, T, 5) = f(x)l@(va7 77)

for all € X. Therefore I&(f, u,&) = IS(f, 1, ). ]

Remark 3.13. By Theorem 3.12, we conclude that the definition of relative infor-
mation functional is independent of the selection of generators. Therefore, given
any tnvariant measure . and any relative generator € , we have the unique relative

information functional. So, we can write I (f, ) for IZ(f, u, &) without confusion.

Definition 3.14. we say that two relative dynamical systems (X, T1,01) and (Y, Tz, ©3)
are isomorphic if there exists a homeomorphism ¢ : X — Y such that poTy = Thop
and Oz (Trop(x)) = O1(T1(x)) for allx € X.

Theorem 3.15. Suppose that T : X — X is a continuous map on the compact

metric space X. Then
(i) Given any p € M(X,T), the relative information functional f — I&(f, 1)
is linear.
(ii) Given any f € C(X), the map pu — I (f, ) is affine.
(iii) If two relative dynamical systems (X,T1,01) and (Y,T2,02) are isomor-
phic, and p € M(X,T), then,
I (fim) = I8 (fe~ ™)

for all f € C(X).

Proof :

(i) and (ii) are trivial.
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(iii) For # € X and the Borel set A C X, we have mg! (A)(z) = m& (p(A))(p(x)).
Therefore, po(x,T1,&) = po(p(x), T, ¢(£)) for any finite Borel partition &.
By definition of Ig(.,T,&) we have Ig, (., T1,&) = To, (., T2, ¢(§))op. Note
that (&) = {p(A); A€ &} Let pe M(X,Th), and f € C(X). Then,

10 (f) = /X @) o, (2, T, )dp(x)
_ /X (@) o, (9(x), Ts, 0(€))du(x)
- /Y Fo (@) o, (. T 0(€))d(pio™ ) ()

= IZ(fo tueh).

O

Theorem 3.16. Suppose thatT : X — X is a continuous map on the compact met-
ric space X. If p € M(X,T) and p = fE(
of u, then,

X mdr(m) is the ergodic decomposition

8= [ g, ALY
forall f € C(X).

Proof : Let £ be a generator of relative dynamical system (X,0,T). First, let
f € C*T(X). Applying Corollary 2.9, we have

15(f6) = /X f(2)Io(z. T, )dp(z)

- / ( / F(2)Io (. T, €)dm(x))dr(m)
E(X,T) Jx

= [ (] 15mgdr(m)
E(X.T) JX
For f € C(X), write f = fT — f~ where f*, f~ € CT(X). O

Theorem 3.17. Suppose that T : X — X is a continuous map on the compact
metric space X. Moreover let v € X and p € M(X,T). Then ,
(i) 151 p) = Io(z, T, my).
(ii) The relative information functional f — I&(f, 1) is a continuous linear
function on C(X), and |IE (., p)| = Ie(x, T, my).
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Proof : (i) Let £ be a generator. Let u € M(X,T). By Theorem 2.11, we have
Io(z,T,¢) = Ig(x, T, my,,)
for arbitrary x € X. Therefore,
150 = [ To(T.mo)du(e) = To(w. T.m,).

(ii) Let £ be a relative generator. Let f € C(X), then,

(el = | /X F(@)Io (. T, €)dp(z)| < /X (@) oz, T, m)dp(z)

AN

< Hflloo/xf@(x,T,m)du(w)Z 1 £lloc1& (1, 1) = || flloc Lo (2, T, mg)

Terefore, the relative information functional is a continuous function and ||IF (., m)]|| <
I§(T,my). The equality holds by (i). O

4. CONCLUSIONS

Constant observers appear in many physical systems. In this paper, we intro-
duced the notion of relative information functional for relative dynamical sytems
on compact metric spaces from the view point of observer ©. It is a continuous
linear function on C(X) such that its norm equals the relative information of T
at each x € X. We also generalized the invariance of the information function of
a dynamical system , under topological isomorphism, to the relative information

functional.
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